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Recently, Hughes et al. in [3] proposed a concept of the so-called isogeometric
analysis – the method for numerical solving of partial differential equations based on
finite element method and geometric modeling. The main advantages of isogeometric
analysis are an exact representation of objects of interest and the possibility to omit
generation of a triangular (quadrangular) mesh which is very time-consuming.

In this talk, we focus on solving Poisson equation over a planar NURBS domain
with Dirichlet boundary condition. The problem is closely related to the following
geometrical problem. Let a planar domain boundary be given by either one closed
NURBS curve, or several connected NURBS curves forming a closed domain. We
need to find a planar NURBS surface (i.e., control points, their weights and corre-
sponding knot vectors) describing the domain bounded by these boundary NURBS
curves (see Fig. 1). This problem has attracted attention of researchers in the last
years, especially in connection with isogeometric analysis (see e.g. [2, 4, 6]). It
was revealed that the choice of inner control points of NURBS description of such
a domain can significantly influence results and convergence rates of the follow-up
isogeometric analysis. We will present several algorithms which can be used to solve
this problem and we will demonstrate examples of different NURBS descriptions
(and parameterizations) of a given domain.

Figure 1: Left: NURBS domain given by 4 boundary NURBS curves; Right: NURBS
description of a disc.

This problem can be also generalized for spatial domains, i.e., NURBS solids,
which is far more difficult to solve. The first attempts to finding volumetric NURBS

1



parameterizations for special classes of boundary NURBS surfaces have been pre-
sented recently, e.g. paper [1] deals with class of swept volumes which covers a num-
ber of interesting free-form shapes, or paper [5] presents a method based on discrete
volumetric harmonic functions which uses triangle mesh of a domain boundary and
also tetrahedral mesh of a domain interior. Unfortunately, a general algorithm which
would return volumetric NURBS parameterization of an arbitrary closed NURBS
surface representing a domain boundary is not known at present.

Further, we will also present an implementation of an isogeometric analysis-
based solver in MATHEMATICA for Poisson equation over planar NURBS domains
with Dirichlet boundary condition which we plan to generalize for Neumann and
Robin boundary conditions and more general elliptic partial differential equations
in the future.
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[1] M. Aigner, C. Heinrich, B. Jüttler, E. Pilgerstorfer, B. Simeon, A.-V. Vuong :
Swept volume parameterization for isogeometric analysis. In E. Hancock and
R. Martin (eds.), The Mathematics of Surfaces (MoS XIII 2009), LNCS 5654,
pp. 19-44. Springer, 2009.

[2] J. Gravesen, A. Evgrafov, A. R. Gersborg, N. D. Manh, P. N. Nielsen: Iso-
geometric analysis and shape optimisation. In: Proceedings of 23rd Nordic
Seminar on Computational Mechanics, (A. Erikson and G. Tibert eds.), pp.
14-17, Stockholm 2010.

[3] T. J. R. Hughes, J. A. Cottrell, Y. Bazilevs: Isogeometric analysis: CAD, finite
elements, NURBS, exact geometry and mesh refinement. Computer methods
in applied mechanics and engineering, Vol. 194, pp. 4135-4195. Elsevier, 2005.

[4] N. D. Manh, A. Evgrafov, A. R. Gersborg, J. Gravesen: Isogeometric shape
optimization of vibrating membrane. Computer Methods in Applied Mechanics
and Engineering, to appear. DOI:10.1016/j.cma.2010.12.015

[5] T. Martin, E. Cohen, R. M. Kirby Volumetric parameterization and trivariate
B-spline fitting using harmonic functions. Computer Aided Geometric Design,
Vol. 26, pp. 648-664. Elsevier, 2009.

[6] G. Xu, B. Mourrain, R. Duvigneau, A. Galligo Optimal Analysis-Aware Pa-
rameterization of Computational Domain in Isogeometric Analysis. Advances
in Geometric Modeling and Processing: LNCS 6130, pp. 236-254. Springer,
2010.

2


