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Lower bounds on eigenvalues

Laplace eigenvalue problem

—Au; = )\,'u,' in Q
u=20 on 0f2

Weak formulation
ui € H3(Q):  (Vu;, Vv) = Ai(uj,v) Vv € H Q)

Finite element method
Viy = {vh € HY(Q) : vilk € Pi(K), VK €Ty}
Up,i S Vh : (VUhV;,VVh) = /\h’;(uhy,-, Vh) Vvh € Vh

Lower bound?

?S)\iSAh,ia i:1,2,...,m



Lower bounds on eigenvalues @

Old problem:
Temple 1928, Kato 1949, Lehmann 1949, 1950, Harrell 1978, ...

Methods based on FEM:

1. Eigenvalue inclusions [Behnke, Mertins, Plum, Wieners 2000]
based on [Behnke, Goerish 1994] and [Plum 1997]

2. Crouzeix—Raviart elements [Carstensen, Gedicke 2013]
3. Complementarity based [Sebestovd, Vejchodsky 2016]



Method 1. Eigenvalue inclusions
Input: Rough lower bounds: Ay < A1, ..., Apyg < Amgt,
Algorithm:
» FEM eigenpairs: \p; € R, up; € Vp, i=1,2,...,m
» Mixed FEM problem: a4 € Wy, gn;i € Qn, i =1,2,....m
W, = {O'h S H(div, Q) : U'h|K € RTk(K) VK € 771}
Qn=1{qn € L%(Q) : gnlk € Pi(K) VK € Tp}

(o h,iswh) + (qn,i, divwy) =0 Ywy € Wh,
(divoni,pn) = (—uni, on) Veon € Qn,



Method 1. Eigenvalue inclusions w

Input: Rough lower bounds: Ay < A1, ..., Apyg < Amgt,
Algorithm:
» FEM eigenpairs: \p; € R, up; € Vp, i=1,2,...,m
» Mixed FEM problem: a4 € Wy, gn;i € Qn, i =1,2,....m
» Forn=1,2,...,mdo
v = |lup,n + div O'h,nHL?(Q)r p=2Ap1t+7
Mjj = (Vuni; Vunj) + (v = p)(un,i, un,)
Ny = (Vuni, Vung) + (v = 2p)(unis unj) + p*(oh,i, Ohy)
+(p2/7)(uh,,- +divoy i, upj +divop )
:U’lg"'glu’n: MYI:HINYh i:1727"'7n
If N is s.p.d. and if u; < 0 then
gjlflslzp_’y_p/(l_:urﬂrlfj)S)\Ja .j:1727"'7n’
end for
éj-“d: max{£ p=j j+1,....m}<), j=12....m

Jin’



Method 2. Crouzeix—Raviart elements

Crouzeix—Raviart finite elements
VER = {v}, € Pi(T}) : vi continuous in midpoints of all v € &,}
Find 0 # upR € VER ASR e R -

(Vu;(if”, V) = )\glf”(u,?j?‘, vh) Vv, € V,,CR.
Lower bound (no round-off errors)
CR

AL
(CR— Ml )\ Vi=1,2,...
14 w2ARh2

max

where
> k2 =1/8+j;7 <0.1932

> hmax = MaxkeT;, diam K

Y



Method 2. Crouzeix—Raviart elements

Crouzeix—Raviart finite elements
= {vp € P1(Tp) : v continuous in midpoints of all v € Ex}
Find 0 # ufR € VPR AR e R

(Vu,(,jf”,Vvh) )\ (uh, ,Vp) Vv, € V,,CR.

Lower bound (inexact solver: Ai¢® ~ )\CRB"CR)

JOR _ S\ﬁf{ — [Ir][g-1 <\ Vie12
Ci - - ~ i = 1,4,...
1+ k2 (A/(if{ - ”rHB’l) hgnax

where Provided
> 2 =1/8+4j;7<0.1932 > [|rlg-1 < AFR
> hmax = maXKeTh diamK  » 5\%{ is closer to A than to
> r= AG,CR — S\%{Bﬁ,CR any other discrete eigenvalue
h,_/ I F

Y



Method 2. Crouzeix—Raviart elements @

Upper bound

» T, is the red refinement of 7},

> up ;= Tomlgl fori=1,2,...,m
S,Q € R™™ with entries S; x = (Vuj, ;, Vuj, ) and
Qjk = (uh s uh i)
Syi=AQy;, i=12....m
NSNS <o <AL
Ai <N fori=1,2,....m

v

v

v

v



Method 3. Complementarity based

Y

» FEM eigenpairs: Ap; €R, up; € Vp, i=1,2,...,m

» Flux reconstruction: qp; = Z Az,i
ZGN},
» Local mixed FEM: q,; € W,, d,; € P;(7;)

(Az,i, Wh)w, — (dz,is divwp)e, = (V2Vuni, Wh)a,

—(dlv qZ,I'a Qﬁh)wz — (rz,i’ Soh)on

where

Ywy, € W,
Von € P1(7z)

» w, is the patch of elements around vertex z € N},

» 7T, is the set of elements in w,

v

W, = {Wh S H(div,wz) : Wh|K S RTl(K) VK €T,

and wy-n,, =0on FeXt}

v

PL(Tz) = { Pi(T;) forze /\/h N oQ
> rzi = Npitbzupi — Vb - Vup i

{vh € P1(T7) : f vpdx =0} forze N\ 0Q



Method 3. Complementarity based @
» FEM eigenpairs: Ap; €R, up; € Vp, i=1,2,...,m

» Flux reconstruction: qp; = Z Az,i
ZGN},
Local mixed FEM: q,; € Wy, d,; € P;(7;)

v

(Qz,i, Wh)w, — (dz,i, divWha)w, = (V2 Vup i, Wh)w, Ywp € W,
_(div Az,i, (Ph)wZ = (rZ,I" Soh)wz Von € Pik(,];)

v

Error estimator: n; = ||Vup; — qh,i||[_2(Q)

2
Lower bound: Z;mpl = (—771 + /7 + 4/\h,1> /4

-1
67 = Mg (1427 L i=23,

v

1

v

Provided Ap; <2 (A7t +AZY) ™



Example 1. Square @

—AU,' = )\,'U,' in Q= (0,7‘(’)2
ui=20 on 02

The first eigenpair:

A =2, uix,y) = sin(x) si?(y)
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Example 1. Square — speed of convergence

—Au,— = )\,’U,‘ in Q= (0,7‘(’)2
u=20 on 00

Uniformly refined meshes:




Example 1. Square — speed of convergence

—Au,— = )\,’U,‘ in Q= (0,7‘(’)2
u=20 on 00

Eigenvalue enclosure sizes:
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Example 1. Square — best bounds @

a priori the largest exact the smallest
lower bound lower bound eigenvalue upper bound
A1 1.652893 1.999982 2 2.000006
A2 4.132231 4.999429 5 5.000034
A3 4.132231 4.999549 5 5.000034
A4 6.611570 7.997871 8 8.000100
As 8.264463 9.996874 10 10.000162
A6 8.264463 9.996874 10 10.000162
A7 10.743802 12.994457 13 13.000281
As  10.743802 12.994457 13 13.000281
Ao 14.049587 16.991093 17 17.000457

A0 14.049587 16.991093 17 17.000457



Two squares m

—Auj = \u; in Q= (0,7)2U (57/4,97/4) x (0, )
ui=20 on 09
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Two squares

—Auj = \u; in Q= (0,7)2U (57/4,97/4) x (0, )
ui=20 on 09
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Example 2. Dumbbell @

—Au; = Nu; in Q= (0,7)2U[r,57/4] x (37/8,57/8)
up=0 on 99 U (57 /4,97/4) x (0,7)

A1 ~ 1.9556

[Trefethen, Betcke 2006]




Example 2. Dumbbell — speed of convergence @

—Au; = A\ju;  in Q = dumbbell
u=20 on 00

Uniformly refined meshes:




Example 2. Dumbbell — speed of convergence

—AU,‘ = )\,-u,-

U,':O

Eigenvalue enclosure sizes:
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Example 2. Dumbbell — best bounds @

a priori the largest  the smallest

lower bound lower bound upper bound
A1 1.197531 1.955284 1.955879
A2 1.790123 1.960219 1.960760
A3 2777778 4.798073 4.801187
A4 4.160494 4.827345 4.830269
As 4.197531 4.995027 4.996958
A6 4.790123 4.995043 4.996972
A7 5.777778 7.982102 7.987241
Ag 5.938272 7.982176 7.987308
Ag 7.160494 0.347872 9.358706
A0 8.111111 9.502020 9.512035




Conclusions @
1. Inclusions | 2. CR elements | 3. Complementarity

convergence ** *%ok *
generality Kok * *%

a priori info * *kok *ok
DOFs needed * *ok .
algebraic err. *% KKk Kk

* *k %k

adaptivity




Conclusions @
1. Inclusions | 2. CR elements | 3. Complementarity

convergence *k *ok *
generality *rx * *x

a priori info * *okk *x
DOFs needed * *x *okx
algebraic err. *k *okk HoAk
adaptivity * *x ok
10* 14%* 14*
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