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What do we do in numerics?
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We solve problems approximately.

What do we do in numerics?

What should we do?
Solve problems within a given accuracy.
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Example — dumbbell

INE

—AU,’ = )\,-u,- in Q ™
ui=20 on 092 —

[Trefethen, Betcke 2006]



Example — dumbbell @

—AU,’ = )\,-u; in Q
u=0 on 00

1.9 1.95 2 T 205

A1 ~ 2.02280 A2 /= 2.02481
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Example — dumbbell

—Au; = Ajuj in Q
U =0 on 9Q
119 1'|95 — 2 2.65

A2 ~ 2.02481

A1~ 2.02280
X2 ~ 1.97967

A1 ~ 1.97588
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Example — dumbbell

—Au; = Ajuj in Q
U =0 on 9Q
. T -

Mo ~ 2.02481
Ao ~ 1.97967
Ao ~ 1.96644

A1 ~ 2.02280
A1 ~ 1.97588
A1 ~ 1.96196
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Example — dumbbell

—AU,’ = )\,'U,' in Q L
u=0 on 00 N = 19456
1.9 1.95 2 2.05
A1 ~ 2.02280 A2 =2 2.02481
A1 ~ 1.97588 A2 = 1.97967
A1~ 1.96196 A2 == 1.96644
A1 ~ 1.95777 A2 ~ 1.96251



Example — dumbbell

—AU,’ = )\,-u,- in Q L
u=0 on 00 Nui = 77824
1.9 1.95 2 2.05

A1 =~ 2.02280 Ao = 2.02481

A1 ~ 1.97588 A2 =~ 1.97967

A1 ~ 1.96196 Ao &~ 1.96644

A1~ 1.95777 Ao &~ 1.96251

A1 &~ 1.95646 A2 &~ 1.96129



Example — dumbbell @

19 1.95 2 2.05




Example — dumbbell

1.9 1.95 i 2 2.05

1.91067 < A\; <£2.02280 1.91981 < Ay < 2.02481
1.94317 < Ay <1.97588 1.94893 < A\, < 1.97967
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Example — dumbbell

1.91067 < A\; <£2.02280 1.91981 < Ay < 2.02481
1.94317 < Ay <1.97588 1.94893 < A\, < 1.97967
1.95174 < A1 <1.96196 1.95694 < A\, < 1.96644




Example — dumbbell

—AU,’ = )\,-u,- in Q L
u=20 on 90f2 Niri = 19456 _
1.9 1.05 > 2.05

1.91067 < A\ <2.02280
1.94317 < A\ < 1.97588
1.95174 < A\ <1.96196
1.95443 < A\ < 1.95777

1.91981 < A\ <£2.02481
1.94893 < A\ < 1.97967
1.95694 < X\, < 1.96644
1.95944 < A, < 1.96251



Example — dumbbell

—AU,’ = )\,-u,- in Q L
u=0 on 00 Nui = 77824
1.9 195 2 2.05

1.91067 < A\ <2.02280
1.94317 < A\ < 1.97588
1.95174 < A\ <1.96196
1.95443 < A\ < 1.95777
1.95532 < \; < 1.95646

1.91981 < A\ <£2.02481
1.94893 < A\ < 1.97967
1.95694 < A\p < 1.96644
1.95944 < A, < 1.96251
1.96025 < \p < 1.96129



Upper bounds on eigenvalues

Laplace eigenvalue problem

—Au; = )\,'u,' in Q
u=20 on 0Q

Weak formulation
NER, v € H3(Q):  (Vui, Vv) = X\i(uj,v) Vv € HY(Q)

Finite element method
Vi, = {vy € H}(Q) : vilk € Pi(K), VK € Tp}
/\h,i c ]R, Up,i € Vh : (VUhJ,VVh) = /\h7;(uh7,', Vh) Vvh c Vh

Lower bound?

?S)\,’S/\h’,’, i:1,2,...,m



Lower bounds on eigenvalues @

Old problem:
Temple 1928, Kato 1949, Lehmann 1949, 1950, Harrell 1978, ...

Methods based on FEM:

1. Eigenvalue inclusions [Behnke, Mertins, Plum, Wieners 2000]
based on [Behnke, Goerish 1994] and [Plum 1997]

2. Crouzeix—Raviart elements [Carstensen, Gedicke 2013]
3. Complementarity based [Sebestovd, Vejchodsky 2016]



Method 1. Eigenvalue inclusions
Input: Rough lower bounds: Ay < Ao, ..., Apq < Amg,
Algorithm:
» FEM eigenpairs: \p; € R, up; € Vp, i=1,2,...,m
» Mixed FEM problem: a4 € Wy, gn;i € Qn, i =1,2,....m
W, = {O'h S H(div, Q) : U'h|K € RTk(K) VK € 771}
Qn=1{qn € L%(Q) : gnlk € Pi(K) VK € Tp}

(o h,iswh) + (qn,i, divwy) =0 Ywy € Wh,
(divoni,pn) = (—uni, on) Veon € Qn,



Method 1. Eigenvalue inclusions w

Input: Rough lower bounds: Ay < Ao, ..., Apq < Amg,
Algorithm:
» FEM eigenpairs: \p; € R, up; € Vp, i=1,2,...,m
» Mixed FEM problem: a4 € Wy, gn;i € Qn, i =1,2,....m
» Forn=1,2,...,mdo
v = |lup,n + div O'h,nHL?(Q)r p=2Ap1t+7
Mjj = (Vuni; Vunj) + (v = p)(un,i, un,)
Ny = (Vuni, Vung) + (v = 2p)(unis unj) + p*(oh,i, Ohy)
+(p2/7)(uh,,- +divoy i, upj +divop )
:U’lg"'glu’n: MYI:HINYh i:1727"'7n
If N is s.p.d. and if u; < 0 then
gjlflslzp_’y_p/(l_:urﬂrlfj)S)\Ja .j:1727"'7n’
end for
éj-“d: max{£ p=j j+1,....m}<), j=12....m

Jin’



Method 2. Crouzeix—Raviart elements

Crouzeix—Raviart finite elements
VER = {v}, € Pi(T}) : vi continuous in midpoints of all v € &,}
Find 0 # upR € VER ASR e R -

(Vu;(if”, V) = )\glf”(u,?j?‘, vh) Vv, € V,,CR.
Lower bound (no round-off errors)
CR

AL
(CR— Ml )\ Vi=1,2,...
14 w2ARh2

max

where
> k2 =1/8+j;7 <0.1932

> hmax = MaxkeT;, diam K

Y



Method 2. Crouzeix—Raviart elements

Crouzeix—Raviart finite elements
= {vp € P1(Tp) : v continuous in midpoints of all v € Ex}
Find 0 # ufR € VPR AR e R

(Vu,(,jf”,Vvh) )\ (uh, ,Vp) Vv, € V,,CR.

Lower bound (inexact solver: Ai¢® ~ )\CRB"CR)

JOR _ S\ﬁf{ — [Ir][g-1 <\ Vie12
Ci - - ~ i = 1,4,...
1+ k2 (A/(if{ - ”rHB’l) hgnax

where Provided
> 2 =1/8+4j;7<0.1932 > [|rlg-1 < AFR
> hmax = maXKeTh diamK  » 5\%{ is closer to A than to
> r= AG,CR — S\%{Bﬁ,CR any other discrete eigenvalue
h,_/ I F

Y



Method 2. Crouzeix—Raviart elements @

Upper bound

» T, is the red refinement of 7},

> up ;= Tomlgl fori=1,2,...,m
S,Q € R™™ with entries S; x = (Vuj, ;, Vuj, ) and
Qjk = (uh s uh i)
Syi=AQy;, i=12....m
NSNS <o <AL
Ai <N fori=1,2,....m

v

v

v
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Method 3. Complementarity based

Y

» FEM eigenpairs: Ap; €R, up; € Vp, i=1,2,...,m

» Flux reconstruction: qp; = Z Az,i
ZGN},
» Local mixed FEM: q,; € W,, d,; € P;(7;)

(Az,i, Wh)w, — (dz,is divwp)e, = (V2Vuni, Wh)a,

—(dlv qZ,I'a Qﬁh)wz — (rz,i’ Soh)on

where

Ywy, € W,
Von € P1(7z)

» w, is the patch of elements around vertex z € N},

» 7T, is the set of elements in w,

v

W, = {Wh S H(div,wz) : Wh|K S RTl(K) VK €T,

and wy-n,, =0on FeXt}

v

PL(Tz) = { Pi(T;) forze /\/h N oQ
> rzi = Npitbzupi — Vb - Vup i

{vh € P1(T7) : f vpdx =0} forze N\ 0Q



Method 3. Complementarity based @
» FEM eigenpairs: Ap; €R, up; € Vp, i=1,2,...,m

» Flux reconstruction: qp; = Z Az,i
ZGN},
Local mixed FEM: q,; € Wy, d,; € P;(7;)

v

(Qz,i, Wh)w, — (dz,i, divWha)w, = (V2 Vup i, Wh)w, Ywp € W,
_(div Az,i, (Ph)wZ = (rZ,I" Soh)wz Von € Pik(,];)

v

Error estimator: n; = ||Vup; — qh,i||[_2(Q)

2
Lower bound: Z;mpl = (—771 + /7 + 4/\h,1> /4

-1
67 = Mg (1427 L i=23,

v

1

v

Provided Ap; <2 (A7t +AZY) ™



Comparison @
1. Inclusions | 2. CR elements | 3. Complementarity

convergence *x *ork *
generality Horx * *x

a priori info * *rx ok
DOFs needed * *x ok
algebraic err. *k *ok ok

* *k *kk

adaptivity
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Square
)\1 = 2, uy

(x,y) = sin(x)sin(y)

)\3:5 us

(x y) = sin(x) sin(2y)
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Two squares

A1 =2
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Two squares
A =




Dumbbell
A1 ~ 1.9556

A2 ~ 1.9605




