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Scale analysis

X
X =~ N 8X ~ Xcharax
Xchar

GEOMETRIC SCALING

Characteristic length, time, velocity, magnitude of external forces J

MATERIAL SCALING

Scaling constitutive relations - pressure, viscosity, density,
temperature
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Scaled compressible Navier-Stokes system

EQUATIONS

0o + divk(ou) =0
1
Ot(ou) + divy(ou @ u) + gvxp(g) = div,S(Vxu)

2
S(Vxu) = u(Vxu+ Viu — gdivxu]l), >0

BOUNDARY CONDITIONS

u-njgo =0, [S(Vxu)-n] x njgg =0

u—0, 0—p9>0as|x| - o0
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Incompressible Navier-Stokes system

EQUATIONS

div,U =0
@(atu +diviU® u) + Vil = div,S(VxU)

S(V,U) = u(vxu + v;u)

BOUNDARY CONDITIONS

U-njsa =0, [S(VxU)n] X nlspa =0

U—0as x| — o0
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Alternative choice of boundary conditions

NO-SLIP BOUNDARY CONDITIONS

Ulpa =0

PARTIAL SLIP - NAVIER’S FRICTION

uU- n|6Q = 07 [S(VXU)]tan + IB[U]tan’(?Q = 07 ﬁ > 0

[m]

=



Energy balance: Stability of equilibria

ENERGY INEQUALITY

i/ E(o,u) dx—i—/S(VXu):VXu dx <0
dt Jo Q

RELATIVE ENTROPY

E(0,9) = solul + % (P(o) - 0,P(@)(0 ~ 7) — P(2))
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Constitutive equations

PRESSURE

p € C[0,00) N C?(0,00), p(0) =0, p'(0) >0 for o >0

/

. 3
lim p(_gl =P >0, 7> =
o—oo oY

2
VISCOUS STRESS

S(Vxu) = p (qu + Viu—

2
§divxu ]I) + ndiv,ul

p>0,1n=>0

[m]

=




Energy bounds

PREPARED INITIAL DATA

Q(Oa ) = 0e,0 = 0 T Ele 0, U(O, ) = Uc0

Ireoll(2ne=(@)) < ¢ luoellizqrsy < ¢

/E(Qsaue)(T;')dX+/ /S(vxug):vxug dxdt
Q 0 Q

< / E(0:,0,u:0)(7,-)dx < c fore — 0
Q
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c(K)|o —9|? for p € K C (0,0)
P(0)—0,P(0)(0—0)—P(0) =

c(K)lo —o|" for o €[0,00) \ K
K compact containing an open neighbourhood of g

ess sup |v/oeus(t, )l 2qirs) < €
te(0,T)

[m]

=



Essential and residual parts

[h]ess = X(Qa)hy [h]res = (1 - X(Qa))h

X € C°(0,00), 0 < x <1, x =1 in a neighbourhood of @

<c

ess sup <
L2()

te(0,T)

|:Qz-: - §:|
€ €ss

ess sup /lres dx < e%¢
te(0,T) JQ

{Qa - §:|
€ res

2= .
ess sup 7 ¢, 1 <qg<min{v,2}

te(0,T)

<e
La(Q2)
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Korn's inequality

!

-

2 2
VXU;.; + V;ug §diVXU5H

dx dt<c

||V||%/V1»2(B;R3)

2

+/ lv|? dx
L2(B;R3X3) BNV
IVI>m>0

Vv + Viv — gdivxv]I

uclwrzqre) < €

[m]

=



Stability

_ 0e—0
re =

— weakly in (L2 + L9)(Q)

ess sup |loc — oll(r2419y() < €c
te(0,T)

u. — U weakly in L2(0, T; W12(Q))

div,U =0, U-nlpo =0

[m]

=



Helmholtz decomposition

v = H[v] + V, ¥

AV =divev in Q, (V¥ —v) -njpo =0
/ ViV - Vyp dx = / v Vi dx for all p € C°(Q)
Q Q

FArwiG, KOZONO, AND SOHR [2005]

If Q C R3 is a domain with uniform CY* boundary, then H is
bounded in L> N L" for r > 2 and in L?> + L9 for1 < q < 2.
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Lighthill's equation

Oe — 0

, Ve = pcue

re =

€0sre +div,Ve. =0
eV + p'(0)Vxr = edivylLe

Ve-n‘aQ :0

LIGHTHILL'S TENSOR

L = 8(V2) — (o- © ue) — 5 (plo:) ~ P'()(e= — 2) — p(2)) 1
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Lighthill's equation (weak formulation)

T
/ / (Ersat@ + V.- vX‘P) dx dt = _/ rz—:,OSO(Oa ) dx
0 Q Q
for all p € C°([0, T) x Q)

.
/ / (st Bvp + p’(@)rsdivxcp> dx dt
0 Q

T
:E/ /]LE:chpdxdt—/vao-gp(o,-)dx
0 Q Q

for all o € C°([0, T) x Q; R®), ¢ -nlgq =0
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re = [rs]ess 4+ [re]res

€ss sup ||[r€]eSS||L2(Q) sc
te(0,T)

2—q .
ess sup ||[releslliae) <79 ¢, 1< g < min{y,2}
te(0,T)

||r6,0||L2r1L°°(Q) <c

u]
v
a
o)
i
v
it
-
it

DA



Vs = [VE]GSS + [Vs]res

€ss  sup ||[Va]eSS||L2(Q;R3) sc
te(0,T)

ess sup |[[Velres|lir(o:r3) < e, r=
te(0,T)

2y

v+1
IVeolli2ir3y < ¢

[m]

=



Le =L+ L2+ L31

T
/0 ||]L;||%2(Q;R3x3) dt <c

T
/0 HLgniq(Q;Rﬁm) dt S c, =

67
4y +3

ess sup [|L2]lyq) < ¢
te(0,T)

[m]

=



Compactness of velocities

GOAL

u. — Uin L2((0, T) x K; R®) for any compact K C Q
STEP 1:

T T
/ /ggug-usso dx—>@/ /\Ul% dx dt, ¢ € C2(Q)
0 Q 0 Q

[m]

=




STEP 2:

{ems [eue) v axf = femz [ U)o o)

in L2(0, T)

STEP 3:
COMPACTNESS OF THE SOLENOIDAL COMPONENT

{ers [eme) Hid axf = {erz [ UGt 0 ax]

in L%(0, T)
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Acoustic potential

ocu. =V, = H[Vs] + V¥,

ULTIMATE GOAL

{t — / V. div,p dx} —0in L%(0, T)
Q

for any ¢ € C°(; R®)

[m]

=



Acoustic (wave) equation

€0t + AV, =0

€0V, + p'(0)r-

A divydiviLe]

ViV, -njpg =0

Ap -Neumann Laplacian

[m]

=



Acoustic equation - weak formulation

-
/ / (srsatgo + V, W, - VX<p> dx dt = —/ er-0¢(0,-) dx
0o Ja Q

for all p € C°([0, T) x Q)

i
/ / <E\U€8tg0—p'(§)r€<p) dx
0 Q
i
— [ [ (@ +12): v2agtel + L2) ax dt
0 Q

+€/ V.o VAt o] dx for all ¢ € C2([0, T) x Q)
Q

Eduard Feireisl Singular limits of fluids




Nemann Laplacian

D(-An)
= {v e Wh2(Q) ‘ / Vv Vyp dx = / gy dx, g € 1?(Q)
Q Q

for all ¢ € C§°(§)}

—Apn[v] = —Av

v

—Ay is self-adjoint non-negative operator in L2(Q). If Q is of class
CY1 then

D(—An) = {v € W??(Q), Vyv-n|gg =0}
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Spectral measures

o(=Ap) C [0,00), {Px}r>0 orthogonal projections in L3(Q)

FUNCTIONAL CALCULUS

(G-l o /'G»dwam>

SPECTRAL THEOREM

(G(-Amli o / GONBN) dup(N)

pe(N) = (Paleli o), 1911z, < [1¥lli20)
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Duhamel’s formula

BOUNDS ON THE INITIAL DATA

70l 2(e) < ¢,

Voo = (—A)5"?[g2], 11Xz < ¢

BOUNDS ON THE FORCING TERMS
(—Ap) divediv,L! = g2
(_AN)_ldiVXdiVng = (_AN)[gas] + gf
L3 =(-Apn)[gl] +&°
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Acoustic equation - abstract formulation

€0t + AyV. =0

0V, + r. = =((—An)Ih] + ?)

r(0) = .0, W.(0) = (—A)5"?[&0]

P'(@) =1, 18212y + b2l 20, T5120)) + B2l 200, T312(0)) < €
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Abstract Duhamel’s formula

1 t
\Ua(t) ﬁ exp <i\/ —ANE> |:g50 + ir&()]
1 . t 0 -
+ﬁ exp (—1\/ _ANE> (g2 —ir ]

L[ o 57 )

€

(ANl + 12 ds
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Dispersive estimates

<exp (lmg) G(—An)[¥], 80>
= [ o0 (1v72) 602 ) »)

2

/ [(exo (iv=Bnt) 6-anitl )| e

[ L[ )

G(y)GOND(Y)D(x) dpro(y) dpip()
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< e/ooo /000 [/:: exp(—(t/T)?) exp (i (Vy = Vx) g)] dt

G(y)G)P()D(x) duo(y) dpg(x)

_eT\/_/ / exp< = \r)2)

4e2

GUGH)FID) )dup(y) dprg(x)

=

a



Dispersive estimates

[ (oo (v/=B0E) 6-amtst )| dt < )1

v

(e, ,G) = eT /7 (/OOO /Ooo - (_M) v

2e2

1/2

% 62()G2(y)dpo () dps(x))
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e w(e, ¢, G) — 0 as e — 0 uniformly for |G| <1

—

e The spectral measure 1, does not charge points in [0, c0)

—

e Neumann Laplacian Ay does not admit eigenvalues in L?()

[m]

=

J

J



Rellich’'s lemma

RELLICH [1948]
Suppose that

Then

Aw = Aw for [x| > R, w #Z0.

lim inf

/ (|a,v|2+ v[?) >0
r—oo |x|=r

[m]

=




Decay of the non-homogenous terms

2
ds dt

[ [ (oo (v=ant=2) s-amiri.o)

2
dt ds

[ o e

< w(e, G,go)/OT HeXp (u/E;) [Fe(s )]

) 6-anFGL o)

L2(Q)

;
= w?(e, o, G)/0 IF<(5)|I72(qy ds- J
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Strongly stratified fluids

Oro + divk(ou) =0

1 1
Ot(ou) + divy(ou @ u) + ?vxp(g) = div,S(Viu) + ?QVXF

S(Vxu) = u(Vxu + Viu — %divxu]l), >0

STATIC DENSITY DISTRIBUTION

V.p(B) = BVF, /Q G- odx=0
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Energy balance: Stability of equilibria

ENERGY INEQUALITY

i/ E(o,u) dx—i—/ S(Vxu) : Viu dx <0

E(0.9) = Solul? + 5 (P(0) = ,P(@)(0 - 3) - P(2))

P(@)Z@/lgp(z)dz

Z2
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Limit system: Anelastic approximation

ANELASTIC NAVIER-STOKES SYSTEM

div,(3U) = 0
g(atu +diviU® U) + VI = diveS(VxU)

S(V,U) = u(vxu + v;u)
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Acoustic equation

p(0) = 0, Vxo — oVxF = §Vy (

@—é)

0
_Qa_é

r. =

—, Ve = o:u;
o

1
€0rs + Edivxvg =0
€0tVe + 0V xre = edivylL,

VE'H|QQ =0

L. = S(vxue) — 0cU: @ Ug

[m]



Helmholtz decomposition

GENERALIZED HELMHOLTZ PROJECTION
v = H[v] + oV, V¥
divy(8VxV¥) = divev in Q, (8VxV —v) -nlspa =0
1.
eorrs + Edlvx(gvx\llg) =0

01V, + ro = A dividiviLe
@VX\U . n‘aQ =0

A divy(aVxV), oViV - njpg =0

SR

@J\/W =
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Rotating fluids

EQUATIONS

Oro + divk(pou) =0

. 1 1
Ot(ou) + divx(ou ® u) + +-(w x ou) + 7 Vip(e)
1
= div,S(Vyu) + 6_2QVXG

2
S(Vxu) = u(Vxu + Viu — gdivxu]l), w>0

w = [0,0, ].], G = ‘Xh’2, Xph = [X1,X2,0]

BOUNDARY CONDITIONS

Q=R?x (—=1,1), u-nlpa = [S(Vxu)n] X njypg =0
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rE:Qe_QNs

m

avxP(QNe) = 52(m_1)9~svaa V. = o:u;

£MO;r. + divy,V. = e®F1

Ematvs + pl(E)vx"a = E2(m—1—o¢) Fg




Local smoothing - dispersive estimates

LESKY AND RACKE [2003], METCALFE [2004]

For ¢ € C§°(R?) we have

/—Z/Q ‘@(Xh)eXp (imt> 0 2

dx dt < c(9)[IvIIF2qy-

/ /‘go Xp) exp A )[v]‘ dx dt <e"c(p )Hv||,_2(Q)
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Limit system

2D INCOMPRESSIBLE NAVIER-STOKES EQUATIONS
0: = 0, u: — Up, Up = Up(t, xp)
divpUp, =0

§<5tUh + divy(Up ® Uh)) + Vil = pApUp,

[m]

=



Oberbeck-Boussinesq system:

div,U =0

@(atu +dive(U® U)) + VN = divyS + rVxF in (0, T) x Q

U-nfsq =0, [Sn] X n[pg =0

G =aF, V40 -n|po =0

J
J
5c <8t@+divx(@U)> — divy(GU) — divy(kVxO) = 0in (0, T) x Q‘
r+a@ =0, a>0 J

Eduard Feireis| Singular limits of fluids



Scaled Navier-Stokes-Fourier system:

Sr drp + divy(ou) =0

1 1
Vxp = 5-divyaS + —50VxF
Fr

. 1
Sr 0¢(ou) + divk(ou ® u) + MaZ

Re
: q
St 0¢(ps) + divx(osu) + —d1vX 5)
1 /Ma? V.,
> 2 =2 _
7= ( T A Pe 9 )

d Ma? Ma?
a/ﬂ (TQ|“|2+96_F9F) =0
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Boundary conditions:

COMPLETE SLIP BOUNDARY CONDITIONS:

u-nlpo =q-nlpg =0, [Snjn =0

NAVIER’S SLIP WITH FRICTION:

u-njpg =0, Bultan + [Snjtanlse =0, - n+ Bul?lsq =0

[m]

=



Constitutive relations

GIBBS’ RELATION:

9Ds(0,9) = De(o,9) + p(o, 9)D (1)

NEWTON’S RHEOLOGICAL LAW:

2
S = u(VXu + Viu-— §divxu11) + ndiv,ul

FOURIER’S LAW:

q=—krV,0

[m]

=



Characteristic numbers:

B SYMBOL B DEFINITION B NAME
Sr length,¢/(time,crvelocity,qr) Strouhal number
Ma velocity,s//pressure, ¢ /density, . Mach number
Re density velocity olength, ¢ /viscosity,.; Reynolds number
Fr velocity e/ \/ length . cforce,ef Froude number
Pe pressure,length cvelocity,.;
/(temperature,sheat conductivity,.) Péclet number
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Low Mach number limit - weak stratification:

Sr=Re=Pe=1, Ma=¢, Fr=+/c, 3=0

STRATEGY:

@ Existence theory for the primitive Navier-Stokes-Fourier
system

@ Uniform bounds independent of the singular parameter

© Passage to the limit - analysis of acoustic waves

Q Identification of the limit system
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Scaled Navier-Stokes-Fourier system:

Oro + divk(ou) =01in (0, T) x Q

U'n|aQ:0

1 1
8t(gu)—|—divx(gu®u)+?VXp(g, V) = divXS—l—gQVxF in (0, T)xQ

[Sn] X n|3Q =0

dt(0s(0,9)) + dive(os(o,9)u) + divy (S

ﬂ):ain(O,T)xQ

q-njpa =0

2

d € 2
l - V) — eoF | dx =
T Q<2QIU\ + oe(0,9) —eo ) x=0

1 -V
a><52S:VXuq V79)20

v v
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Total dissipation balance:

1 2
Lo
J; (o

+5 (H(e.9) ~ 0. D)o~ )~ H(@. D) ) ()

&
52/ /adxdt—
/( ooluo|*+
Q

a% (H(00,90) — 0,H(=,9)(00 — 8-) — H(@E,ﬁ))> dx

V,p(6..9) = £5.V<F, /Q 5. dx — /Q 00 dx, &~
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Ballistic free energy:

H(e,9) = oe(o,9) — Jos(o,)

&H(o,9) _ 19p(e,9)

92 o 00 "
e o+ H(p,D) is strictly convex
OH(o,7) de(o, V)
o 19(19 N=a5 oY

e ) — H(p, 1) attains its strict local minimum at
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THERMODYNAMIC STABILITY HYPOTHESIS:

o Positive compressibility:

ap(o,V)
do

o Positive specific heat at constant volume:

>0

de(o,)
05 >0

Eduard Feireis| Singular limits of fluids




Coercivity of ballistic free energy:

(o)~ 28D 5y (s 7)

> c(B)(lo— a? + 9 — )
provided p, ) belong to a compact interval B C (0, c0)

> c(B)(l + oe(o, V) + ols(o, 19)|)

otherwise

as soon as g, ¥ belong to int[B]

Eduard Feireis| Singular limits of fluids




lll-prepared initial data:

00 ~ 0+ 50&37 {@82}90 bounded in L' N L®(Q), / 982 dx =0
Q

9o ~ 040, {98 }.50 bounded in L1 L>(Q), / 9 dx =0
b b Q 9

Ug & Uge, {ugc}eso bounded in L2(Q; R3)
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Uniform bounds:

{QE — Q} bounded in L°°(0, T; L% @ L9(Q)), g < 2
€ e>0

{795 — 19} bounded in L>(0, T; L2 & LI(Q)), g < 2
€ e>0

{Qs\u€|2}€>o bounded in L>(0, T; L}(Q))

Ie in Mt Q
{52 }DO bounded in M*([0, T] x Q)

{Vu.}..o bounded in L2((0, T) x Q; R**3)

{vaﬁ‘a} bounded in L?((0, T) x Q; R3)
€ e>0
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Convergence:

0: — 0in L0, T; L & L9(R))
9. — 9 in L0, T; 2@ LI(Q))
u. — U weakly in L2(0, T; WH?(Q; R?))

Ve =9 — © weakly in LZ(O, T; Wl’z(Q))

€
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Target system:

div,U =0

@(atu +dive(U® U)) VN = divyeS + rVxF in (0, T) x ©

U- n|aQ =0, [Sn] X n|aQ =0

¢ (8t@+divx(@U)) —dive(GU) — divx(kVx©) = 0 in (0, T) x

G=aF, V,© nlpa=0

[m]

=

r+a®=0, a>0




Lighthill's acoustic equation (F = 0):

£0:Z. + divyV. = ediv,F}

A
OV + WV Ze = 5(divXIF§ VF3 4 %VXZE), V. njsg =0

0-—0 A s(0z,9:) — s(p, 0 A
== + AQz—:<(6 6)8 ( ))‘i‘&_wzsa V. = o.u,

<X p>=<oglp] >

Hel(t, x) = /Ot ©(z,x) dz for any ¢ € [1(0, T; C(Q))
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