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Why compressible and/or stochastic ?

Field equations

d%+ divx(%u)dt = 0

d(%u)+[divx(%u⊗u)+∇xp(%)]dt = [divxS(∇xu)]dt+%dWE+%udWF

S(∇xu) = µ

(
∇xu +∇T

x u +
2

3
divxuI

)
+ ηdivxuI

Initial data

initial density %(0, ·) = %0 - a random variable

initial velocity u(0, ·) = u0 - a random variable

Stochastic forcing

% dWE -random external volumic force

%u dWF -random friction force



Concepts of solutions

Strong solutions

random variables %, u have smooth paths

stochastic integral defined on the original probabilistic space

equations satisfied pathwise (a.s.)

Weak martingale solutions

random variables with continuous paths in the weak
Lp−topology

stochastic basis {Ω,P,F, {Ft}t≥0} and the noise WE , WF

considered as “unknowns”

equations satisfied pathwise in the weak (distributional) sense

Dissipative (weak) martingale solution

A dissipative martingale solutions is a weak martingale solution
satisfying a certain form of energy balance



Dissipative martingale solutions

Equation of continuity∫ T

0

∫
Ω

∂tψ%ϕ+ ψ%u · ∇xϕ dxdt = −ψ(0)

∫
Ω

%0ϕ dx

ψ ∈ C∞c [0,T ), ϕ ∈ C∞c (Ω)

Momentum equation∫ T

0

∫
Ω

∂tψ%u ·ϕ + ψ%u⊗ u : ·∇xϕ + ψp(%)divxϕ dxdt

=

∫ T

0

ψ

∫
Ω

S(∇xu) : ∇xϕ dxψdt − ψ(0)

∫
Ω

%0u0 ·ϕ dx

−
∫ T

0

ψ

(∫
Ω

% ·ϕ dx

)
dWE −

∫ T

0

ψ

(∫
Ω

%u ·ϕ dx

)
dWF

ψ ∈ C∞c [0,T ), ϕ ∈ C∞c (Ω;R3)



Energy balance

Pressure potential, diffusion coefficients

P(%) = %

∫ %

1

p(z)

z2
dz

% dWE + %u dWF = %
∞∑

k=1

Gk(%, %u) dWk

Energy balance (inequality)

−
∫ T

0

∂tψ

( ∫
Ω

[1

2
%|u|2 + P(%)

]
dx

)
dt

+

∫ T

0

ψ

∫
Ω

S(∇u) : ∇u dx dt ≤ ψ(0)

∫
Ω

[1

2
%0|u0|2 + P(%0)

]
dx

+
1

2

∫ T

0

ψ

( ∫
Ω

∑
k≥1

|Gk(%, %u)|2

%
dx

)
dt +

∫ T

0

ψdME

ψ ∈ C∞c [0,T )



Existence of solutions

Dissipative martingale solutions

[Breit-Hofmanova 2015]
Dissipative martingale solutions exist for any finite energy initial
data [%0,u0] and globally Lipschitz diffusion coefficients Gk .

Strong solutions

Strong solutions exist locally in time for any smooth initial data.
Locally means there is a positive maximal stopping time.

Weak strong uniqueness

Dissipative martingale and weak solutions coincide in law as long as
the latter exists.



Relative energy inequality

Relative energy functional

E
(
%,u

∣∣∣r ,U)
=

∫
Ω

[1

2
%|u−U|2 + P(%)− P ′(r)(%− r)− P(r)

]
dx

Relative energy inequality

−
∫ T

0

∂tψ E
(
%,u

∣∣∣r ,U)
dt

+

∫ T

0

ψ

∫
Ω

(S(∇u)− S(∇xU) : (∇xu−∇xU) dx dt

≤ ψ(0)E
(
%,u

∣∣∣r ,U)
(0) +

∫ T

0

ψdMRE +

∫ T

0

ψR
(
%,u

∣∣∣r ,U)
dt



Remainder

Test functions

dr = Dd
t rdt + Ds

t r dW , dU = Dd
t Udt + Ds

t U dW

Remainder term

R
(
%,u

∣∣∣r ,U)
=

∫
Ω

S(∇xU) : (∇xU−∇xu) dx

+

∫
Ω

%
(
Dd

t U + u · ∇xU
)
(U− u) dx

+

∫
Ω

(
(r − %)P ′′(r)Dd

t r +∇xP
′(r)(rU− %u)

)
dx

−
∫

Ω

divxU(p(%)− p(r)) dx +
1

2

∑
k≥1

∫
Ω

%
∣∣∣Gk(%, %u)

%
− Ds

t Uk

∣∣∣2 dx

+
1

2

∑
k≥1

∫
Ω

%P ′′′(r)|Ds
t rk |2 dx +

1

2

∑
k≥1

∫
Ω

p′′(r)|Ds
t rk |2 dx



Other applications

Low Mach number limit

d%+ divx(%u)dt = 0

d(%u) + [divx(%u⊗ u) +
1

ε2
∇xp(%)]dt

= [divxS(∇xu)]dt + %dWE + %udWF

S(∇xu) = µ

(
∇xu +∇T

x u +
2

3
divxuI

)
+ ηdivxuI

Low Mach and vanishing viscosity limit

d%+ divx(%u)dt = 0

d(%u) + [divx(%u⊗ u) +
1

ε2
∇xp(%)]dt

= ε[divxS(∇xu)]dt + %dWE + %udWF



Stationary solutions

Main result

Let N = 3, M0 > 0. Let p = a%γ , with γ > 3
2 . Suppose that the

diffusion coefficients Gk satisfy

Gk(x , %, %u) = %gk(x , %, %u)

gk ∈ C 1(Ω× [0,∞)× R3);R3), gk globally Lipschitz in %, q = %u

|gk(x , %, %u)| ≤ αk ,
∑
k≥0

α2
k = G <∞

Then problem the compressible Navier-Stokes system admits a
stationary martingale solution [%, %u].



Boundedness in probability

Boundedness in probability

E
[∫

Ω

[1

2
%|u|2 + P(%)

]
(τ, ·) dx

]
≤ E0

Energy balance

d
[∫

Ω

[1

2
%|u|2 + P(%)

]
dx

]

+

∫
Ω

S(∇u) : ∇u dx dt

≤ +
1

2

∫
Ω

∑
k≥1

|Gk(%, %u)|2

%
dx

)
dt + dME

Energy dissipation∫
Ω

S(∇u) : ∇u dx ≈ ‖u‖2
W 1,2


