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Lower bounds on eigenvalues

Laplace eigenvalue problem

−∆ui = λiui in Ω

ui = 0 on ∂Ω

Weak formulation
ui ∈ H1

0 (Ω) : (∇ui ,∇v) = λi (ui , v) ∀v ∈ H1
0 (Ω)

Finite element method
Vh = {vh ∈ H1

0 (Ω) : vh|K ∈ P1(K ), ∀K ∈ Th}
uh,i ∈ Vh : (∇uh,i ,∇vh) = Λh,i (uh,i , vh) ∀vh ∈ Vh

Lower bound?

? ≤ λi ≤ Λh,i , i = 1, 2, . . . ,m



Lower bounds on eigenvalues

Old problem:
Temple 1928, Kato 1949, Lehmann 1949, 1950, Harrell 1978, . . .

Methods based on FEM:

1. Eigenvalue inclusions [Behnke, Mertins, Plum, Wieners 2000]

based on [Behnke, Goerish 1994] and [Plum 1997]

2. Crouzeix–Raviart elements [Carstensen, Gedicke 2013]

3. Complementarity based [Šebestová, Vejchodský 2016]



Method 1. Eigenvalue inclusions

Input: Rough lower bounds: λ1 ≤ λ1, . . . , λm+1 ≤ λm+1,
Algorithm:

I FEM eigenpairs: Λh,i ∈ R, uh,i ∈ Vh, i = 1, 2, . . . ,m

I Mixed FEM problem: σh,i ∈Wh, qh,i ∈ Qh, i = 1, 2, . . . ,m
Wh = {σh ∈ H(div,Ω) : σh|K ∈ RTk(K ) ∀K ∈ Th}
Qh = {qh ∈ L2(Ω) : qh|K ∈ Pk(K ) ∀K ∈ Th}

(σh,i ,wh) + (qh,i , divwh) = 0 ∀wh ∈Wh,

(divσh,i , ϕh) = (−uh,i , ϕh) ∀ϕh ∈ Qh,



Method 1. Eigenvalue inclusions

Input: Rough lower bounds: λ1 ≤ λ1, . . . , λm+1 ≤ λm+1,
Algorithm:

I FEM eigenpairs: Λh,i ∈ R, uh,i ∈ Vh, i = 1, 2, . . . ,m

I Mixed FEM problem: σh,i ∈Wh, qh,i ∈ Qh, i = 1, 2, . . . ,m

I For n = 1, 2, . . . ,m do
γ = ‖uh,n + divσh,n‖L2(Ω), ρ = λn+1 + γ
Mij = (∇uh,i ,∇uh,j) + (γ − ρ)(uh,i , uh,j)
Nij = (∇uh,i ,∇uh,j) + (γ − 2ρ)(uh,i , uh,j) + ρ2(σh,i ,σh,j)

+(ρ2/γ)(uh,i + divσh,i , uh,j + divσh,j)
µ1 ≤ · · · ≤ µn : Myi = µiNyi , i = 1, 2, . . . , n
If N is s.p.d. and if µi < 0 then
`inclj ,n = ρ− γ − ρ/ (1− µn+1−j) ≤ λj , j = 1, 2, . . . , n.

end for
`inclj = max{`inclj ,n , n = j , j + 1, . . . ,m} ≤ λj , j = 1, 2, . . . ,m



Method 2. Crouzeix–Raviart elements

Crouzeix–Raviart finite elements
VCR
h = {vh ∈ P1(Th) : vh continuous in midpoints of all γ ∈ Eh}

Find 0 6= uCR
h,i ∈ VCR

h , λCR
h,i ∈ R :

(∇uCR
h,i ,∇vh) = λCR

h,i (uCR
h,i , vh) ∀vh ∈ VCR

h .

Lower bound (no round-off errors)

`CR
i =

λCR
h,i

1 + κ2λCR
h,i h

2
max

≤ λi ∀i = 1, 2, . . .

where

I κ2 = 1/8 + j−2
1,1 ≤ 0.1932

I hmax = maxK∈Th diamK

I r = AũCR
i − λ̃CR

h,i Bũ
CR
i



Method 2. Crouzeix–Raviart elements

Crouzeix–Raviart finite elements
VCR
h = {vh ∈ P1(Th) : vh continuous in midpoints of all γ ∈ Eh}

Find 0 6= uCR
h,i ∈ VCR

h , λCR
h,i ∈ R :

(∇uCR
h,i ,∇vh) = λCR

h,i (uCR
h,i , vh) ∀vh ∈ VCR

h .

Lower bound (inexact solver: AũCR
i ≈ λ̃CR

h,i Bũ
CR
i )

˜̀CR
i =

λ̃CR
h,i − ‖r‖B−1

1 + κ2
(
λ̃CR
h,i − ‖r‖B−1

)
h2
max

≤ λi ∀i = 1, 2, . . .

where

I κ2 = 1/8 + j−2
1,1 ≤ 0.1932

I hmax = maxK∈Th diamK

I r = AũCR
i − λ̃CR

h,i Bũ
CR
i

Provided

I ‖r‖B−1 < λ̃CR
h,i

I λ̃CR
h,i is closer to λCR

h,i than to
any other discrete eigenvalue
λCR
h,j , j 6= i



Method 2. Crouzeix–Raviart elements

Upper bound

I T ∗h is the red refinement of Th
I u∗h,i = ICMũCR

h,i for i = 1, 2, . . . ,m

I S,Q ∈ Rm×m with entries Sj ,k = (∇u∗h,j ,∇u∗h,k) and
Qj ,k = (u∗h,j , u

∗
h,k)

I Syi = Λ∗i Qyi , i = 1, 2, . . . ,m

I Λ∗1 ≤ Λ∗2 ≤ · · · ≤ Λ∗m
I λi ≤ Λ∗i for i = 1, 2, . . . ,m



Method 3. Complementarity based

I FEM eigenpairs: Λh,i ∈ R, uh,i ∈ Vh, i = 1, 2, . . . ,m

I Flux reconstruction: qh,i =
∑
z∈Nh

qz,i

I Local mixed FEM: qz,i ∈Wz, dz,i ∈ P∗1 (Tz)

(qz,i ,wh)ωz − (dz,i , divwh)ωz = (ψz∇uh,i ,wh)ωz ∀wh ∈Wz

−(div qz,i , ϕh)ωz = (rz,i , ϕh)ωz ∀ϕh ∈ P∗1 (Tz)

where

I ωz is the patch of elements around vertex z ∈ Nh

I Tz is the set of elements in ωz

I Wz = {wh ∈ H(div, ωz) : wh|K ∈ RT1(K ) ∀K ∈ Tz
and wh · nωz = 0 on Γext

ωz

}
I P∗1 (Tz) =

{
{vh ∈ P1(Tz) :

∫
ωz

vh dx = 0} for z ∈ Nh \ ∂Ω

P1(Tz) for z ∈ Nh ∩ ∂Ω
I rz,i = Λh,iψzuh,i −∇ψz · ∇uh,i

I Error estimator: ηi = ‖∇uh,i − qh,i‖L2(Ω)

I Lower bound: `cmpl
1 =

(
−η1 +

√
η2

1 + 4Λh,1

)2

/4

`cmpl
i = Λh,i

(
1 + λ

−1/2
1 ηi

)−1
, i = 2, 3, . . .

I Provided Λh,i ≤ 2
(
λ−1
i + λ−1

i+1

)−1
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Example 1. Square

−∆ui = λiui in Ω = (0, π)2

ui = 0 on ∂Ω

The first eigenpair:

λ1 = 2, u1(x , y) = sin(x) sin(y)



Example 1. Square – speed of convergence

−∆ui = λiui in Ω = (0, π)2

ui = 0 on ∂Ω

Uniformly refined meshes:



Example 1. Square – speed of convergence

−∆ui = λiui in Ω = (0, π)2

ui = 0 on ∂Ω

Eigenvalue enclosure sizes:
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Example 1. Square – best bounds

a priori the largest exact the smallest
lower bound lower bound eigenvalue upper bound

λ1 1.652893 1.999982 2 2.000006
λ2 4.132231 4.999429 5 5.000034
λ3 4.132231 4.999549 5 5.000034
λ4 6.611570 7.997871 8 8.000100
λ5 8.264463 9.996874 10 10.000162
λ6 8.264463 9.996874 10 10.000162
λ7 10.743802 12.994457 13 13.000281
λ8 10.743802 12.994457 13 13.000281
λ9 14.049587 16.991093 17 17.000457
λ10 14.049587 16.991093 17 17.000457



Two squares

−∆ui = λiui in Ω = (0, π)2 ∪ (5π/4, 9π/4)× (0, π)

ui = 0 on ∂Ω

λ1 = 2



Two squares

−∆ui = λiui in Ω = (0, π)2 ∪ (5π/4, 9π/4)× (0, π)

ui = 0 on ∂Ω

λ1 = 2

λ2 = 2



Example 2. Dumbbell

−∆ui = λiui in Ω = (0, π)2 ∪ [π, 5π/4]× (3π/8, 5π/8)

ui = 0 on ∂Ω ∪ (5π/4, 9π/4)× (0, π)

λ1 ≈ 1.9556

λ2 ≈ 1.9605

[Trefethen, Betcke 2006]



Example 2. Dumbbell – speed of convergence

−∆ui = λiui in Ω = dumbbell

ui = 0 on ∂Ω

Uniformly refined meshes:



Example 2. Dumbbell – speed of convergence

−∆ui = λiui in Ω = dumbbell

ui = 0 on ∂Ω

Eigenvalue enclosure sizes:
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Example 2. Dumbbell – best bounds

a priori the largest the smallest
lower bound lower bound upper bound

λ1 1.197531 1.955284 1.955879
λ2 1.790123 1.960219 1.960760
λ3 2.777778 4.798073 4.801187
λ4 4.160494 4.827345 4.830269
λ5 4.197531 4.995027 4.996958
λ6 4.790123 4.995043 4.996972
λ7 5.777778 7.982102 7.987241
λ8 5.938272 7.982176 7.987308
λ9 7.160494 9.347872 9.358706
λ10 8.111111 9.502020 9.512035



Conclusions

1. Inclusions 2. CR elements 3. Complementarity

convergence ** *** *
generality *** * **

a priori info * *** **
DOFs needed * ** ***
algebraic err. ** *** ***

adaptivity * ** ***
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Thank you for your attention

Tomáš Vejchodský (vejchod@math.cas.cz)
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