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Troposphere (people, airplanes, weather)

~40 000 km

~18 km

Average deepness of oceans ~3.8 km



❲❤❛# ❛$❡ #❤❡ &$✐♠✐#✐✈❡ ❡*✉❛#✐♦♥.❄

❲❡ ✇✐❧❧ ✐♥✈❡'(✐❣❛(❡ ❛ ❣❡♦♠❡(-✐❝❛❧❧② '✐♠♣❧✐✜❡❞ ❈❛✉❝❤② ♣-♦❜❧❡♠

✸

✿

(♦ ✜♥❞ u = (u, v, w)✱ p✱ θ : [0, T )× U → R ✭U ✇✐(❤ ❛ '♠♦♦(❤ ❜♦✉♥❞❛-②✮

'❛(✐'❢②✐♥❣

divu = 0 ✐♥ (0, T )× U,

ut + uux + vuy + wuz + px = 0 ✐♥ (0, T )× U,

vt + uvx + vvy + wvz + py = 0 ✐♥ (0, T )× U,

pz = −θ ✐♥ (0, T )× U,

θt + uθx + vθy + wθz = λ1(θxx + θyy) + λ2θzz ✐♥ (0, T )× U

✇✐(❤ ✐♥✐(✐❛❧ ❝♦♥❞✐(✐♦♥' u(0) = u0✱ v(0) = v0 ❛♥❞ θ(0) = θ0✳

❲❤❡♥ µ1 = µ2 = 0 ✇❡ ❝❛❧❧ (❤❡ ♣-♦❜❧❡♠  ❤❡ ✐♥✈✐&❝✐❞ )*✐♠✐ ✐✈❡ ❡,✉❛ ✐♦♥&✳

❆ !♣❡❝✐❛❧ ❢❡❛)✉+❡✿ ♥♦♥✲❞❡(❡-♠✐♥✐'(✐❝ -♦❧❡ ♦❢ w✳

✸

❚❤❡ ♠❛%❤❡♠❛%✐❝❛❧ ❢♦+♠✉❧❛%✐♦♥ ✇❛/ ❞♦♥❡ ❜② ❏✳ ▲✳ ▲✐♦♥/✱ ❘✳❚❡♠❛♠ ❛♥❞

❙✳❍✳❲❛♥❣✿ ◆❡✇ ❢♦%♠✉❧❛*✐♦♥- ♦❢ *❤❡ ♣%✐♠✐*✐✈❡ ❡1✉❛*✐♦♥- ♦❢ ❛*♠♦-♣❤❡%❡
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❚❤❡ ❞❡✜♥✐'✐♦♥ ♦❢ '❤❡ ✇❡❛❦ -♦❧✉'✐♦♥

❉❡✜♥✐%✐♦♥

❲❡ ❝❛❧❧ %❤❡ '✉✐♥%❡% ♦❢ ❢✉♥❝%✐♦♥- (u, v, w, p, θ) ❛ ✇❡❛❦ $♦❧✉(✐♦♥ ♦❢ (❤❡
✐♥✈✐$❝✐❞ 01✐♠✐(✐✈❡ ❡3✉❛(✐♦♥$ ✐❢

◮ u = (u, v, w) ∈ L2(Q;R3)✱ u✱ v ∈ C([0, T ];L2
w(U))✱ p ∈ L1(Q)✱

∂zp ∈ L1(Q) ❛♥❞ ❡'✉❛%✐♦♥- ❛♥❞ %❤❡ ❡'✉❛❧✐%✐❡-

∫ T

0

∫
U

u∂tφ1 dx dt+

∫ T

0

∫
U

uu · ∇xφ1 dx dt

−

∫
U

u0(·)φ1(0, ·) dx+

∫ T

0

∫
U

p∂xφ1 dx dt = 0,

∫ T

0

∫
U

v∂tφ2 dx dt+

∫ T

0

∫
U

vu · ∇xφ2 dx dt

−

∫
U

v0(·)φ2(0, ·) dx+

∫ T

0

∫
U

p∂yφ2 dx dt = 0

❤♦❧❞ ❢♦0 ❛♥② φ1✱ φ2 ∈ D([0, T )× U)✱



❚❤❡ ❞❡✜♥✐'✐♦♥ ♦❢ '❤❡ ✇❡❛❦ -♦❧✉'✐♦♥

◮ uχQ  ♦❧✈❡ 

divuχQ = 0

✐♥ '❤❡  ❡♥ ❡ ♦❢ ❞✐ '+✐❜✉'✐♦♥ ♦♥ R
3
✭!❤✐$ ✐♥❝❧✉❞❡$ !❤❡ ❜♦✉♥❞❛.②

❝♦♥❞✐!✐♦♥$✮✱

◮ θ ✐$ ❛ $!.♦♥❣ $♦❧✉!✐♦♥ ♦❢

θt + uθx + vθy + wθz = λ1(θxx + θyy) + λ2θzz

✐♥ Q ❛♥❞ θ(0, ·) = θ0(·) ✐♥ !❤❡ $❡♥$❡ ♦❢ !✐♠❡ !.❛❝❡$✱

◮
!❤❡ ❡5✉❛!✐♦♥

pz = −θ

❤♦❧❞$ ❢♦. !❤❡ ✇❡❛❦ ❞❡.✐✈❛!✐✈❡ ♦❢ p ❛❧♠♦$! ❡✈❡.②✇❤❡.❡ ✐♥ Q✳
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◮
●❧♦❜❛❧ ✐♥ (✐♠❡ 7❡❣✉❧❛7✐(② ♦❢ '♦❧✉(✐♦♥' ❢♦7 '♠♦♦(❤ ✐♥✐(✐❛❧ ❝♦♥❞✐(✐♦♥' ✲

❈✳❈❛♦✱ ❊✳ ❙✳ ❚✐(✐✿ ●❧♦❜❛❧ ✇❡❧❧✲♣♦"❡❞♥❡"" ♦❢ (❤❡ ✸❉ ✈✐"❝♦✉"

♣*✐♠✐(✐✈❡ ❡1✉❛(✐♦♥" ♦❢ ❧❛*❣❡ "❝❛❧❡ ♦❝❡❛♥ ❛♥❞ ❛(♠♦"♣❤❡*❡

❞②♥❛♠✐❝"✳ ■♥ ❆♥♥✳▼❛(❤ ✭✷✵✵✼✮✳
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◮
❚❤❡ $❡%♠ ♣!✐♠✐$✐✈❡ ❜❡❝♦♠❡* ❛ ❜✐$ ♠✐*❧❡❛❞✐♥❣✳

◮
■❢ ✇❡ ❡%❛*❡ $❤❡ ❞✐✛✉*✐♦♥ ✐♥ $❤❡ ❤❡❛$ ❡7✉❛$✐♦♥✱ $❤❡ *②*$❡♠ ✐* ♥♦$

❤②♣❡%❜♦❧✐❝ ✲ ❏✳❖❧✐❣❡% ❛♥❞ ❆✳ ❙✉♥❞*$%@♠✿ ❚❤❡♦+❡,✐❝❛❧ ❛♥❞

♣+❛❝,✐❝❛❧ ❛#♣❡❝,# ♦❢ #♦♠❡ ✐♥✐,✐❛❧ ❜♦✉♥❞❛+② ✈❛❧✉❡ ♣+♦❜❧❡♠#

✐♥ ✢✉✐❞ ❞②♥❛♠✐❝#✳ ■♥ ❙■❆▼ ❏✳❆♣♣❧✳▼❛$❤✳✱ ✭✶✾✼✽✮✳

◮
■♥ ✸❉✱ $❤❡%❡ ❛%❡ ✭$♦ $❤❡ ❜❡*$ ❦♥♦✇❧❡❞❣❡ ♦❢ $❤❡ ❛✉$❤♦%✮ ♥♦ ❛ ♣%✐♦%✐

❡*$✐♠❛$❡* ❢♦% ✈❡❧♦❝✐$✐❡* ❛♥❞ $❡♠♣❡%❛$✉%❡✳ ■♥ ✷❉ ❛♥❞ θ ≡ 0✱ $❤❡%❡
❡①✐*$ ❧♦❝❛❧ ✐♥ $✐♠❡ *♠♦♦$❤ *♦❧✉$✐♦♥* ✲ ❨✳ ❇%❡♥✐❡%✿ ❍♦♠♦❣❡♥❡♦✉#

❤②❞+♦#,❛,✐❝ ✢♦✇# ✇✐,❤ ❝♦♥✈❡① ✈❡❧♦❝✐,② ♣+♦✜❧❡#✳ ■♥

◆♦♥❧✐♥❡❛!✐$②✱ ✭✶✾✾✾✮✳

◮
❋✐♥✐$❡ $✐♠❡ ❜❧♦✇✲✉♣ ❢♦% *♦♠❡ *♠♦♦$❤ ✐♥✐$✐❛❧ ❞❛$❛ ✲ ❈✳❈❛♦✱

❙✳ ■❜%❛❤✐♠✱ ❑✳◆❛❦❛♥✐*❤✐ ❛♥❞ ❊✳ ❙✳ ❚✐$✐✿ ❋✐♥✐,❡✲,✐♠❡ ❜❧♦✇✉♣ ❢♦+

,❤❡ ✐♥✈✐#❝✐❞ ♣+✐♠✐,✐✈❡ ❡=✉❛,✐♦♥# ♦❢ ♦❝❡❛♥✐❝ ❛♥❞

❛,♠♦#♣❤❡+✐❝ ❞②♥❛♠✐❝#✳ ■♥ ❈♦♠♠✳ ▼❛$❤✳ 5❤②6✳✱ ✭✷✵✶✺✮✳



●❧♦❜❛❧ ❡①✐()❡♥❝❡ ♦❢ ✇❡❛❦ (♦❧✉)✐♦♥( ❢♦0 )❤❡ ✐♥✈✐(❝✐❞ ❝❛(❡

✹

❚❤❡♦$❡♠

❆!!✉♠❡ %❤❛% T > 0 ✭❛)❜✐%)❛)②✮✳ ▲❡% u0✱ v0 ∈ C(U)✱ θ0 ∈ C
2(U) ❛♥❞

!✉♣♣♦!❡ %❤❛% %❤❡)❡ ❡①✐!%! w0 ∈ C(U)  ✉❝❤ $❤❛$

div((u0, v0, w0)χU ) = 0 ✐♥ $❤❡  ❡♥ ❡ ♦❢ ❞✐ $,✐❜✉$✐♦♥ ♦♥ R
3.

❚❤❡♥ $❤❡,❡ ❛,❡ ✐♥✜♥✐$❡❧② ♠❛♥② ✇❡❛❦  ♦❧✉$✐♦♥ ♦❢ $❤❡ ✐♥✈✐ ❝✐❞ 6,✐♠✐$✐✈❡

❡7✉❛$✐♦♥ ❡♠❛♥❛$✐♥❣ ❢,♦♠ $❤❡ ✐♥✐$✐❛❧ ❝♦♥❞✐$✐♦♥ u0✱ v0✱ θ0✳

◮
❈❛♥♦♥✐❝❛❧❧②✱ )❤❡,❡ ✇✐❧❧ ❜❡ ❛ ❥✉♠♣ ♦❢ )❤❡ ❦✐♥❡)✐❝ ❡♥❡,❣② ❛) )✐♠❡

t = 0✳ ■❢ ✇❡ ❞❡♥♦)❡

E(t) =

∫
U

1

2
|u(t, x)|2 + |v(t, x)|2 + |w(t, x)|2 dx

)❤❡♥

lim inf
t→0+

E(t) > E(0).

✹

❊✳❈❤✐♦❞❛(♦❧✐✱ ▼✳▼✳✲ ❊①✐#$❡♥❝❡ ❛♥❞ ♥♦♥✕✉♥✐-✉❡♥❡## ♦❢ ❣❧♦❜❛❧ ✇❡❛❦

#♦❧✉$✐♦♥# $♦ ✐♥✈✐#❝✐❞ ♣6✐♠✐$✐✈❡ ❛♥❞ ❇♦✉##✐♥❡#- ❡-✉❛$✐♦♥#✳  !❡♣!✐♥& ♦♥ ❛!①✐✈✱

✭✷✵✶✻✮



■♥✜♥✐$❡❧② ♠❛♥② ❞✐++✐♣❛$✐✈❡ +♦❧✉$✐♦♥+

❉❡✜♥✐%✐♦♥

❲❡ ❝❛❧❧ %♦❧✉(✐♦♥% ❞✐%%✐♣❛(✐✈❡ ✐❢ E(t) ≤ E(s) ✇❤❡♥❡✈❡1 0 ≤ s ≤ t✳

❚❤❡♦)❡♠

❆!!✉♠❡ %❤❛% T > 0 ❛♥❞ θ0 ∈ C
2(U)✳ ❚❤❡♥ %❤❡,❡ ❡①✐!% u0✱ v0 ∈ L∞(U)

❢♦, ✇❤✐❝❤ ✇❡ ❝❛♥ ✜♥❞ ✐♥✜♥✐%❡❧② ♠❛♥② ✇❡❛❦ ❞✐!!✐♣❛%✐✈❡ !♦❧✉%✐♦♥! ♦❢ %❤❡

✐♥✈✐!❝✐❞ :,✐♠✐%✐✈❡ ❡;✉❛%✐♦♥! ❡♠❛♥❛%✐♥❣ ❢,♦♠ %❤❡ ✐♥✐%✐❛❧ ❞❛%❛ u0✱ v0✱ θ0✳

◮
❲❤❛# ✐% #❤❡ ♠❛✐♥ #❡❝❤♥✐*✉❡ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉%❡❞ #♦ ♣1♦♦❢

#❤❡ #❤❡♦1❡♠%❄

◮
❈♦♥✈❡① ✐♥%❡❣,❛%✐♦♥✳



❲❤❛# ✐% #❤❡ ❝♦♥✈❡① ✐♥#❡❣-❛#✐♦♥❄

❆ !❡❝❤♥✐'✉❡✱ ❤♦✇ !♦ ✜♥❞ ❛ /♦❧✉!✐♦♥ ♦❢ ❛ /②/!❡♠ ♦❢ ❧✐♥❡❛4 ❞✐✛❡4❡♥!✐❛❧

❡'✉❛!✐♦♥/ !♦❣❡!❤❡4 ✇✐!❤ ♥♦♥❧✐♥❡❛4 ❝♦♥/!✐!✉!✐✈❡ 4❡❧❛!✐♦♥/✳

L(u(x)) = 0, u(x) ∈ K(x) ❢♦4 x ∈ Ω.

◮
❚❤❡ !❡❝❤♥✐'✉❡ ❤❛/ ✐!/ ♦4✐❣✐♥ ✐♥ ❞✐✛❡4❡♥!✐❛❧ ❣❡♦♠❡!4② ✭◆❛/❤✱

●4♦♠♦✈✮✳

◮
■! ✇❛/ ✉/❡❞ !♦ ❝♦♥/!4✉❝! /✉4♣4✐/✐♥❣ 4❡/✉❧!/ ❛❜♦✉! 4❡❣✉❧❛4✐!② ♦❢ ✇❡❛❦

/♦❧✉!✐♦♥/ ♦❢ ❊✉❧❡4✲▲❛❣4❛♥❣❡ ❡'✉❛!✐♦♥/ ❝♦44❡/♣♦♥❞✐♥❣ !♦

'✉❛/✐❝♦♥✈❡① ❢✉♥❝!✐♦♥❛❧/ ✲ ▼G❧❧❡4✱ ➆✈❡4I❦✿ ❈♦♥✈❡① ✐♥'❡❣)❛'✐♦♥

❢♦) ▲✐♣.❝❤✐'③ ♠❛♣♣✐♥❣. ❛♥❞ ❝♦✉♥'❡)❡①❛♠♣❧❡. '♦ )❡❣✉❧❛)✐'②✳

✐♥ ❆♥♥✳▼❛%❤✳ ✭✷✵✵✸✮✳

◮
❘❡❝❡♥!❧②✱ ❈✳ ❉❡ ▲❡❧❧✐/ ❛♥❞ ▲✳ ❙③S❦❡❧②❤✐❞✐ ❛❞❛♣!❡❞ !❤❡ !❡❝❤♥✐'✉❡ !♦

❝♦♥/!4✉❝! ♣❛4❛❞♦①✐❝❛❧ /♦❧✉!✐♦♥/ ♦❢ !❤❡ ❊✉❧❡4 /②/!❡♠✿ ❖♥

❛❞♠✐..✐❜✐❧✐'② ❝)✐'❡)✐❛ ❢♦) ✇❡❛❦ .♦❧✉'✐♦♥. ♦❢ '❤❡ ❊✉❧❡)

❡=✉❛'✐♦♥.✳ ■♥ ❆'❝❤✳ ❘❛%✐♦♥✳ ▼❡❝❤✳ ❆♥❛❧✳✱ ✭✷✵✶✵✮✳



❚❤❡ ❝✉%✐♦✉( ❝❛(❡ ♦❢ ❉❡ ▲❡❧❧✐( ❛♥❞ ❙③2❦❡❧②❤✐❞✐

❚❤❡♦$❡♠ ✭❉❡ ▲❡❧❧✐+ ❛♥❞ ❙③1❦❡❧②❤✐❞✐✱ ✷✵✶✶✮

▲❡" ē ∈ C((0, T )× T
3) ∩ C([0, T ];L1(T3)) ✐$ ♣♦$✐"✐✈❡ ✐♥ (0, T )× T

3
✳

❚❤❡♥ "❤❡,❡ ❡①✐$" ✐♥✜♥✐"❡❧② ♠❛♥② ✇❡❛❦ $♦❧✉"✐♦♥$ u ♦❢ "❤❡ ❊✉❧❡, ❡8✉❛"✐♦♥$

divu = 0 ✐♥ "❤❡ $❡♥$❡ ♦❢ ❞✐$",✐❜✉"✐♦♥$✱

∂tu+ div(u⊗ u) +∇p = 0 ✐♥ "❤❡ $❡♥$❡ ♦❢ ❞✐$",✐❜✉"✐♦♥$✱

✇✐"❤ ♣,❡$$✉,❡ p = −1
3 |u|

2
$✉❝❤ "❤❛" u ∈ C([0, T ];L2

weak(T
3)), u(0, x) = 0

❢♦, t = 0, T ❛✳ ❡✳ x ∈ T
3
✱

1

2
|u(t, x)|2 = ē(t, x) ❢♦, ❡✈❡,② t ∈ (0, T ) ❛✳ ❡✳ x ∈ T

3
✳



❆ ❣❡♥❡$❛❧✐③❛)✐♦♥ ❢♦$ ❛♥ ❛❜-)$❛❝) ❊✉❧❡$ -②-)❡♠

❖❜"❡$✈❛'✐♦♥ ✭❊✳ ❋❡✐$❡✐"❧✱ ✷✵✶✺✮

▲❡" H : C([0, T ];L2
weak(T

3))→ C([0, T ]× T
3;R3×3

0,sym)✱

Π ∈ C([0, T ];L2
weak(T

3))→ C([0, T ]× T
3)

❜❡ ❜♦✉♥❞❡❞ ❛♥❞ ❝♦♥"✐♥✉♦✉, ♦♣❡.❛"♦., ,❛"✐,❢②✐♥❣ ,♦♠❡ ❛❞❞✐"✐♦♥❛❧

"❡❝❤♥✐❝❛❧ ❛,,✉♠♣"✐♦♥, ❛♥❞ ❛,,✉♠❡ "❤❛" Π[u] ✐, ❜♦✉♥❞❡❞ ✐♥❞❡♣❡♥❞❡♥"❧②
♦♥ u✳ ❚❤❡♥ "❤❡.❡ ❡①✐," ✐♥✜♥✐"❡❧② ♠❛♥② ✇❡❛❦ ,♦❧✉"✐♦♥, u ♦❢ "❤❡ ❢♦❧❧♦✇✐♥❣

❛❜,".❛❝" ✈❡.,✐♦♥ ♦❢ "❤❡ ❊✉❧❡. ,②,"❡♠

divu = 0 ✐♥ "❤❡ ,❡♥,❡ ♦❢ ❞✐,".✐❜✉"✐♦♥,✱

∂tu+ div(u⊗ u+H[u]) +∇Π[u] = 0 ✐♥ "❤❡ ,❡♥,❡ ♦❢ ❞✐,".✐❜✉"✐♦♥,✱

,✉❝❤ "❤❛" u ∈ C([0, T ];L2
weak(T

3)), u(0, x) = 0 ❢♦. t = 0, T ❛✳ ❡✳ x ∈ T
3
✳



❚❤❡ #$✐♠✐'✐✈❡ ❡)✉❛'✐♦♥. ❛. ❛ ❞✐✛❡$❡♥'✐❛❧ ✐♥❝❧✉.✐♦♥

◮
❲❡ ✇♦✉❧❞ ❧✐❦❡ )♦ ❛♣♣❧② )❤❡ ♠❛❝❤✐♥❡1② ♦❢ ❝♦♥✈❡① ✐♥)❡❣1❛)✐♦♥✳ ❚❤❡

✜19) 9)❡♣ ✐9 )♦ 1❡❝❛9) )❤❡ :1✐♠✐)✐✈❡ ❡;✉❛)✐♦♥9 ✐♥)♦ )❤❡ ❢♦1♠

divu = 0,

∂tu+ div (u⊗ u+H[u]) +∇Π[u] = 0.

◮
❚❤❡ ♠❛✐♥ ♣(♦❜❧❡♠ ✲ -❤❡ ❡.✉❛-✐♦♥ ❢♦( -❤❡ -❤✐(❞ ❝♦♠♣♦♥❡♥- ♦❢ -❤❡

✈❡❧♦❝✐-② ✐5 ❞❡❣❡♥❡(❛-❡❞✳



■♥✈✐$❝✐❞ ♣(✐♠✐*✐✈❡ ❡,✉❛*✐♦♥$

▲❡" ✉$ "❛❦❡ "❤❡ ()✐♠✐"✐✈❡ ❡-✉❛"✐♦♥$

ux + vy + wz = 0

ut + uux + vuy + wuz + px = 0,

vt + uvx + vvy + wvz + py = 0,

pz = θ

θt + uθx + vθy + wθz = λ1(θxx + θyy) + λ2θzz



❊①"❡♥❞❡❞ ✐♥✈✐(❝✐❞ ♣+✐♠✐"✐✈❡ ❡-✉❛"✐♦♥(

✳✳✳❛♥❞ $✉♣♣❧❡♠❡♥* ✐* ❜② ❛♥ ❡①*/❛ ❡0✉❛*✐♦♥

ux + vy + wz = 0

ut + uux + vuy + wuz + px = 0,

vt + uvx + vvy + wvz + py = 0,

wt + uwx + vwy + wwz + pz = 0,

pz = θ

θt + uθx + vθy + wθz = λ1(θxx + θyy) + λ2θzz



❊①"❡♥❞❡❞ ✐♥✈✐(❝✐❞ ♣+✐♠✐"✐✈❡ ❡-✉❛"✐♦♥(

▲❡" θ = Θ[u] ❜❡ "❤❡ %♦❧✈✐♥❣ ♦♣❡-❛"♦- ❢♦- "❤❡ ❝♦♥✈❡❝"✐♦♥ ❞✐✛✉%✐♦♥
❡4✉❛✐"♦♥✱ "❤❡♥✿

divu = 0

ut + div(u⊗ u) +∇p = 0

pz = Θ[u]

Θ[u]t + u · ∇Θ[u] = λ1(Θ[u]xx +Θ[u]yy) + λ2Θ[u]zz



❊①"❡♥❞❡❞ ✐♥✈✐(❝✐❞ ♣+✐♠✐"✐✈❡ ❡-✉❛"✐♦♥(

❚❤❡♥ ✇❡ ❝❛♥ ✜♥❞ ❛ )♦❧✈✐♥❣ ♦♣❡0❛1♦0 ❢♦0 1❤❡ ❡3✉❛1✐♦♥ ❢♦0 pz ❜② 1❛❦✐♥❣

Π[u](t, x, y, z) ≈

∫ z

z0

Θ[u](t, x, y, s) ds.

❍❡♥❝❡✱

divu = 0

ut + div(u⊗ u) +∇Π[u] = 0

pz = Θ[u].



❆♥ ❡①❛♠♣❧❡ ✉)✐♥❣ ,❤❡ ✐❞❡❛ ♦❢ ❝♦♥✈❡① ✐♥,❡❣3❛,✐♦♥

div u = 0 ✐♥ T
3, ✭✶✮

|u| = 1 ❛❧♠♦)* ❡✈❡-②✇❤❡-❡ ✐♥ T
3

✭✷✮

◮
✇❡ ❞❡✜♥❡ ❛ )❡* ♦❢ )✉❜)♦❧✉*✐♦♥)

X0 = {u ∈ C
∞(T3;R3) : ✭✶✮ ❤♦❧❞) ❛♥❞ ⑤✉⑤❁✶},

◮
✇❡ ❞❡✜♥❡ ❛ ❢✉♥❝*✐♦♥❛❧ ♦♥ X0 ❜② I(u) =

∫
T3 |u|

2 − 1 dx✳ ❖❜)❡-✈❡

*❤❛* I(u) < 0 ✐♥ X0✳

▲❡♠♠❛ ✭❊✛❡❝(✐✈❡ ♦,❝✐❧❧❛(✐♦♥,✮

▲❡" u ∈ X0✳ ❚❤❡♥ "❤❡'❡ ❡①✐*"* {wn} ⊆ C
∞(T3;R3) *✉❝❤ "❤❛"

◮ u+ wn ∈ X0✱

◮ wn → 0 ✇❡❛❦❧②✲∗ ✐♥ L∞

◮

lim inf
n→∞

I(u+ wn) ≥ I(u) + c (I(u))
2

✇❤❡+❡ c > 0 ❞♦❡. ♥♦/ ❞❡♣❡♥❞ ♦♥ u✳



❆ ❇❛✐$❡ ❝❛'❤❡❣♦$② ❛$❣✉♠❡♥'

◮
▲❡" ✉$ "❛❦❡ X = X0

(L∞,weak−∗)
✳ ❲❤✐❝❤ ✐$ ❛ ❝♦♠♣❧❡"❡❧② ♠❡"1✐③❛❜❧❡

"♦♣♦❧♦❣✐❝❛❧ $♣❛❝❡✳

◮
❲✐"❤ 1❡$♣❡❝" "♦ "❤❡ ♦$❝✐❧❧❛"♦1② ❧❡♠♠❛✱ "❤❡ ♦♥❧② ♣♦$$✐❜❧❡ ♣♦✐♥"$ ♦❢

❝♦♥"✐♥✉✐"② ❛1❡ $✉❝❤ "❤❛" I(u) = 0✳

◮
❆$ I(u) = limε→0 Iε(u) = limε→0 I(ηε ∗ u)✱ I ❤❛$ "♦ ❤❛✈❡ 1❡$✐❞✉❛❧
$❡" ✐♥ X ✭✈❡1② ❧❛1❣❡✮ ♦❢ ♣♦✐♥"$ ♦❢ ❝♦♥"✐♥✉✐"②✳

◮
=♦✐♥"$ ♦❢ ❝♦♥"✐♥✉✐"② ❛1❡ ♣1❡❝✐$❡❧② ❛❧❧ "❤♦$❡ ♣♦✐♥"$ u ∈ X ✇❤✐❝❤

$❛"✐$❢② I(u) = 0✳


