Compact course on compressible fluid
flows

Eduard Feireisl

Institute of Mathematics, Academy of Sciences of the Czech Republic, Prague

Wuerzburg, 7 October - 28 October 2016

The research leading to these results has received funding from the European Research Council

under the European Union’s Seventh Framework Programme (FP7/2007-2013)/ ERC Grant Agreement 320078



Compressible Navier-Stokes/Euler system

Field equations

Oro + divy(ou) =0
O¢(ou) + divy(ou @ u) + V,p(p) = div,S(V,u)

Newton’s rheological law

2
S(Vxu) = i (qu + Viu-— 3divXuH> + ndivyul, >0, n>0

No-flux/no-slip boundary conditions

u- n|8§2 = 07 [u]tan|8ﬂ =0




Thermodynamics stability

Pressure potential

Pressure-density state equation

p € C[0,00) N C?(0,00), p(0) =0

m for 0 >0, liminf p’(0) >0
0—00

P(o)

o=oo p(e)

liminf >0

Isentropic pressure-density state equation

p(o) =ao”, a>0, y>1




Energy balance - conservation

Energy

1
E= ol + Pl) , Plo)
2 __ —~—

I elastic ener,
kinetic energy gy

Energy balance equation

OrE+divi(Eu)+divy(p(o)u)—divy (S(Viu) - u)

Total energy balance

d 1 _
i) (zgu| +P(g)> dx+/QS(VXu).VXu d{ <P




Classical (strong) solutions

Local existence

Smooth solutions exist on a maximal time interval (0, Tynax). This is
true for both Navier-Stokes and Euler system

Global-in-time solutions for small data

Smooth solutions of the Navier-Stokes system exist globally in time
provided the initial data are close to an equilibrium solution

(Matsumura and Nishida, Valli and Zajaczkowski, and others).
Solutions of the Euler system develop singularities in a finite time no
matter how smooth and/or small the initial data are.

Global existence for the 1-D Navier-Stokes system

The Navier-Stokes system in the 1-D geometry admits global-in-time
smooth solutions (Kazhikhov and others)




Weak solutions
Equation of continuity

U 0p dX} =/ /(Qatw+QU~Vx<P) dxdt
Q t=0 0 Q

Balance of momentum

for any p € C2°([0, T) x Q)

fowos]

t=0

/ / (ou - Orp+ ou@u : -V + p(o)diveyp) dx dt
o Ja

—/ /S(qu) D Vi dx dt
0o Ja

for any ¢ € C=([0, T) x Q; RM),

©lag = 0 for the no-slip condition in the viscous case

4«O0> 4F>r «E>» 4=



Dissipative weak solutions

Energy (entropy) inequality

UQ (§9u|2+P(@)> dx} :;+/OT/QS(VXU):VXU dx df <)o

foraa. 7€ (0, T)




Navier-Stokes system: Weak solutions

Global existence for large data

plo) ~ ao”, 1 >0
The Navier-Stokes system admits global-in-time weak solutions if:
mN=2 v>3/2;, N=3,v>9/5P.L.Lions 1998
m N=2~v>1 N=3,~v>3/2EF et al. 2000

m N=2 v>1 N=3, v >3/2 Plotnikov and Vaigant 2014

Dissipative weak solutions

The weak solutions are not known to be unique. The construction
used in the existence theory yields dissipative weak solutions. Weak
solutions can be obtained as a limit of certain numerical schemes
(Karper)




Euler system: Weak solutions

Global existence for large data in 1D

The Euler system admits global-in-time weak solutions for any
bounded initial data (DiPerna, Chen et al.). The weak solutions
can be recovered as a vanishing viscosity limit of the Navier-Stokes
system (Chen and Perepelitsa)

Global existence for large data for N = 2,3

The compressible Euler system admits infinitely many global-in-time
weak solutions for any smooth initial data (Chiodaroli, EF - based
on the work of DeLellis and Székelyhidi)




Euler system: Dissipative weak solutions

Dissipative weak solutions N = 2,3

m For any g, there exists ug (bounded measurable) such that the
Euler system admits infinitely many dissipative weak solutions
in a given time interval (0, T) (Chiodaroli, EF)

m There is a vast class of initial data for which the Euler system
admits infinitely many entropy (dissipative) weak solutions in a
given time interval (0, T) (Chiodaroli, EF)

m There exist Lipschitz (smooth) initial data for which the Euler
system admits infinitely many entropy (dissipative) weak
solutions in a given time interval (0, T) (Chiodaroli, DelLellis,
Kreml)




Relative entropy (energy)

Relative energy functional

S(g,u r,U)

= [ (3eu-VR+P) - P 1) - P())

Decomposition

S(g,u r,U)

1 1
— [ (Geul+P@)) ax— [ v axs [ o ax

—/QP’(r)g dx+/ﬂp(r) dx




Dissipation inequality

Relative energy inequality

V)]

Test functions

r >0, Ulpg = 0 (or other relevant b.c.)




Remainder

R(,Q,u r,U)

:/g(atU+u-VXU)‘(Ufu) dx
Q

+/QS(VXU) (ViU — Vyu) dx + /Q (p(r) — p(0)) div,U dx

+/ [(r — 0)0:P'(r) + VxP'(r) - (rU — ou)] dx
Q




Applications

Weak-strong uniqueness

Weak and strong solutions of the compressible Navier-Stokes/Euler
system emanating from the same initial data coincide as long as the
latter exists (EF, Jin, Novotny, Sun [2014])

Conditional regularity

Weak solution to the Navier-Stokes system with bounded density
component emanating from smooth initial data are smooth (EF,
Jin, Novotny, Sun [2014])




Singular limits

Rotating fluids

Oro + divy(ou) =0

1 1
Ot(ou) + divy(ou ® u) + ggb X u+ EQ—MVXp(g)

! V.G

— Rg;
=€ leXS(VXU) + Ezil__

Path dependent singular limit

€ — 0, certain relation between M, R, F >0

m low Mach = compressible — incompressible
m high Rossby = 3D — 2D

m high Reynolds = viscous — inviscid




Convergence to singular limit system

Target problem - Euler system

OV +v-Vv+ V,M=0, divyy =0, x € R?

Convergence results (EF, Lu, Novotny 2014)

m Spatial geometry - infinite strip:

Q= R?x (0,7)

m Complete slip (Navier) boundary conditions:

u- n|@Q = 0, (S(qu) . n) X n‘ag =0




Limits on domains with variable geometry

Channel like domains

Q. ={(x2)| z€(0,1), k=X’ <2R2)}, IX(2)| < R(2)

Boundary conditions
u-nly =0, (S(Vxu)-n)xn|z =0
Y =00n{ze (0,1)}

ul,—01 =0




Target systems

Inviscid limit
0:(0eA) + 0z(0eueA) =0
de(oeueA) + 9;(0euzA) + Ad.p(0g) =0

Viscous limit

O¢(onsA) + 0-(onsunsA) =0
Or(onsunsA) + 0, (onsunsA) + Adzp(ons)

4
= AvdZuns + 10, (R'(2)/R(z)uns), v = i +n7>0

A= R?




Convergence

Korn-Poincaré inequality

/ lv[? dx < cKp/ |VXV—|—V§V|2 dx
Q.

€

Convergence (Bella, EF, Lewicka, Novotny 2015)
m Convergence to the target Euler system with geometric terms in
the inviscid limit
m Convergence to the Navier-Stokes system in the viscous limit
provided the bulk viscosity in the primitive system is positive




Navier-Stokes system driven by stochastic forces

Navier—Stokes system with stochastic forcing

do + divk(pu) dt =0
d(ou)+[divy(ou @ u) + Vp(p)] dt = div,S(Vu) dt+G(g, ou)dW,

White—noise forcing

G(o, ou) AW =) Gy(o, ou) dWi.
k>1




Relative energy inequality

Relative energy inequality - (Breit, EF, Hofmanova 2015)

—/()Tﬁtzbg(g,u r,U) dt

T
+/O w/Q(S(Vu)—S(VXU) - (Vyu — V,U) dx dt

< (0)€ (g, ', u / deRE+/OT¢R (g, ', u)d

Y € C°[0, T) (deterministic), ¥ > 0.

Test functions
dr=Dgrdt+ Dir dW, dU = DAU dt + D;U dW




Stochastic remainder

Remainder

R (Q,U r,U)
:/QS(VXU) (VU= V,u) dx—i—/ﬂg(Dth+u-VxU)(U—u) dx
+ [ (r= M (0D + V. H (U - o) ax

—/Qdiva(P(@) —p(r)) dx+ %Z /QQIGk(QQ’Qu) - DkaF dx

k>1

1 1
32 [ oHeDgn ax+ 33 [ o (DEn ? ax

k>1 k>1




Results for stochastic Navier-Stokes system

Weak-strong uniqueness (Breit, EF, Hofmanova 2015)

m Pathwise weak-strong uniqueness

m Weak-strong uniqueness in law

Inviscid—incompressible limit in the stochastic setting (Breit,
EF, Hofmanova 2015)

Convergence to the limit stochastic Euler system for vanishing
viscosity and the Mach number. Results for well-prepared data.

Eduard Feireisl Compressible fluids flows



Possible extensions

Numerical analysis (Gallouet, Herbin, Maltese, Novotny 2014)

Relative energy inequality for the numerical scheme proposed by
K.Karlsen and T. Karper. Error estimates.

Measure—valued solutions

Weak—strong uniqueness for measure-valued solutions (EF,
Gwiazda, Swierczewska-Gwiazda, Wiedemann 2015)




Preliminaries to measure-valued solutions

Families of integrable solutions

[0n un] - (0, T) x Q + [0,00) x RN

physical space phase space

0n — 0, u, — u weakly in L*((0, T) x Q)

Nonlinear compositions - Young measure
F(on,un) — F(o,u) weakly in L'((0, T) x Q)
=
F(o,u) = (vt ; F(s,v)) for a.a. (t,x)

Biting limit

/T/ |F(on,up) dx dt < ¢ = (v F(s,v)) € L1((0, T) x Q)
o Ja

«4O0>» «4F» «E>»



Biting limit decomposition

Bounded integrable compositions

//|F(g,,,u,,)| dx dt <c
0o Ja

=
~—

up to a subsequence

F(0n,un) — F(o,u) weakly-(*) in M([0, T] x Q)

Biting limit decomposition

F(o,u) = F(o,u) = (vex; F(s,v)) + Wex; F(s,v))

concentration part oscillatory part




Measure-valued solutions

Parameterized (Young) measure
Vex € L22.,((0, T) x Q; P([0,00) x RN), [s,v] € [0, 00) x RV
o(t;x) = (Vexis), u= (Ve x;v)

Navier-Stokes/Euler, velocity/momentum

Navier-Stokes u € L2(0, T; W, %(Q; RV)),

Euler u  m = pu

Initial data

Regular initial data

=0

00(x),u0(x) fOr a.a. x

A«4O0>» «F» «E>»



Field equations

Equation of continuity

[l

= / / (Vex: S) Orp + (Vexi sV) - Ve dx dt + (Ry; Vi)
0o Ja

Momentum balance

t=1
[/ (Ve,x, SV) @ dx]
Q t=0

= / / (Ve x; SV)-Or ot (Ve x; SV Q V) 1 Vio+(1p «; p(s)) divig dx dt
0o Ja

—/ / S(Vxu) : Ve dx dt + (Re; Vi)
0o Ja




Dissipativity

Energy inequality

UQ <VT,X; <;s|v2+P(s)>> dx} :0
_|_/OT/QS(VXu):VXu dx dt +|D(r)| <0

Compatibility
|R1[0,7] x Q| + |R2[0,7] x Q| < &(7)D(7), € € L}0, T)

/ / (Ve v —ul?) dx dt < cpD(7)
0 Jo




Truly measure-valued solutions

Truly measure-valued solutions for the Euler system (EF,
Chiodaroli, Kreml, Wiedemann)

There is a measure-valued solution to the compressible Euler system
(without viscosity) that is not a limit of bounded LP weak solutions
to the Euler system.




Do we need measure valued solutions?

Limits of problems with higher order viscosities

Multipolar fluids with complex rheologies (Netas - gilhavy)

T(u, Veu, Viu,...)

Vxu +5Z —1Y ;N (Viu + Viu) + N A div,eu I)

+ non-linear terms

Limit for § — 0

Limits of numerical solutions

Numerical solutions resulting from Karlsen-Karper and other schemes

Sub-critical parameters

p(o) = a0”, ¥ < Yeritical




Weak (mv) - strong uniqueness

Theorem - EF, Gwiazda, Swierczewska-Gwiazda, Wiedemann
2015

A measure valued and a strong solution emanating from the same
initial data coincide as long as the latter exists




Relative energy (entropy)

Relative energy functional

& (g,u r, U) (1)
- /Q <VT,X; Sslv = UP 4 P(s) — P/(r)(s 1) - P(r)> dx

1
:/ Vrxi =S|V|> 4 P(s) dxf/<1/TX;sv>~de
o\ 2 Q

1
+/ = (Urx: S) |U|2 dx
Q2

—/Q<Vr,x;s> P'(r) dx—l—/P(r) dx

Q




Relative energy (entropy) inequality

Relative energy inequality

£ (Q,u r, U) +/ S(Vxu) : (Vxu — V,U) dx dt + D(r)
0

< /Q <VO,X; %s\v — Uol2 + P(s) — P'(r0)(5 — ro) — P(r0)> dx

+/OTR<Q,U ‘r,U) dt




Remainder

R(g,u ‘r,U)
:_/T/ (Ve x,sv) - 0:U dx dt
0 Ja

[ eisv @v) s VLU (i pls) div U] de
0 Q

//[1/ is)U - 90U+ (v s sv) - U- VU] dx dt

/ / [ 1 o = (Vexisv) - plﬁr)vxr} dx dt

+/0 <R1 ; < (JUP = P(r ))> df—/OT<R2;VXU>dt




Regularity

Theorem - EF, Gwiazda, Swierczewska-Gwiazda, Wiedemann
2015

Suppose that the initial data are smooth and satisfy the relevant
compatibility conditions. Let v, , be a measure-valued solution to
the compressible Navier-Stokes system with a dissipation defect D
such that

supp vex C {(s,v) ‘ 0<s<p ve RN}

for a.a. (t,x) € (0, T) x Q.
Then D =0 and

Vi x = 5g(t,><),u(t,><)

where g, u is a smooth solution.




Sketch of the proof

The Navier-Stokes system admits a local-in-time smooth
solution

The measure-valued solution coincides with the smooth solution
on its life-span

The smooth solution density component remains bounded by @
as long as the solution exists

m Y. Sun, C. Wang, and Z. Zhang [2011]: The strong solution can
be extended as long as the density component remains bounded




Corollary

Convergence of numerical solutions

Bounded numerical solutions emanating from smooth data that

converge to a measure-valued solution converge, in fact,
unconditionally to the unique strong solution




Convex integration [De Lellis, Székelyhidi]

Incompressible Euler system

9:U + divy(U® U) + VM =0, div,U=0,N=2,3

Equivalent formulation

1
o:U +div, V=0, div,U=0, U U — N|U|2H:V

Subsolutions

N

1 2 — NxN
5\U| < EA“”X [UU-V]=G(U,V) <], VeRIN

Solutions

1 1
§|U|2:e = V:U®U7N|U|2]I

Eduard Feireisl Compressible fluids flows



Oscillatory lemma

Subsolution

1
9:U + div, V =0, 5\U|2 <GU,V)<e

Oscillatory perturbation

Orue + div, V. =0, u., V. compactly supported

GU+u,V+V.)<e, u.—0

1
I|m|nf/ lu > > / <e—|u2>, AN(Z) >0 for Z >0
2 2 1 2
I|m|nf/\U+u€\ /|U| / <e—2U|>

Eduard Feireisl Compressible fluids flows




Typical results

Good news

The set of subsolutions nonempty = the problem possesses a
global-in-time solution for any initial data

Bad news

The problem possesses infinitely many solutions for any initial data

What’s wrong? ... more bad news

“Many" solutions violate the energy conservation but there is a
“large” set of initial data for which the problem admits infinitely
many energy conserving (dissipating) solutions




Oscillatory lemma with continuous coefficients

E. Chiodaroli, EF et al.

Hypotheses:

Uc RxR", N=2,3 bounded open set

he C(U;RY), He C(U;RNXMNY, & Fe C(U), >0, 8<ein U

sym,0

LS L | )
2 F




Conclusion:
w, € C(U;RY), G, e C(U:RNAT), n=0,1,...
Oew,, + div,G, = 0, divew, =0in R x RV,

(h+w,) ® (h+w,)

E)\max = —(H+G,)| <&in U,

w, — 0 weakly in L2(U; R)

2
Iiminf/ Wnl” geae > /\(@)/
n—oo U r U

Eduard Feireisl Compressible fluids flows



Basic ideas of proof

Localization

Localizing the result of Delellis and Széhelyhidi to “small” cubes by
means of scaling arguments

Linearization

Replacing all continuous functions by their means on any of the
“small” cubes

Eliminating singular sets

Applying Whitney's decomposition lemma to the non-singular sets
(e.g. out of the vacuum {h = 0})

Energy and other coefficients depending on solutions
Applying compactness of the abstract operators in C




Abstract formulation

Variable coefficients “Euler system”

(v+ H[v]) © (v + H[v])

815\’ + diVX (

+ M[v]) =0

1
v@w:v@w—iv-wﬂ

Kinetic energy

1|v+H[v]]?

5 Ay EM




Abstract operators

Boundedness

b maps bounded sets in L°((0, T) x Q; R") on bounded sets in
Cb(Qa RM)

Continuity
blv,] — b[v] in Co(Q; RM) (uniformly for (t,x) € Q)

whenever
Vo — v in Cyeak([0, T]; L2(22; RV))

Causality

v(t,) =wl(t,-)for0 <t <7 < T implies blv] = b[w] in [(0,7] x Q]




Results

Result (A)

The set of subsolutions is non-empty = there exists infinitely many
weak solutions of the problem with the same initial data

Initial energy jump

1 |V0 =+ H[V0]|2
li f—
2" hjvo] [<Jlimin

1lv+H[v]]?
2 hlv]

Result (B)

The set of subsolutions is non-empty = there exists a dense set of
times such that the values v(t) give rise to non-empty subsolution
set with

1 |vo -+ H[vo]|? . 1v+H[V]]?
_—— mintr -—————————
2 0o 2
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Example |: Savage-Hutter model for avalanches

Unknowns

flow height
depth-averaged velocity

Beh + divy(hu) = 0

O¢(hu) + div,(hu @ u) + V(ah®) = h <—y|3 + f>

Periodic boundary conditions

Q= ([0,1][(0.1)




Results Savage-Hutter model

Theorem (with P.Gwiazda and A.Swierczewska-Gwiazda
[2015])

(i) Let the initial data
ho € C*(Q), ug € C*(Q;R?),hg >0in Q

be given, and let f and a be smooth.
Then the Savage-Hutter system admits infinitely many weak
solutions in (0, T) x Q.

(ii) Let T > 0 and

ho € C3(Q), ho >0

be given.
Then there exists
ug € L=(Q; R?)

such that the Savage-Hutter system admits infinitely many weak
solutions in (0, T) x Q satisfying the energy inequality.




Example |l, Euler-Fourier system

(joint work with E.Chiodaroli and O.Kreml [2014])

Mass conservation

Oro + divy(ou) =0

Momentum balance

Ot(ou) + dive(ou @ u) + V,(09) =0

Internal energy balance

g [&(Qﬁ) n divx(gﬁu)] — A9 = —oddivyu




Example |11, Euler-Korteweg-Poisson system
(joint work with D.Donatelli and P.Marcati [2014])

Mass conservation - equation of continuity

Oro + divy(ou) =0

Momentum equations - Newton’s second law

d¢(ou) + div(ou ®@ u) + V,p(0)

1
oV (K(Q)Axé) + 2K’(9)Vx9|2) — ou+ oV, V




Example 1V, Euler-Cahn-Hilliard system

Model by Lowengrub and Truskinovsky

Mass conservation

Oro + divy(ou) =0

Momentum balance
. T 0 2
Ot(ou)+divy(ou®u)+V,po(o, c) = divy (QVXC ® Vyc — §|ch| H)

Cahn-Hilliard equation

Du(0c) + divy(ocu) = A (,uo(g, c)— %divx (vac)>




Example V, models of collective behavior

(joint work with J.A. Carrillo, P.Gwiazda, A.Swierczewska—Gwiazda)

Mass conservation

Oro + divy(ou) =0

Momentum balance
Ot(ou) + div,(ou ® u)
=—V.p(e) + (1= H (lu]*)) ou

—0oVK % o+ o) * [Q(U - u(x))}




