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Abstract

Let s, (T) denote the nth approximation, isomorphism, Gelfand, Kolmogorov or Bernstein number of
the Hardy-type integral operator 7' given by

Tf(x)=v(x) /xu(t)f(t)dt, x €(a,b) (—o00 <a <b < +00)

and mapping a Banach function space E to itself. We investigate some geometrical properties of E for
which

b b
Cl/ u(x)v(x)dx <liminfns,(T) < limsupns,(T) < C2/ u(x)v(x)dx
a n—o0 n—00 a

under appropriate conditions on # and v. The constants C1, C> > 0 depend only on the space E.
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1. Introduction

The s-numbers such as approximation, isomorphism, Bernstein, Gelfand and Kolmogorov
numbers s, (T) of a compact linear map T acting between Banach spaces have proved to give
a very useful measure of how compact the map is. For a fine survey of these numbers and their
interactions with various parts of mathematics we refer to the monumental book [23] by Pietsch.
The wealth of applications of these ideas has naturally led to the detailed study of s-numbers of
particular maps, prominent among which are the weighted Hardy-type operators 7', for which
sharp upper and lower estimates of the approximation numbers in L? spaces, (1 < p < 00)
are investigated in [5-7,14,15,22]. The problem of the estimates of approximation numbers of a
two-weighted Hardy-type operator T : LP[a,b] — L9[a, b] was studied in the paper [20].
For various other s-numbers see [10,11] and the recent book [19]. When v = u = 1 (i.e. the
non-weighted case) the problem of the estimation of approximation numbers for the Hardy
operator acting between variable exponent Lebesgue spaces LP)(a, b) was considered in [13]:
see the recent books [19,12]. In Banach function spaces, estimates of approximation numbers
were considered in [21].

Our purpose in this paper is to study s-numbers for a weighted Hardy-type operator T acting
in a Banach function space E. Under some geometrical assumptions on E, and on the weights
u, v, we obtain two-sided estimates for its approximation, isomorphism, Bernstein, Gelfand and
Kolmogorov numbers. Our methods of proof are similar to those of [19] and are based on the
extension of the estimates of the function A (see Section 4) to Banach function spaces under
certain geometrical assumptions.

The paper is organized as follows. Section 2 contains notation, preliminaries and formulation
of the main results, while in Section 3 we present an application to Lebesgue spaces with variable
exponent and in Section 4 properties of the function A are established. Estimates of s-numbers
of the operator are given in Section 5. Finally, asymptotic estimates and the proof of the main
result are given in Section 6.

2. Notation, definitions and preliminaries

Let L(I) be the space of all Lebesgue-measurable real functions on I = (a, b), where
—00 < a < b < 400. A Banach subspace E of L([I) is said to be a Banach function space
(BFS) if:

(1) the norm || f||g is defined for every measurable function f and f € E if and only if
Ifllg <oo: |Ifllg =0ifand only if f =0 a.e.;

@ IIflle = I fllg forall f € E;

(3) if0= f <gae,then || fllg < lIgllEs

@ if0=< fu t fae,then || fulle 1 IIfllE;

(5) L®(I) C EC L'().
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Let J be an arbitrary interval of /. By E(J) we denote the “restriction” of the space E to
J;s E(J) =A{fxs: f€E}, withthenorm | fllew) = Il fxsllE-

Given a Banach function space E, its associate space E’ consists of those g € S such that
f-ge L' forevery f € E withnorm | gl =sup{llf-gllpi: I flle <1}. E'isaBFSonI
and a closed norm fundamental subspace of the conjugate space E* (see [1, Theorem 1.2.9]).

We say that the space E has absolutely continuous norm (AC-norm) if for all f € E,
Il fxx,|lE — O for every sequence of measurable sets {X,} C I such that xx, — 0 a.e. Note
that the Holder inequality

/If(x)g(X)dx =Ifllelglle

holds for all f € E and g € E’ and is sharp (for more details we refer to [1]). Note that BFS E is
reflexive if and only if both E and its associate space E’ have AC-norm (see [1, Theorem 1.4.4]).

Let E be a Banach space with dual E*; the value of x* at x € E is denoted by (x, x*)g or
(x, x™).

We recall that E is said to be strictly convex if whenever x, y € E are such that x # y and
x| = llyll = 1,and A € (0, 1), then ||Ax 4+ (1 — A)y|| < 1. This simply means that the unit
sphere in E does not contain any line segment.

By II we denote the family of all sequences Q@ = {I;} of disjoint intervals in / such that
I = Ur,co I;. We ignore the difference in notation caused by a null set.

Everywhere in the sequel by /g, (Q € II) we denote a Banach sequence space (BSS)
(indexed by a partition @ = {I;} of 1), meaning that axioms (1)—(4) are satisfied with respect to
the counting measure, and let {e;, } denote the standard unit vectors in /g.

Throughout the paper we denote by C, C1, Cy various positive constants independent of
appropriate quantities and not necessarily the same at each occurrence. By A &~ B we mean
that 0 < C; < A/B < Cy < oo for some Cy, Cs.

Definition 2.1. Let [ = {/g}ger be a family of BSSs. A BFS E is said to satisfy a uniform
upper (lower) [-estimate if there exists a constant C > 0 such that for every f € E and Q € I
we have

Iflle=C

2

IiGQ

2

]l'EQ

Sxnle-enlig ( Fxillg-enlig = C||f||E> .

Definition 2.1 was introduced in [16]. The idea behind it is simply to generalize the following
property of the Lebesgue norm:

LA, = I xo I,
i

for a partition of R” into measurable sets (2;. The notions of uniform upper (lower) /-estimates,
when lg, = lg, forall Qy, Q> € II, were introduced by Berezhnoi in [2].

Theorem 2.2 ([16]). Let E be a BFS. Then the following assertions are equivalent:

(1) Thereis a family | = {lg}gemr of BSSs such that E satisfies simultaneously upper and lower
I = {lg}gem estimates.
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(2) There exists a constant C > 0 such that for any f € E and Q € II,

1 LS xzi
e <{ > T U e @2.1)

1;€eQ XL E £

(3) There exists a constant C1 > 0 such that
S xslelgxnlle < Cill fliellgle 22)

liEQ
forany Q € Il and every f € E, g € E'.
Note also that if £ simultaneously satisfies upper and lower [ = {Ig}gecj7 estimates then E’

simultaneously satisfies upper and lower I’ = {l/Q}QE 17 estimates (see [16]).
We investigate properties of the Hardy-type operator of the form

Tf(x)=Tarunf(x)= U(X)/ S Ou(r)dr,

where u and v are given real valued nonnegative functions with [{x : u(x) =0} = |{x : v(x) =
0}| = 0 as a mapping between BFS (by | - | we denote Lebesgue measure). This operator appears
naturally in the theory of differential equations and it is important to establish when operators of
this kind have properties such as boundedness, compactness, and to estimate their eigenvalues,
or their approximation numbers. We shall assume that

UX(ax) € E' (2.3)
and

VX(x,b) € E 2.4)
whenever a < x < b.

In [16] the following was proved.

Theorem 2.3. Let E and F be BFSs with the following property: there exists a family of BSS
I = {lg}gerr such that E satisfies a uniform lower [-estimate and F a uniform upper l-estimate.
Suppose that (2.3) and (2.4) hold. Then T is a bounded operator from E into F if and only if

sup A(t) = sup |lvxe.pllFlluxanlle < oo.

a<t<b a<t<b

We observe that similar results hold when we replace v and u by vy and ux; respectively,
where J is any subinterval of /. Note that in [16] the verification of the above conditions is carried
out only for /. However, the methods of proof work equally well for arbitrary intervals J C I.

Theorem 2.4. Let J = (c, d) be any interval of I, let E and F be BFS for which there exists
a family of BSS | = {lg}ger such that E satisfies a uniform lower [-estimate and F a uniform
upper l-estimate. Then the operator

X
Ty f(x) = v(X)XJ(x)/ u(t) xg (1) f (O)dt
a
is bounded from E into F if and only if
Ay =sup Ay(t) = sup [vxsx@.a)lFlluxs xenlle < oo.
J

teJ te

Moreover Aj < ||Tyl| < K - Ay, where K > 1 is a constant independent of J.
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In [8] the authors establish a general criterion for 7' to be compact from E to F when
T : E — F is bounded. Indeed the following theorem is valid.

Theorem 2.5. Let T : E — F be bounded, where E, F are BFS with AC-norms. Then T is
compact from E to F if and only if the following two statements are satisfied:

lim+ sup ”UX(r,x)”FHMX(a,r)”E’ =0,

X=aT g<r<x

and

lim sup (lvxepllrlluxenlle =0.

x—>b—yxy<p

Note that if £ and F have AC-norms and u € E’, v € F then T : E — F is compact.

More detailed information about the compactness properties of T is provided by the
approximation, isomorphism, Bernstein, Gelfand and Kolmogorov numbers and we next recall
the definition of those quantities.

B(E, F) will denote the space of all bounded linear maps of E to F. Given a closed linear
subspace M of E, the embedding map of M into E will be denoted by J /f, and the canonical map

of E onto the quotient space E/M by Qﬁ. Let S € B(E, E). Then the modulus of injectivity of
T is

J(8) =sup{p = 0:|Sx|lg = plix|g forallx € E}.

Definition 2.6. Let S € B(E,E) and n € N. Then the nth approximation, isomorphism,
Gelfand, Bernstein and Kolmogorov numbers of § are defined by

a,(S) =inf{||S — P|: P € B(E, E), rank(P) < n};
in(S) = sup{| Al IBI™'},

where the supremum is taken over all possible Banach spaces G with dimG > n and maps
A € B(E,G), B € B(G, E) such that ASB is the identity on G;

cn(S) = inf{||STE| : codim(M) < n};

bn(S) = suplj(SJ4p); dim(M) > n};

dy(S) = inf{|| Q3 S| : dim(M) < n},
respectively.

Below s,(S) denotes any of the nth approximation, isomorphism, Gelfand, Kolmogorov or
Bernstein numbers of the operator S. We summarize some of the facts concerning the numbers
5, (S) in the following theorem (see [19]):

Theorem 2.7. Let S € B(E, E) andn € N. Then
an(S) = cu(S) = by (S) > iy(S)
and

The behavior of the s-numbers of the Hardy-type operator T is reasonably well understood in
case E = F = LP(a,b).
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Theorem 2.8. Suppose that 1 < p < co, v € LP(a,b), u € L9(a,b) where 1/p+1/q = 1.
Then for T : L?(a,b) — L?(a, b) we have

1 b
lim ns,(T) = —yp/ u(x)v(x)dx,
n—o00 2 a

where y), = a1 plagl/p sin(z/ p).

When p = 2 and the s, are approximation numbers this was first established in [7], see
also [22]. The general case, namely that when 1 < p < 0o, was proved in [15], where it appears
as a special case of results for trees. When p = 2, for nice u# and v these results were improved
in [9] and more recently extended for 1 < p < oo in [18].

We say that a space E fulfills the Muckenhoupt condition if for some constant C > 0 and for
all intervals J C [ we have

1
—xslelxslle < C.
/]

Note that if E fulfills the Muckenhoupt condition, then using Holder’s inequality we obtain

1
—/If(x)ldxfC”fXJ”E,
171Js lxslE

and if additionally E simultaneously satisfies upper and lower [ = {lg} <7 estimates, then from
(2.1) we obtain

1
E X1,~—|Ii|/h|f(X)Idx
E

Il'EQ

<CilflEe,

where C; > 0 is an absolute constant independent of the partition Q of [. If for a space E
we have the Muckenhoupt condition and (2.1), we denote this by writing E € M. Note that in
the case of a reflexive variable exponent Lebesgue space the condition LP) € M implies the
boundedness of the Hardy-Littlewood maximal operator in L? O (see [3,4]).

The main result of this paper is the following theorem.

Theorem 2.9. Let E be BES belong to the class M. Let the spaces E, E* be strictly convex

and assume that E and E' have AC-norms. Suppose u € E’, v € E. Then there exist constants
C1 =Ci(E), Cy = C2(E) > 0 such that, forthemap T : E — E

b b
Cq / u(x)v(x)dx < lirgg(l)fnsn(T) <limsupns,(T) < C2/ u(x)v(x)dx.
a n a

n—oo

3. Variable exponent Lebesgue spaces

Given a measurable function p(-) : (a, b) — [1, +00), LPO) (a, b) denotes the set of mea-
surable functions f on (a, b) such that for some A > 0,

/ (If(x)l>”(")d
X < OQ.
(a.b) A
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This set becomes a Banach function space when equipped with the norm

px)
nfnp(.):mf{bo:/ (1) dxsl}.
(a,b)

These spaces and corresponding variable Sobolev spaces WX-7() are of interest in their own
right, and also have applications to partial differential equations and the calculus of variations.
(For more details of results about variable exponent Lebesgue spaces we refer to [4].)

We say that a function p : (a,b) — (1, 0o) is log-Holder continuous if there exists C > 0
such that

C
PO = e+ 11k = 3D

Denote by Pjog the set of all log-Holder continuous exponents that satisfy

|p(x) — forall x,y € (a,b) and x # y.

p— =essinf p(x) > 1, p+ =esssup p(x) < oo.
x€&(a,b) x€(a,b)

Note that the log-Holder continuous condition is in fact optimal in the sense of the modulus
of continuity, for boundedness of the Hardy-Littlewood maximal operator in variable Lebesgue
spaces (see [3,4]).

We say that an exponent p(-) € Plog is strongly log-Holder continuous (and write p(-) €
SPlog) if there is an increasing continuous function defined on [0,b — a] such that
lim;— o+ ¥ (t) = 0 and

—lp@) = pWIInfx —y| < ¥ (jx — yl) forallx,y € (a,b) with0 < |x — y| < 1/2.
In [16] the following was proved.

Proposition 3.1. Let p(-) € Piog. Then L’V (a, b) € M.

Note that there exists another class of exponents giving rise to property (2.1). Indeed, let
p() : [0, 1] — [1, +o00) be log-Holder continuous, w(t) = fatl(u)du, t € (a,b), wh) =1,
I(u) > 0 (u € (a, b)). Then LPO)(q, b) has property (2.1) (see [17]).

From Theorem 2.9 and Proposition 3.1 we obtain

Corollary 3.2. Let p(-) € Piogand v € LP9(a, b), u € L4 (a, b) (1/p(x)+1/q(x) =1, x €
(a, b)). Then T acts from the variable exponent space LP Oa, b) 1o itself and

C f u(x)v(x)dx <liminfns,(T) < limsupns,(T) < C2/ u(x)v(x)dx.
(a,b) n—0o0 (a,b)

n—oo

An analogue of Theorem 2.9 in the setting of spaces with variable exponent when u = v = 1
was investigated in [13], where the following theorem was proved.

Theorem 3.3. Let p(-) € SPiog and u = v = 1. Then T acts from the variable exponent space
LPO(a, b) to itself and

lim ns)(T) = % f (g(x) p(x)PO= VPO gin( / p(x))dx,
n—oo ]

where s,(T) stands for any of the nth approximation, Gelfand, Kolmogorov and Bernstein
numbers of T.
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4. Properties of A

Here we establish properties of the function .4 which we shall need in the next section.

Definition 4.1. Let E be a BFS, J be a subinterval of I = (a, b), ¢ € [a, b], and suppose that
u € E'(J)and v € E(J). We define

T, —
A(J) ZA(J,I/[,‘U) = sup inf I C’Jf av”E(.])
feE, f#0 @R I fllEw)

where

Te,sf(x) = v(X)XJ(X)/ J@u )y @)dr.

We prove some basic properties of .4(J). Choosing ¢ = 0 we immediately obtain
AW = ITegl =K - Ay,
where

Ay =supA;(t) =sup lvxsxe.mlleluxsxanle-
tel telJ

Note that for d € [a, b],

Tagfx)=T;f(x)+ U(X)XJ(X)/d S@®u@)xy@)dt
and the number A(J, u, v) is independent of ¢ € [a, b].

Lemma 4.2. Let E be a BFS, J be a subinterval of 1, and suppose thatu € E'(J) andv € E(J).
Set

A(J) = sup inf Ty f — avlEw).
I fllewn=1 leel <2Mlull g7y

Then A(J) = A(J).
Proof. Holder’s inequality yields

1 Te,sll < NuxslleanllvxslEw)-

2 Te sl

Let | fllg) =1 and |o| > 2||M||E/(J). Then |a| > Tole0)

and using the triangle inequality we
obtain

lav —Te s fllew) = lalllviiewy = 1Te s flew)
> 20 Te gl = I1Te. gl
=TIl
We have

(vial
> AW)
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= sup min{ inf  ||Te 7 f —avlgy), I Te,7 f — avlew)

in
I lEy=1 o <2l ) ol >2llull
= P inf  |Te 1 f —avley) = AW). O
I £llp=1le1=2lullg )

Note that using the same arguments we may prove that

A(J) = sup inf ITe,s f — avllEw)-

1f <t lel=<2llull g

Lemma 4.3. Let E be a BFS and suppose that E' has AC-norm. Let J = (c, d) be a subinterval
of 1, and suppose that u € E'(J) and v € E(J). Then:

1. The function A(x, d) is non-increasing and continuous on (c, d).
2. The function A(c, x) is non-decreasing and continuous on (c, d).
3. limy— . A(c, x) = limy_ 44 A(x,d) = 0.

Proof. That A(x, d) is non-increasing is easy to see. Fix y,c <y <d.Lete > 0. Fix hg > 0
such that y — ho > O and |[ullg/(y—p,y) < & Tor 0 < h < hy.
Let Dy, = |lullg/(y—h.ay (0 < h < ho) and w(y) = f;_h F@ut)dr.
We have
A(y,d) < A(y — h,d)

= sup inf lav — Ty_p (y—ha) f I E(y—hoa))
I £ Ey—p.ay=1 %R

< sup inf {|[(@v — Ty—n,(y=h,d) ) X=h, ) | ECy—h.y))
I £ 1 G—hay=111=2Dn

+ v = Ty—p,(y—n,d) )X ) | E(y,a))}

< sup inf A Ty—n,(y—n | E(y —h,y)) = E(y —h, y)
I fIEG-ha=1 le|<2Dp
X N F I E=n.y) + @0 =Ty (y-na) f = vw)xy.a) | Ey.an}

<  sup inf  {llull £ (y—nyn 101 EG—non | F I ECG—hy)

1 flEG—ha=191=2Dn
+ vl e.anlul g-nyp I FlEG=hy) + 1@V = Ty, .00 )X | Ey.an }
< Wlle—h,yne + VI E(.a)€

+ sup inf [Ty, (y.a)f — @Vl E((y.a))-
Il Eq—h,a=1 lee| <2Dy,

Since Do < Dy, < Dy, we have

sup inf |7y, (y.ayf — avllE(y.a)
I £l E(y—h,ap=1121=2Dn
< sup inf |7y, (y,a)f — avllE(y,a)
£ E(y—h,ap=1¥1=2Do
= sup inf |7y, (y,a)f — avllE((y.a)

£ £y <1 1¢1=2Do
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and thus
AW, d) < Ay — h,d) < |vlEy—hyne + IVIEQ.apE + Ay, D),
which proves that
lim A(y — h,d) = A(y, d).
h—0+
Analogously
lim A(y +h,d) = A(y, d).
h—0+

In the same way we prove 2 and 3, which finishes the proof of the lemma. [

Lemma 4.4. Let E be a BFS and suppose that E' has AC-norm. Let J = (c, d) be a subinterval
of 1, and suppose that u € E'(J) and v € E(J). Then

A(J) = Inf||Ty s 1E() > E()]. 4.1

The norms || Tx, s 1l 1 Tv.eo) I, | T, ey || of the operators Te s Ty (e Tecrays from E(J) to
E(J), are continuous in x € (c, d) and there exists e € J such that

”Te,(c,e)” = ”Te,(e,d)”- (4~2)

Foranyx € J

1T, sl = max{|| Ty .0 ll, 1Tx,x,apll}s (4.3)
and

min | Ty s || ~ | Te s |l 4.4)

xeJ

Proof. For any x € (c, d),
AW <sup{lI T, fllew) : W fllEwy =1} = 1Te gl E(J) = EU)I,

and consequently we have (4.1).
To prove the continuity of || Ty, (x,q)ll, we first note that for z, y € (¢, d), z < y,

y
T, o fx) = Tygafx) = U(X)X(y,d)(X)/ f®u(t)dt

X
+U(X)X(z,y)(X)/ S@ut)de.
Z
Hence, applying Holder’s inequality,
1T .oy — Ty, vl = IVl Ey.ap Il B2y + IVITE@ ) 14 E (2. y))
and so

Tl = 1Ty, | < 1T cay — Tyl < 2Mull ey IV B¢z

which yields the continuity of ||Ty (x,q)ll. Similarly we obtain the continuity for || 7, x)ll and

1T, s 1.
If suppf C (y,d) thenforz < y,

Ty f () =Ty, (y,a) f ().
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Consequently

Ty, .l < 1Tz, z,a)ll

and similarly

||Tz,(c,z)|| =< ”Ty,(c,y)”-

The identity (4.2) follows from these inequalities and the continuity of the norms
”Tx,(c,x)”s ”Tx,(x,d)”-
Let f € E(J) and set fi = fx(,x)» f2 = fX(,a)-Then

(Tx,Jf)(t) = (Tx,(c,x)fl)(t) + (Tx,(x,d)fZ)(t)'
We have
N Tx, s fllEQ) =~ max{[| Ty c,x) 1 E(ex)) > 1Tx,¢c,d) 21 E(x,a))}

< Cmax{||Tx .0 ll, I Ty, x.a) I} max{|| fill E¢ce,x))s 1 S2l Er,an)}
< Cmax{||Tx 0l 1 Tx, .y N fIEW)-
Consequently
I Ty, g | < C max{|| Tx,(c,x) Il, ”Tx,(x,d) II}.
The reverse inequality is obvious and (4.3) is proved. From (4.2), (4.3) and the above analysis,

we have (4.4). 0O

Definition 4.5. Let E be a BFS and suppose that E’ has AC-norm. Let J = (c,d) be a
subinterval of I, and suppose that u € E’(J) and v € E(J). Define

AW) = ITe.c.0) |l E)
where e € J is defined by (4.2).
Lemma 4.6. Let E be reflexive, a strictly convex BFS. Let J = (c,d) be a subinterval of
I = (a, b), and suppose that u € E'(J),v € E(J) and u, v # 0 a.e. on J. Then

LT c,0 ll and | Tx c.x) || are strictly increasing and || Ty (x,a) || is strictly decreasing on (c, d).
2. Alc, x) is strictly increasing and A(x, d) is strictly decreasing on (c, d).

Proof. Letc < x1 <x2 <d.Let0 < f € E(J),and || fllgc) = 1 with suppf C (c, x1). We
have following

I Te o) FlE > 1 Te cxny flEWD- 4.5)
Indeed, if | ¢ (c.x0) flE(7) = 1T (c.xp) f | E(). define the functions

Tc,(c,xl)f()’) Tc,(c,xz)f(y)

fi() = ) .
I Te,ccxn) FllEWD 1 Te,cox) FlEDH

H ()=

It is clear that || fi ||E(j) = ||f2||E(J) = 1and
Te o) SO = Te xS ) + Te e,y S (1) Xy x0) (D)

By strict convexity of E

2=12fillecy =i+ fllew) <2,
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which gives a contradiction, and (4.5) follows. As our operator 7 is compact and E is reflexive
there exists f such that | 7¢ (x| E((c, x1)) = E((c, x| = IT¢,c.x;) f | E((c,x1))- Therefore,

1 Te,c.xp) E((c, x1)) = E((c, XNl = 1 T¢,c.x)) f I ECe,x1))
< 1 Te,(c.x) FIEGe.(e,x2))
< NTe e,xp)| E((c, x2)) — E((c, x2))|l.

In the same way we show that || Ty (¢ x)l| is strictly increasing and || T, (x,q)ll is strictly de-
creasing on (c, d).

Next, let us suppose that c<x] <x2< d. Accordin}g to Definition 4.5 there exist e; € (c, x1)
and e; € (c, x2) such that A(c, x1) = ||T¢,,c.ep || and A(c, x2) = | Te,. (c.en I

As

“Te],(c,el)” = ”Tel,(el,xl)” < ”Tel,(el,xz)”
and || Te,, (c,e2) Il = [ITey,(e2.x2) I, We have, that e; < es. Therefore,
Ale, x1) = [Ty cen | < 1 Tey.(cen) | = Alc, x2).

That ,,Zl\(x, d) is strictly decreasing on (¢, d) can be proved similarly; if we use arguments analo-
gous to those in the proof of Lemma 4.4 we may prove continuity of A(c, x). O

Lemma 4.7. Let E be a strictly convex BFS. Then given any f, g € E, g # 0 there is a unique
scalar ¢ ¢ such that

I f —crglle = inf | f —cgllE-
ceR

Proof. Since || f — cgl|g is continuous in ¢ and tends to 0o as ¢ — 00, the existence of ¢y is
guaranteed by the local compactness of R. The uniqueness of ¢ s follows from the strict convexity
of E. U

Lemma 4.8. Let E be a strictly convex BFS and given f € E, let ¢y be the unique scalar such
that | f —crglle = infeer | f — cgllE, for g # 0, g € E. Then the map f + cy is continuous.

Proof. Suppose || f — fllg — 0. Since ¢, is bounded, we may suppose that cs, — c¢. Then
I fn—crglle = I1fu —crglle

and so
If—crglle = I f —cgle

which givesc =cy. O

In fact, Lemmas 4.7 and 4.8 are well-known: see, e.g. [24].

Lemma 4.9. Let E be a strictly convex BFS satisfying the condition (2.1) and suppose that E’
has AC-norm. Let J = (c, d) be a subinterval of I, and suppose thatu € E'(J) and v € E(J).
Then

A() ~min [Ty g |E(T) = EWDI~ Te s |EU) = ECDIL (4.6)

where e € I defined by (4.2).
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Proof. Note that (using (4.3) and (4.4))
1Te.cc.eo)l EC) = E( = I Te.e.)|E(J) = E()|
< W Tes|E(J) — EW)
< CillTe .0l E(J) = E(I). 4.7

Leta < ||Te,s||. Set T,,; = vF, where,

FFG) = Foy f(¥) = 1) / FOW® s ()t

By (4.7) it follows that there exists f;, i = 1,2, supported in (c, e) and (e, d), respectively,
such that || fillg = 1, ITe,s fillsy > o/C1 and fi positive, f> negative. Note that the same is
true of the signs of the corresponding values of ¢y rf,, cyFf,, with g = v (see Lemmas 4.7—4.8).
Hence by the continuity established in Lemma 4.8, there is a A € (0, 1) such that ¢, = 0 for

g=Arf1+0—=1f.
We have

1T, sgll ey = max{[|ATe, c.e) 1l E¢c,e))» 1D — M) Te e,a) L2l ECe,a))}
> Csaligllew)-
‘We have

A(J) = o}lel{% lvFg —avlew/lgllewy = llvEgllew/lIgllew) = Caa.

Since o < || T, || is arbitrary, A(J) > C3||Te, ;| and we have
4.1) (4.4)
Ci|Te sl <= A(J) < ;1615 1T, s |E(J) = E(DI = ITe sl O

Lemma 4.10. Let J = (c, d) be a subinterval of I, and suppose that uy, uy belong to E'(J)
and v € E(J). Then

A, ur, v) — A(J, uz, v)| < lluy —uw2llerenyllvlliew)-

Proof.
A(J,u;,v) = sup inf ||v(x) </ F@)(u(t) —un(t) +ux(t))dt — a)
I flgy=1€R a E(J)
< sup inf[ v(X)/ F@wi(t) —ux(t))dt
I fley=1R a E(J)

+

v(x) /X f@Ouz()dt — av(x)

E(J):|

< sup inf[llul —wllerwnlvllew

I fllegy=12€R
E(J)j|

v(x) /X f@Oua(t)dt — av(x)

< luy —wller vl + A, uz, v).

+

The same holds with u| and u; interchanged, and the result follows. [
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Lemma 4.11. Let J = (c, d) be a subinterval of 1, and suppose that u € E'(I) and vi, vy €
E(I). Then

AW, u, v1) — A, u, v2)| < 3llvi — v2llg)llull /).

Proof. Let

T}f(X) = v1(x)XJ(x)/ f@u@)dt,
T2 £ (x) = v2(0) s (x) / FOudr,

T} f(x) = (v1(x) — U2(x))XJ(x)/ f@ut)de.

Suppose that A(J, u, vy) > A(J, u, v3). By Lemma 4.2 we have
AW, u,v1) — A, u, v2)

= sup inf |T}f —avillgyy — AW, u, v2)
I fllgc)=12<R

sup inf ||T}f —avi |l gy — AW, 1, vy)
I £llgn=1lel=2llullg )

=i, i (”TJ3f —a —v)lew) + 177 f = (¥v2||E(J)>
I £llp=1lel=2llullg )

—A(J, u, v)

< sup inf
I £llgn=1lel=2llullg )

—A(J, u, v2)
<3llvi —v2llewllulle gy + AW, u, v2) — A(J, u, v2)

=3|lvi — wllewmllule ).

(3||v1 —wllewnluleyy + IT7 f - OlvzllEu))

The proof is complete. [

Note that in Lemmas 4.10-4.11 we can replace A(J) by || T, /1l

Lemma 4.12. Let E € M be a strictly convex BFS and suppose that E' has AC-norm. Let u and
v be constant over an interval J = (c,d). Then A(J, u, v) ~ uv|J]|.

Proof. From the Muckenhoupt condition we deduce that if J c J and |J~ [/|J| = 1/2, then
Ix7lle ~ lIxs Nl and ([ x7ller = lxs e Lete € (¢, d), we have

max y sup | xenlellxaelle, sup lxenllelixealle = 1J1.
te(c,e) te(e,d)
Using Theorem 2.4 and Lemma 4.9 we obtain

A, 1,1) = |J].
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v(/x f(t)udt—a)

Consequently

A(J,u,v) = sup inf

I flpy=1R EW)
X
=wuv sup inf (/ f®dt — c)
Ifley=1€R [ \Ja E(J)

—wv AW, 1, ) ~uv|J|. O

5. Estimates of s-numbers for T
Throughout this section we view T as a map from a BFS E to itself.

Lemma 5.1. Let E be a strictly convex BFS space that fulfills condition (2.1), let E' have

AC-norm, and suppose that u € E'(I) and v € E(I). Leta = 19 <11 < -+ < Iy = b
be a sequence such that A(ti_1,v;) <efori =2,...,Nand |Ty )|l <¢. Then
an(T) < Ce.

Proof. Set I; = (tj—1,t;) fori =1,..., N and Pf = vaz2 P; f, where

Pif () = v, / " Fouat,

and ¢; is a number obtained from Lemma 4.9 for which

Al = ;Iélln I Te.,|[E(Li) — EUD| ~ T 1, |[E(Li) — E()].

Note that rankP < N — 1. By Theorem 2.2, there is a BSS / such that E simultaneously
satisfies upper and lower /-estimates; using Lemma 4.9, we obtain

(T —=P)flle =

N
xnTan f+ Y (Tf = Pif)xi
=2

E

N
= xnTar f + D x1:Tersi f
i=2 E
< Clxn Taur f Vs s Tepot; f Nl
< Cmax{||Ta.p, I A, ... AU x1; Il
< Ciellflle. O

Lemma 5.2. Let E be a reflexive, strictly convex BFS satisfying condition (2.1). Let E* be strictly
convex. Letu € E'(I)and v € E(I). Leta =19 < 1] < --- < Ty = b be a sequence such that
A(ti—1, ) > efori=2,...,Nand |Ty )|l = €. Then

in(T) > Ce.
Proof. The argument here is similar to the proof of Lemma 6.13 of [19] (which dealt with the

case when E is a Lebesgue space), but we give full details for the convenience of the reader. Set
Ii = (ti—1, ) (i =1,..., N). From Lemma 4.9 it follows that there is e¢; € I; such that

Al = ;Iélln 1T, |[E(Li) — EUD| ~ T ;| E(L;) — E()].
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Note also that (see Lemma 4.4)
1 Te;, (i y.en | E(Tiz1, €:)) = E((Ti—1, el = | Te; (e, m) | E (€1, Ti)) = E((ei, Ti))|
~ A Tey, i |E(Li) — E)
Since Ty, (r;_,,e;) and Ty, (¢; ;) are compact operators and E is reflexive there exist functions
£, £7? such that
supp f;' C (zi—1,€),  supp f7 C (e, ), NS lE= 1/ e =1,
I e, (ioy.en | E(Tiz1, €)) = E((Tic1, el = 1 Tep. ity e £ Ecers(zioren)
and
I Te; e | E(Cei 1)) = E((eis Tl = I Ter (o120 SN ECCer i)
Define J1 = (19, e1) = (eo, e1), Ji = (ej—1,¢;) fori =2,..., N and Jy4+1 = (en, b). We
introduce functions
g100) = £ () Xegnen ),
8 (¥) = (i [2 1 (O Xer 1m0 @) + i [ ) Xy .en () for i =2,...,N
and
gN1(x) = fR () xuys, ().
For these functions we have

”Tet ]Jlgl ||E((el 1,Ti—1))
Igill £cCei—1,7-1))

> Ce

and
1 Te;,0; &l EC(xi_1,e0))

>Ce fori=1,...,N+1.
lgill E(ri_y.en)

We can see that T, | 5, g; and T, ;. g; do not change sign on (e;_1, 7;—1) and (7;_1, ¢;) Te-
spectively. Since T, , ;. gi(x) and T, j g;(x) are continuous function we can choose constants
¢; and d; such that

Tei,l,J;gi(Ti—l) = Te,‘,J,‘gi (Ti—l) >0

and | gl ;) = 1. Then we can see that supp(T'g;) C J;, i =1,..., N + 1.
Note that

ITgillewy _ N Teioieimiu-n8iXeeiruio) + Tej.(uiren8i Xwi—r.en lEG)

lgillE) llgillew)
A~ max { 1 Te; 1 (ei1,ti-1)8i l ECCei—1,7-1)) , 1 Te;,(v;1,en) &l EC(xi_1,e0)) }
IgillEcy) lgillEc)
>Cie fori=1,...,N+1. 5.1

Since E and E* are strictly convex BFS, given any x € E \ {0}, there is a unique element of
E*, here wntten as JE(x) such that ||JE(x)||E* = 1 and {x, JE(x)) = ||x| g. Note that for all
x € E\ {0}, Jg(x) = grad|x| g, where grad||x||z denotes the Gateaux derivative of || - ||z at x
(see [19]).
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By Theorem 2.2 exists BSS / such that E simultaneously satisfies upper and lower /-estimates
corresponding to the partition J;, i = 1,..., N + 1 of the interval /. The maps A : [ — E and
B : E — [ are defined by:

N+1

ALY =) digi(x)
i=1

- N+1
(g X0~ Te(Tgi) }

Bg(x) =
I1Tgillew;

i=1
Since (Tgi, JNE(Tgi» = ITgille,
Observe that || B : E — [|| is attained (up to a constant factor) on functions of the following form

N+1
gr) =Y ciTgi(x). (5.2)

i=1
It is enough to find a function g € E such that ||g|lg < 1l and |B : E — [|| < C| Bgl;. By
Theorem 2.2, E simultaneously satisfies upper and lower /-estimates with constant C. Leth € E

be such that ||2]|g(y =1 and |B : E — [|| = || Bh]|;. Let

_ Z thx;, Te(Tg))E

Tgi(x).
C2|Tgillew '
‘We have
N+1
gz < C s, e (T ITg I
EM) = C2||Tg £ FHED i1 |,
1 N+1
= =t Teweme) |
1 N+1
< = {0 e 1 Te@en 1215,
1 N+l
= =m0l
< g
<1.

It is clear that

- N+1
Bg = (hxs, Je(Tg))E
C2|ITgillEm) -
and
s, Te@gye |
Bh = XJi» JE\L &i))E
ITgillEw) i

Therefore we have Bh = C?Bg and |B : E — I|| = ||Bh||; = C?||Bg]|;.
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Using (5.1) we obtain
N+1

liglle = Caell{ci};Zh I
where the function g is defined by (5.2), and then

N+1
B (Z c;l Tgi (x))

i=1

N+1
= sup [l{c;}; 'l < Ca/e.
, lglest

sup [|BfIll; = sup
I fle<l lgle<l

From

IAUd DN e ~ 11d]gi | ol = IHd]}
it follows that ||A : | — E|| =~ 1. Thus
in(T) = AT IBI7" = Cze. O

Note that in the formulation of Lemmas 5.1 and 5.2 instead .A we may use A

Let E be a reflexive BFS satisfying condition (2.1) and suppose that u € E’ (/{ Yandv € E(I).
Note that for sufficiently small ¢ > 0 there are ¢,d € (a,b) for which A(c,b) = ¢ and
I74,@a.a) = €. Indeed, since T is compact, By Lemmas 4.3 and 4.6, there exist a positive
integer N (¢) and/points a =17 <T < - < TNe = bwith A(ti_1, ) = e fori = 2,
... N() — 1, A(tNe)-1,b) < e and || T4, arpll = €. The intervals I; = (tj—1, 1), i =
1,..., N(¢) form a partition of .

Lemma 5.3. Let E be a reflexive BFS satisfying condition (2.1), and suppose that u € E'(I)
and v € E(I). Then the number N (¢) is a non-increasing function of & that takes on every
sufficiently large integer value.

Proof. As in the proof of Lemma 6.11 of [19], fix ¢, a < ¢ < b. We have ||T;,a,0)ll = €0 > 0
and there is a positive igeger N(gp) and a partition a = 19 < 1] < < TN@E) = b such
that || Ty, .ol = €0, A(Ti-1, 7)) = &g fori = 2,..., N(go) — 1, A(tn(ep)-1,b) < &o. Let
d € (a,c). According to Lemma 4.6, A(a,d) = 8(/) < &p and the procedure outlined above
applied with 86 gives co > N(sé)) > N(go). By continuity of .Z(c, ) and || Ty, (4, I, there exists
d € (a, c) such that N(g() > N(go). If N(g() = N(go) + 1, stop. Otherwise, define

g1 =sup{e: 0 < e <eggand N(g) > N(g) + 1}.

We claim N(e1) = N(gp) + 1. Indeed suppose N(er) = N (g9) + 2 and the partition a = 79 <
< TNy = b satisfies || Ty, @,z |l = €1 and Az, tiq1) = €10 = 1/,\2, ...,N(e1) — 1 and
4(1’}\/(51),1, TN(e)) < €1. Increase Ty ()—1 slightly to TI/V(8|)—1 so that A(r}v(sl)_l, b) < &1 and
ATy ep)—2. r;\,(sl)_l) > g1, contEluing the process to get a partition of (a, b) haVAing N (1) inter-
vals such that || T, @, o)l > €1, A(t/_,, 7)) > €1, i =2,...,N(e1) — 1 and A(tn(e)-1,b) <
e1. Taking e, < min{||Ta,(a,Tl)||,,zl\(ti’fl, t/);i =2,...,N(gy — 1)} we obtain &, > &1 and
N(&2) = N(gp) + 2, a contradiction. An inductive argument completes the proof. [J

From Lemmas 5.3, 4.6 and continuity of .Z(c, -) and || Ty (¢, || the next lemma follows.
Lemma 5.4. Let E be a reflexive BFS satisfying condition (2.1), and suppose that u € E'(I)

andv € Eg). Then for each N > 1 there exist ey and a sequencea =1 <171 < --- < Ty =b
such that A(ti—1, ;) = ey fori =2,...,N and || Ty (a7 || = en-
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Combining Lemmas 5.1-5.4 we obtain the following theorem.

Theorem 5.5. Let E be a reflexive strictly convex BFS satisfying condition (2.1), let E* be
strictly convex, and suppose that |luxll g/ nllvxilleay < oo. Then for each N > 1 there exist
ey and a sequence a = 19 < T] < -++ < Ty = b such that A(ti—1,1;)) = ey fori =2,...,N
and | Ty, (a, o) | = en and

an(T) = in(T) ~ en.
6. Asymptotic results

Theorem 6.1. Let E be a reflexive strictly convex BFS satisfying condition (2.1). Let E* be
strictly convex, and suppose that u € E'(I) and v € E(I). Then there exist constants
C1 =Ci1(E), Cy = C2(E) > 0 such that for themap T : E — E

b b
C1/ u(x)v(x)dx < ljivmiansN <limsup Ney < C2/ u(x)v(x)dx.
a —>00 a

N—o0

Proof. As in the proof of Theorem 6.3 of [19] we observe that for each n > 0 there exist
nonnegative step functions u,, v, on I such that

lu —uylleray <, lv—vylleqy < n-

We may suppose that

m m
Uy = X;ijwm, vy = X;njxwm
J= J=

where W (j) are closed subintervals of I with disjoint interiors and I = U;’?zl W(@j).
Let N be an integer greater than 1. By Lemma 5.4 there exist ey > 0 and a sequence
T, k=0,1,...,N,suchthat 7p = a, ty = b and
.Z(Ii) =e=¢n fori=2,...,N and |1, |l =¢ wherel; = (tk—1, k).

We have

‘fun(t)vn(t)dt—/uv
I I

< /Iu(t)lv(t) —vn(t)ldt+f1|u(t) — uy(D)|vy(D)dt

< lluller'llv —vylle + llu — uyllerllvgll 2
= n(lulle +lvlie +mn. (6.1)

Let K = {k > 1 : thereexists j such that Iy C W(j)}. Then #K > N — 1 — m, and by
Definition 4.5, (4.6), Lemmas 4.10-4.12 and (2.2),

(N—1=m)e<Cr Yy Al u,v)
kekK

<Cy ) A, u,v)
keK

< C; Z{A(Ik, . V) + (A, 10, v) — A 1y, v)

keK
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o+ (AU ttg, v) = A iy, o) |

<Cy Z{|s,-||n,||vv(j>| + llu = wpl excwiin 0l Ew
J

+ v = vyllEw ||”n||E’(W(j))}
< o [ g + ol + n(huter + )
1
By (6.1) we conclude that

limsup Ney < C4(/ u@v@)dt + 2nlvlle + 2nllull g + 2n2)
1

N—o0

and then

limsup Ney < C4/u(t)v(t)dt.
I

N—o0
To prove the opposite inequality we add the end-points of the intervals W(j), j =1,2,...,m
to the 7o, k = 0,1,..., N, to form the partition a = ¢y < --- < e, = b, say, where

n < N + 1 4+ m. Note that each interval J; = (eg, ex+1) is a subinterval of some W (j) and
hence u;, v, have constant values on each J;. Thus, by Lemma 4.12

/unvndt =/ unvndt—i—/ upv,dt
1 I JAV!

= Cs( X" Wty I+ D AU 0y, ).

Jiclh Jig I

Using (2.2), we obtain
> AUy, vy)

Jigh

< Z [A(Ji, u, v) + (A(Ji, uy, v) — A(J;, u, v))
Jigh

(AW, g vy) — Ay, v))}

IA

> A 1) + = gl el B + o v, = vz |
Jigh

IA

> AU w0 + C{lle = gl lolzay + Ny oy = vllea |
Jigh

analogously for ||Ta,Jl.,un,vn || we have

> N Tadiym

Jiclh

< 3 s+ Oy ol = 1ol + 1Tty = 15010
Jicli
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= 3 Wl 1 = gl Nolpcy + gl vy = vz |
JiC11

= Y W ol + Co{lle = gl 0l + gLy oy = vllen |-
JiCII

Hence, from || Ty, 7, u,v|l < € and A(J;, u, v) < Cse

/Iu(t)v(t)dt < Ce((N + 1T +m)e +n(lvllea + lulleay +m)
and since n > 0 is arbitrary the theorem follows. [J

Proof of Theorem 2.9. Combining Theorems 5.5 and 6.1 we obtain the proof of Theo-
rem?2.9. O
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