Two-sided bounds on eigenvalues of elliptic
operators

Tomas Vejchodsky (vejchod@math.cas.cz)

Institute of Mathematics
Czech Academy of Sciences

Oberwolfach, Sep 4 — 10, 2016



Laplace eigenvalue problem

Classical formulation

—Au,- = )\,-u,- in Q
u=20 on 02

Countable sequence of eigenvalues
O<A <3<

Weak formulation

NER, up € H}(Q): (Vui, Vv) = \i(uj,v) Vv e H}(Q)
Finite element method

Vi, = {vi, € H3(Q) : vilk € P1(K), VK € Tp}

Ani € R, upi € Vi (Vupi, Vve) = Api(upisve) Yvp € Vi

Upper bound: Ai <MNpiy 1=1,2,...,dimV,
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Example — dumbbell

INE

—AU,’ = )\,-u,- in Q ™
ui=20 on 092 —

[Trefethen, Betcke 2006]



Example — dumbbell @

—AU,’ = )\,-u; in Q
u=0 on 00

1.9 1.95 2 T 205

A1 ~ 2.02280 A2 /= 2.02481
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Example — dumbbell

—Au; = Ajuj in Q
U =0 on 9Q
119 1'|95 — 2 2.65

A2 ~ 2.02481

A1~ 2.02280
X2 ~ 1.97967

A1 ~ 1.97588
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Example — dumbbell

—Au; = Ajuj in Q
U =0 on 9Q
. T -

Mo ~ 2.02481
Ao ~ 1.97967
Ao ~ 1.96644

A1 ~ 2.02280
A1 ~ 1.97588
A1 ~ 1.96196
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Example — dumbbell

—AU,’ = )\,'U,' in Q L
u=0 on 00 N = 19456
1.9 1.95 2 2.05
A1 ~ 2.02280 A2 =2 2.02481
A1 ~ 1.97588 A2 = 1.97967
A1~ 1.96196 A2 == 1.96644
A1 ~ 1.95777 A2 ~ 1.96251



Example — dumbbell

—AU,’ = )\,-u,- in Q L
u=0 on 00 Nui = 77824
1.9 1.95 2 2.05

A1 =~ 2.02280 Ao = 2.02481

A1 ~ 1.97588 A2 =~ 1.97967

A1 ~ 1.96196 Ao &~ 1.96644

A1~ 1.95777 Ao &~ 1.96251

A1 &~ 1.95646 A2 &~ 1.96129



Example — dumbbell @

19 1.95 2 2.05




Example — dumbbell

1.9 1.95 i 2 2.05

1.91067 < A\; <£2.02280 1.91981 < Ay < 2.02481
1.94317 < Ay <1.97588 1.94893 < A\, < 1.97967
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Example — dumbbell

1.91067 < A\; <£2.02280 1.91981 < Ay < 2.02481
1.94317 < Ay <1.97588 1.94893 < A\, < 1.97967
1.95174 < A1 <1.96196 1.95694 < A\, < 1.96644




Example — dumbbell

—AU,’ = )\,-u,- in Q L
u=20 on 90f2 Niri = 19456 _
1.9 1.05 > 2.05

1.91067 < A\ <2.02280
1.94317 < A\ < 1.97588
1.95174 < A\ <1.96196
1.95443 < A\ < 1.95777

1.91981 < A\ <£2.02481
1.94893 < A\ < 1.97967
1.95694 < X\, < 1.96644
1.95944 < A, < 1.96251



Example — dumbbell

—AU,’ = )\,-u,- in Q L
u=0 on 00 Nui = 77824
1.9 195 2 2.05

1.91067 < A\ <2.02280
1.94317 < A\ < 1.97588
1.95174 < A\ <1.96196
1.95443 < A\ < 1.95777
1.95532 < \; < 1.95646

1.91981 < A\ <£2.02481
1.94893 < A\ < 1.97967
1.95694 < A\p < 1.96644
1.95944 < A, < 1.96251
1.96025 < \p < 1.96129



Example: Square @
A1 =2, ui(x,y) = sin(x)sin(y)

0.8
0.6
0.4
0.2

A =5, uz(x, y) = sin(2x)sin(y)

-0.2
04
WM-os
A3 =5, u3(x, y) = sin(x)sin(2y) 038




Example: Two squares
A =2

0.8
0.6
0.4
0.2

-0.2
-0.4
-0.6
-0.8



Example: Two squares
A =2

0.8
0.6
0.4
0.2

-0.2
-0.4



Example: Dumbbell @
A1 ~ 1.9556 Ao &~ 1.9605

Mg =~ 4.8288 A3 =~ 4.7996

s ~ 4.9960 Mg ~ 4.9960 | IS




Lower bounds on eigenvalues @

Old problem:
Temple 1928, Weinstein 1937, Kato 1949, Lehmann 1949, 1950,



Weinstein method

V ... Hilbert space
A: D(A) — V linear, symmetric operator

Eigenvalue problem:

Find u; € D(A) \ {0} and \; € R: Au; = \juj

Assume: {u;} form ON basis in V

Theorem: Let u, € D(A)\ {0} and A, € R be arbitrary and
5 = [ Au, = Ao/ us|

Then exists Aj: A — 0 < A< A\, + 9.

[e.°]

Proof: ||Au, — )\*U*H2 = > (Aux — Auy, uJ->2 =
i—1

'21 N = Al e, uj)? > min X = AP w2

J:

Thus, there exists \; : |\ — \i| < 6.



Weak form

Eigenvalue problem: Find u; € V' \ {0} and \; € R:

a(uj, v) = \ib(uj,v) VYve V.

Properties:
»0< A< A<
> b(u,-, Uj) = 6’]

> IvIE = 32720 [b(v, w)?
> VI = 32720 Ajlb(v, uj)?



Weak form
Theorem: Let u, € V'\ {0} and A\, € R be arbitrary and w € V' b
given by
a(w,v) = a(us,v) — Aub(uy,v) Vv e V.
Then ) )
A — A

min Ml

y Aj [l
Proof:

00 2
a(w, u;

\WH2 E Ajlb(w, uj)|* = g 7| ( )\'J)|
= \j

ipu*,uj) Aeb(u, uf)[? ZM—)\]
= y

j=1
Thus,

)\
|wl? > m|n i Z |b(uy, uj)|

Y

(S



Weak form

Corollary: If
VAZIA < A < VAN
and
[wlla<n
then
Ei < >\i)

1 2
where (; = —— (—?7 + 772 + 4)\*”“*"2) .
" 4 w2 b

b



Complementary upper bound on the residual @

Theorem: Let q € H(div,Q) be such that —divq = A.u, then
Iwlla <n=[Vu, —ql|.

Proof:

a(W7 V) = (VU*, VV) - )\*(U*, V) - (dlvqa V) - (q7 VV)
= (Vu, —q,Vv) — (\uy +divq, v)
< | Vue —q|l|lv]|

O
[Braess 2007]



Flux reconstruction @

» FEM eigenpairs: Ap; €R, up; € Vp, i=1,2,...,m

» Flux reconstruction: qp; = Z qz,i [Braess, Schéberl 2006]
ZGN},
» Local mixed FEM: q,; € W,, d,; € P;(7;)

(Qz,i, Wh)w, — (dz,i, divWha)w, = (V2 Vup i, Wh)w, Ywp € W,
_(div Az,i, (Ph)wZ = (rZ,I" Soh)wz Von € Pf(ﬁ)

where
» w, is the patch of elements around vertex z € N},
T, is the set of elements in w;
W, = {Wh S H(div,wz) : Wh|K S RTl(K) VK €T,
and  wp-n,, =0on ety
PHTL) = { {vh € P1(T7) : f vpdx =0} forze N\ 0Q
137z Pi(Tz) for z € N N 0Q
> rzi = Npitbzupi — Vb - Vup i

v

v

v



Flux reconstruction @

» FEM eigenpairs: Ap; €R, up; € Vp, i=1,2,...,m

» Flux reconstruction: qp; = Z qz,i [Braess, Schéberl 2006]
ZGN},
» Local mixed FEM: q,; € W,, d,; € P;(7;)

(Qz,i, Wh)w, — (dz,i, divWha)w, = (V2 Vup i, Wh)w, Ywp € W,
_(div Az,i, (Ph)wZ = (rZ,I" Soh)wz Von € Pik(,];)

» Error estimator: 1; = ||Vup; — qh,i||[_2(Q)

2
» Lower bound: /; = <—77,- + 7],-2 +4/\h,i> /4
» Provided Ap; < \/Aidit1



Example: Dumbbell — speed of convergence @

—Au; = A\ju;  in Q = dumbbell
u=20 on 00

Uniformly refined meshes:




Example: Dumbbell — speed of convergence

—Au; = A\ju;  in Q = dumbbell
u=20 on 00

Eigenvalue enclosure sizes:

10’ 10" o
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E AT=—T0.36
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107} - -%-- CR method 82 ® 107" --v-- CR method
“- complementarity 1 ~ v complementarity ‘
10°  10° 10t 100 10° 10° 10° 10 10° 10°

degrees of freedom degrees of freedom

[Behnke, Mertins, Plum, Wieners 2000], [Carstensen, Gedicke 2014]



Quadratically convergent bound @

Theorem: Let u, € V' \ {0} be arbitrary and let A, = ||u. |2/ us|3.
Let there be v € R such that

Aic1 < A < v < Ajg1
for a fixed index i. Let ||w||; <n. Then
L < )\iv

where

v n? -t
L; = X <1 + > .
(v =) w2



Conclusions

v

Good for general symmetric elliptic operators.

v

Mixed boundary conditions.

v

Standard conforming finite element technology.

v

Natural for adaptive refinement.
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