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ON NON-ARCHIMEDEAN GURARII SPACES

J. KAKOL, W. KUBIS, AND A. KUBZDELA

ABSTRACT. Let Upna be the class of all non-archimedean finite-dimensional Banach
spaces. A non-archimedean Gurarii Banach space G over a non-archimedean valued
field K is constructed, i.e. a non-archimedean Banach space G of countable type which
is of almost universal disposition for the class Uppn 4. This means: for every isometry
g:X =Y, where Y € Upna and X is a subspace of G, and every € € (0,1) there
exists an e-isometry f : Y — G such that f(g(z)) = = for all x € X. We show that
all non-archimedean Banach spaces of almost universal disposition for the class Upn
are e-isometric. Furthermore, all non-archimedean Banach spaces of almost universal
disposition for the class Up 4 are isometrically isomorphic if and only if K is spherically
complete and {|A| : A € K\ {0}} = (0, 00).

1. INTRODUCTION

In 1966 Gurarii constructed a separable (real) Banach space G of almost universal
disposition for finite-dimensional spaces (called later the Gurariz space), see [3], which
means the following condition:

(G) For every isometry g : X — Y, where Y is a finite-dimensional Banach space and
X is a subspace of G, and every € € (0,1) there exists an e-isometry f:Y — G
such that f(g(x)) = for all x € X.

A linear operator f : E — F between Banach spaces E and F' is an e-isometry if for
r € E with |jz|]| = 1 one has (1 +¢)™' < ||f(z)|| < 1+e. By an isometry we mean a
linear operator f : E — F' that is an e-isometry for every ¢ > 0, that is, || f(x)| = ||z
for each x € F.

One can prove easily that the Gurarii space G is unique up to isomorphism of norm
arbitrarily close to one. Nevertheless, the question whether the Gurarii space is unique
up to isometry remained open for a longer time. It was answered affirmatively by Lusky
in 1976, see [10], who used quite technical and difficult methods involving techniques
developed by Lazar and Lindenstrauss [9]. Much simpler proof has been provided by
Kubi$ and Solecki in 2013, see [5].

In [5] the authors proved the following

Theorem 1.1. Let E, F be separable Gurarii spaces and ¢ > 0. Assume X C E is a
finite-dimensional space and f : X — F s an e—isometry. Then there exists a bijective
isometry h : E — F such that |h|x — f]| <e.
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Applying this result for X being the trivial space one gets the result of Lusky [I0]
stating that the Gurarii space is unique up to isometry.

A Banach space E is said to be of wuniversal disposition for the class U of finite-
dimensional spaces if it satisfies the following condition:

(G1) For every isometry j : X — Y, where Y € U and X C E, there is an isometry
f:Y = E such that f (j (z)) =x for allz € X.

We refer the reader to [1] and [2], where recent developments in the study of Gurarii
spaces, spaces of universal disposition, and related topics are surveyed.

In the present paper we study non-archimedean counterparts of the above concepts.
The property of being of (almost) universal disposition for finite-dimensional non-archime-
dean normed spaces is defined precisely in the same way as for the real case mentioned
above.

From now on, by K we will denote a non-archimedean complete non-trivially valued
field, i.e. the valuation satisfies the strong triangle inequality:

A+ pf < max {[A[, |}

for all A\, u € K.
All linear spaces considered in this paper are over K. Recall that

K| = {[Al: A € K\{0}}

is the value group of K.

K is said to be discretely valued if 0 is the only accumulation point of |K*|; then, there
exists a uniformizing element p € K with 0 < [p| < 1 such that |K*| = {|p|" : n € Z}.
Otherwise, we say that K is densely valued (then, |K*| is a dense subset of [0, 00)).

By a non-archimedean Banach space we mean a Banach space E equipped with a
non-archimedean norm ||.||, i.e. a norm for which the triangle inequality is replaced by a
stronger condition ||z + y|| < max{||z|, ||y| } for all x,y € E.

An infinite-dimensional normed space E over K is of countable type if it contains a
countable set whose linear hull is dense in E. If K is separable, then a normed space is
of countable type if and only if it is separable.

We say that E (in particular, £ may be equal to K) is spherically complete if ev-
ery shrinking sequence of balls in £ has a non-empty intersection; otherwise, E is non-
spherically complete. Every finite-dimensional Banach space over K has an equivalent
non-archimedean norm. We refer the reader to the monographs [I1] and [12] for non-
archimedean concepts mentioned above. R

We say that a spherically complete Banach space E is the spherical completion of a
non—aArChimedean Banach space E, if there exists an isometric embedding 7 : £ — F
and F has no proper spherically complete linear subspace containing i (F). Applying
the natural identification, we will usually identify F with ¢ (E). Every Banach space (in
particular K) has the spherical completion and any two spherical completions of E are
isometrically isomorphic ([12, Theorem 4.43]).

Let Urna be the class of all non-archimedean finite-dimensional normed spaces. As it
can be expected, properties of spaces E of (almost) universal disposition for the class Upy 4
strictly depend on the valued field K, in particular, on whether it is spherically complete
or not. In Section 3 we show that all non-archimedean Banach spaces of almost universal
disposition for the class Upy4 are e-isometric with arbitrarily small € > 0 (Corollary
3.3). Moreover, all non-archimedean Banach spaces of almost universal disposition for
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the class Upn 4 are isometrically isomorphic if and only if K is spherically complete and
|K*| = (0, 00) (Proposition 3.4). The main result of this section is the following

Theorem 1.2. Let K be a non-archimedean valued field. The following conditions are
equivalent:

(a) Ewvery non-archimedean Banach space of countable type over K is of almost uni-
versal disposition for the class Upn 4.
(b) K is densely valued.

Section 4 focuses on the study Banach spaces of universal disposition for the class
Upna. It turns out that a real Banach space GG of almost universal disposition for the
class U can be characterized (see [1]) by the following condition:

(H) for every € > 0, for every finite-dimensional normed spaces X C Y and for every
isometric embedding j : X — G, there is an isometric embedding f : Y — G
such that ||j — f|x]|| <e.

In contrast to the real case, in a non-archimedean setting the condition (H) characterizes
Banach spaces of universal disposition for the class Upy 4. We show the following

Theorem 1.3. Let G be a non-archimedean Banach space which satisfies the following
property: For every finite-dimensional non-archimedean normed space Y and every iso-
metric embedding j : X — G, where X C Y is a linear subspace, there is an isometry
f Y — G such that ||j — f|x|| < 1. Then G is of universal disposition for the class

Urna.

Recall that a Banach space X is (isometrically) universal for the class of Banach spaces
Cif X € C and for any Y € C, there is an isometrical embedding ¥ — X. Note that, as a
result of Banach-Mazur theorem, the space C|0, 1] is isometrically universal for the class
of separable real Banach spaces.

If K is spherically complete, we can properly select a set I and a map s : I — (0, 00)
such that every non-archimedean Banach space of countable type can be isometrically
embedded into E, = ¢y (I : s). However E, is isometrically universal for the class of non-
archimedean Banach spaces of countable type if and only if K is spherically complete and
(0,00) is an union of at most countably many cosets of |[K*| (Proposition 4.4). On the
other hand, E, is never separable. If K is non-spherically complete, the role of ¢q (1 : s)
is replaced by ¢>°, which clearly is not of countable type (Remark 4.5).

Applying Theorem 1.3 we prove that the spherical completion E: of E, is a space of
universal disposition for the class L[El\v A, see Theorem 4.6. We show also that the suitably
selected proper linear subspace of E,, denoted as FEj, is also of universal disposition for
the class Upna (Theorem 4.7). If K is spherically complete, then Ej, = E,; hence, Ej, has
an orthogonal base and is of countable type if and only if K is spherically complete and
(0, 00) is the union of at most countably many cosets of |[K*| (Corollary 4.8).

2. PRELIMINARIES

Let t € (0,1]. A subset {x; :i € I} C E is called t—orthogonal (orthogonal for t =1)
if for each finite subset J C I and all {\;},.;, C K we have

ieJ

>t - max || \zy| -
icJ
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If additionally [{z;}, ;] = E, then {z;},.; is said to be a t—orthogonal base of E. Then
every x € E has an unequivocal expansion

iel
Every non-archimedean Banach space of countable type has a t—orthogonal base for each
t € (0,1); if K is spherically complete, then every non-archimedean Banach space of
countable type has an orthogonal base ([12, Lemma 5.5]). Every closed linear subspace
of a non-archimedean Banach space with an orthogonal base has an orthogonal base ([12,
Theorem 5.9)).

Linear subspaces D, Dgy of a non-archimedean Banach space F are called orthogonal
if ||z + y|| = max {||z||,||y||} for all z € D and y € Dy; then we will write D L Dy.

Let D be a closed linear subspace of E. Then D is orthocomplemented in E if there
is a linear subspace Dy of FE such that D+ Dy = E and D 1 D,. Consequently,
there exists a surjective projection (called an orthoprojection) P : E — D with ||P|| < 1.
Observe that D, L D, implies D1 N Dy = @; hence the sum Dy + D, is direct.

Let D and Ejy be linear subspaces of a normed space E. Recall that Ej, is called
an immediate extension of D if D C Ey and there is no nonzero element of Ej that is
orthogonal to D; in other words, for every x € Ey\D we have dist (z, D) < ||z — d|| for
all d € D. A spherical completion E of F is a maximal immediate extension of E. Let I
be a non-empty set and let s: I — (0,00) be a map. By

(I :s) = {(Ai)iel c K’ :sup [\| - s (i) < oo}
icl

we denote the linear space over K equipped with the norm
H()\Z-)Z.GIH 1= sup [Ai] - s (7).
i€l

Then ¢ (I : s) is a non-archimedean Banach space.

Let ¢ (I : s) be a closed linear subspace of ¢ (I : s) which consists of all (X'),.; €
(> (I : s) such that for every € > 0 there exists a finite J C I for which |\ - s (i) < ¢ for
every i € I\J. If s(i) = 1 for all ¢ € I we will write £>° (I) and ¢ (I), respectively. In
particular £> := ¢ (N) and ¢y := ¢y (N).

Every non-archimedean Banach space which has an orthogonal base is isomorphic with
co (I) for some set I (see [12, Ch. 5]).

3. NON-ARCHIMEDEAN BANACH SPACE OF ALMOST UNIVERSAL DISPOSITION FOR
FINITE-DIMENSIONAL SPACES

First we prove the following technical fact.

Lemma 3.1. Let E be a non-archimedean Banach space of countable type, let F' be a
finite-dimensional linear subspace of E, t € (0,1) and {xy,...,x,,} be a \/t—orthogonal
base of F'. Then there exist Tpi1, Tz, ... € E\F such that (x,) is a t—orthogonal base
of E.

Proof. By [11, Theorem 2.3.13] there exists a linear subspace Fy C E such that £ = F®F,
and

[lur + uol| = VE - maxc {fu || [[ua[}
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for all u; € F,us € Fy. Applying [ 1, Theorem 2.3.7] we select a V/t—orthogonal base
(zn) of Fy. Denote 4, := 2, for every n € N. Then taking any k£ € N and A\q,..., \; € K

one gets
S |
i=1

> \/%-max{\/z_% ‘max || Naz||, Vit max k”)\mH} >t- 'n%anH)\ixiH.
1= 1=m-+ 1=

1,....m

)

k

k
Z Nl > Vt - max {
i=1 i=m—+1

geoey =1,...,

Hence, (x,) is a required t—orthogonal base of E. O

Theorem 3.2. A non-archimedean Banach space of countable type E is of almost uni-
versal disposition for the class Upna if and only if ||E*|| is a dense subset of (0,00).

Proof. Let E be a non-archimedean Banach space of countable type. Assume that || E*||

is a dense subset of (0,00). Let X be a finite-dimensional subspace of E, Y be a non-

archimedean finite-dimensional normed space and i : X — Y be an isometrical embedding.

Assume that dimY = m and dim X = my; clearly, mqg < m. Fix ¢ > 0 and take
1

te <§/1—?’ 1). Applying Lemma 3.1 and [I |, Theorem 2.3.7] we form a t—orthogonal base

(z,) of E such that {x, ..., 2, } is a v/f—orthogonal base of X. Now, applying Lemma
3.1 again, we select Ymoi1, -y Ym € Y such that {y1,...,ym} is a t—orthogonal base of Y,
where y, = i (zg) for k € {1,...,mo}. Since, by assumption ||E*|| is a dense subset of
(0,00), we can assume that 1 > ||yx|| >t (k=1,....,m) and 1 > ||z,|| > t (n € N); thus,
l|lye|| > t - ||zk]| for each k € {1,...,m}.

Define f : Y — E by setting

/ (Z Ak%) = Z AkT.
=1 =1

Clearly, f (i(z)) =z forall z € X. Let y = > ;" |, \syx € Y. Then,

lyll = ;Akyk >t max {|[Agl[} > £ max {|Ail[} > £ ;Akxk =t[If Wl
On the other hand, we have

- 1 1 || 1
|yl = ;/\kyk Skgllfy?fmﬂHAkykll}S;kgﬁfm{HAmH}St—Q ;Am =t—2-||f(y)||-

Thus (1 — &) [[yll < [If W] < (1 + &) [yl
Now assume that ||E*|| is not dense in (0, 00). Then there exist s; € (0,00) and £ > 0

such that
[|E*|| N (s1— 281,81 +2e-81) = .
Define X = K and Y = (K2, ||.||y) , where |[(A1, A2)|]y := max {|A\1], 1 - |A2|}, A1, A2 €
K.
Assume for a contradiction that there is an e—isometry f : Y — E. But then, taking
zo = (0,1) € Y, we obtain ||zo||y = s1 and || f (x0)|| > s1+2e-s1 or || f (z0)]] < 51—2¢-57.
Hence, ||f (x0)|] > (1 +¢€) ||zo||, or ||f (x0)|| < (1 —€)||zo||, a contradiction. O
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Next conclusion follows directly from Theorem 3.2.

Corollary 3.3. If K is densely valued, every non-archimedean Banach space of countable
type is of almost universal disposition for the class Upna. All non-archimedean Banach
spaces of almost universal disposition for the class Urpn 4 are e-isometric, where ¢ > 0 is
arbitrarily small.

However, as the next result shows, they need not be always isometric.

Proposition 3.4. All non-archimedean Banach spaces over K of almost universal dis-
position for the class Urpna are isometrically isomorphic if and only if K is spherically
complete and |K*| = (0, 00).

Proof. 1f K is spherically complete and |K*| = (0, 00) then every non-archimedean Banach
space of countable type has an orthonormal base, thus, it is isometrically isomorphic with
co. Hence, the conclusion follows.

Now assume that K is non-spherically complete. Then, since K is densely valued, ¢
and K?} @ ¢y are both of universal disposition for the class Upy4 by Theorem 3.2 (recall
that K2 is a two-dimensional normed space without two orthogonal elements, see [I1,
Example 2.3.26]). Clearly, K2 @ ¢y and ¢y are not isometrically isomorphic.

Suppose that |K*| # (0,00). Then we can find s € (0,00)\ |K*|. Define the norm
lell, : co — [0,00) by

el = maxs - 1] max{ e},

and z = (z,) € ¢p. Then, by Theorem 3.2, E = (c,||.||,) and F = (co,||.||,,) are of
almost universal disposition for the class Upya. Since ||E|| # ||F||, E and F are not
isometrically isomorphic. 0

Now, we are ready to prove Theorem 1.2, which characterizes K, formulated in Intro-
duction.

Proof of Theorem 1.2. Let E be a non-archimedean Banach space of countable type. If
K is densely valued, ||E*|| is a dense subset of (0,00) and the conclusion follows from
Theorem 3.2. Assume now that K is discretely valued and p be a uniformizing element
of K. Let FE :=¢y. Set s := MTH and take

1—s s —
- _s— 1l
S S

Let X =[e3] C E and Y = (K?,||.||,), where
2], = max{|z], s - [e2}}, (21, 22) € K™

Define an isometry i : X — Y by i(Ae;) := (Az1,0) and assume that there exists an
e—isometry f:Y — E. Then, for z = (0,1) € Y we get

1-2)s<f@I<(1+e)-s.

Recall that ||E*|| = {|p|" : n € Z}, hence (|p|,1) N ||E*|| = @. But (1 —¢)-s > |p| and
(14+¢)s < 1, a contradiction. O
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4. NON-ARCHIMEDEAN BANACH SPACE OF UNIVERSAL DISPOSITION FOR
FINITE-DIMENSIONAL SPACES

We start with the proof of Theorem 1.3, as promised in Introduction.

Proof of Theorem 1.3. We need to prove that there is an isometry T : Y — G which
extends j. Let t = ||j — f|x||, nx = dim X and ny = dimY. Clearly nx < ny. Choose
{x1,...,2n, }, a VI—orthogonal base of Y such that [zy,...,2,,] = X. Define T:Y — G
by setting

T (x,) := { Flr) ifn>ny n=1..ny.

Clearly T extends j. We show that T is an isometry. Take x € Y, written as x = ) ., \;z;
(A\; € K). Then, we obtain

IT(x)
i=nx-+1
nx nx
=1 =1 i=nx-+1

‘— (G = (o) + f (@),

where zg = > % \iz; € X. But,

ny
||| > \/f-maX{llffoll, D M‘} >Vt - ||zol|

1=nx-+1
and
1 = P o)l 113 = Flxll - llzoll = ¢ - llzoll < VE- |lz]] < ||z]| = |If (2)]]
hence, we get
T @) =G = )xo) + f (@) = [If (@)I] = [l=[].
OJ

To prove the main result of this section we need a few technical lemmas (see also |
Exercise 5.B and Lemma 4.42] and [I 1, Theorem 2.3.16]).

Y

Lemma 4.1. Let 0 < t < 1 and let {x1, ..., x,} be a t—orthogonal set in a non-archimedean
normed space E. If {z1,...,z,} C E and ||x; — z|| < t-||z;|| for each i € {1,...,n}, then
{21, ..., 2n} 18 also t—orthogonal.

Proof. Take any \; € K, i = 1,...,n. Since ||z; — z|| < t-||z;||, we have ||z]|| = ||z;|| for
each i € {1,...,n}. Consequently we note
[ Adiz1 + .o+ Ay | > 8- max [| iz |

and

Az = 20) A+ Az = 2) || € miax [[Ai(z —a)[| <t max |[Agzi].

..........
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Hence

A 121 + oo+ Anzn|| = [z + o+ Az — (M + o+ Azn) + (M2 + o+ Az
=[|M(z1 —21) + oo + A2 — x0) + (M1 + oo+ Ay ||

=||Mxr 4+ ..+ N >t -ElllaXnH/\ixiH =t max. | Aizil|

=1l,... =1,...

and we are done. O

Lemma 4.2. Let E, F' be non-archimedean normed spaces, D a linear subspace of E such
that E is an immediate extension of D, let F' be spherically complete and T : D — F be
an isometry. Then T can be extended to a linear isometry T : E — F'.

Proof. Applying Ingleton’s theorem (see [12, Theorem 4.8]) we can extend the isometry
T : D — F to the linear operator 77 : E — F such that ||T"|| < 1. We prove that T" is
also an isometry.

Set z € E\D. Then, since F is an immediate extension of D, there is x4 € D such that

||z = 2al| < [[zal| = [l2]].
Thus we get
1T () = T (za)[| < T[] - [l = wall < [[zal| = IT" (za)]l
and
T (@)l = ||T" () = T" (xa) + T" (za) || = [|T" (za)l] -
Hence, finally ||T7 (z)|| = ||z]|. O

Lemma 4.3. Let Y be a finite-dimensional non-archimedean normed space and X be its
linear subspace. Let {uy, ... Up, } be a mazimal orthogonal set in'Y such that {uy, ..., Un }
is a maximal orthogonal set in X for some mx < my and let Fy = [Upmy 11, Umy |-
Then, Fy 1 X.

Proof. Assume that my > myx (otherwise nothing is to prove). Take any x € X and
y € Fy. If x € [uy, ..., Un, ], the conclusion is obvious. So, assume that x & [u1, ..., Up |-
But then, since X is an immediate extension of [u1, ..., Un ], there is xy € [ug, ..., Upmy]
with
||z — o] < [|=]] = o

Thus, since

[lzo + yl| = max {[|zol[ , [[y][},
we have

|z +yll = llo = zo + zo + yl| = |Jxo + yl| = max{[|zol |, ||y[[} = max {|[]], [y[|}
UJ

Let r := |p| if K is discretely valued, where p € K is a uniformizing element of |K*|
with 0 < |p| < 1, and let 7 be any number taken from (1,1) if K is densely valued. Note
that (0,00) is a multiplicative group. Let

(4.2) 7:(0,00) = G = (0, 00) / |K*|

be the quotient map and let S = {s, : g € G} be a set of representatives of elements of G
in (r,1], i.e. m(sy) = g.



ON NON-ARCHIMEDEAN GURARII SPACES 9

Let I, be a set for which card (1) = max{Rg,card(G)} and let [, = |J, .o I, Where

geG 79
{I, : g € G} is a partition of I, such that card ({,) = Ry for each ¢ € G. Then, clearly

co (1) = B, o (1y)-

Define the function s : I,—(r, 1] by h (i) := s, if ¢ € I, and the norm on ¢ (1) by
el = max {5 ) - il} . @ = (@2),es € o (1).
Denote E, := (co (1u),]]-1],,)-

Proposition 4.4. Let K be spherically complete. Then every mon-archimedean Banach
space of countable type can be isometrically embedded into E,.

e [, is of countable type (hence E, is isometrically universal for the class of non-
archimedean Banach spaces of countable type) if and only if (0,00) is the union of
at most countably many cosets of |K*|;

e FE, is never separable.

Proof. Let E be a non-archimedean Banach space of countable type. Since K is spherically
complete, E has an orthogonal base (z,,) (see [11, Theorem 2.3.25]). Let

Jo=An:m(llxall) =g}, 9€G,

where 7 is the map defined in (4.2). Then Gy = {g € G : J, is nonempty} is at most
countable. So, we can write N = geGy Jg» Where Jg (9 € Gy) are nonempty, finite or
infinite, pairwise disjoint subsets of N.

Define the map I : N =1, (recall that I, = |, Iy and I, is countable for every g € G;
thus we can write I, = {m{,mj, ...}, g € G) as follows: for every n € N there exist g € Gy
and k € N such that n = nj (what means n € J,). Finally set [ (n) := mj.

Note that for every n € N we can find A\, € K for which

||znll = s¢ - [An] -
Next, define the map i : {21, 2,,...} = E, by the formula x,, — \,e;(»), where e, are
as usual the unit vectors. Since
[Aneim ][, = 59 Pal = llzall

we can extend the map 7y to an isometric embedding £/ — F,.

Now we prove the next claim of the proposition. Suppose that (0, 00) is not the union
of at most countably many cosets of |K*| and assume that E, is of countable type. By
[11, Theorem 2.3.25] the space E, has an orthogonal base (z,). Since (z,) is orthogonal,
|Eu]], \ {0} consist of at most countably many cosets of |K*|. Hence there exists

s € (0,00) \[|Eull, -
Define £ = (K2, ||.||,), where

(@, y)ll, == max{]z], s - |y[},
(z,y) € K2 Then

100, DIl & [1Eull,, -

Hence there is no isometry £ — E,, a contradiction. If (0,00) is the union of at most
countably many cosets of |K*|, then G, and consequently I, is countable, and F, is of
countable type.
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Finally, assume that K is separable. If K is discretely valued, then (0,00) is always
the union of more than countably many cosets of |K*|. On the other hand, by [13, The-
orem 20.5] there is no separable densely valued spherically complete K; hence E, is not
separable. 0

Remark 4.5. If K is non-spherically complete, then E, does not contain an isometric
image of any non-archimedean Banach spaces of countable type. Indeed, in this case
there exists finite-dimensional normed spaces without orthogonal bases, see |11, Example
2.3.26] and [0]. Take E = K2, where K? is a two-dimensional normed space over K
without two non-zero orthogonal elements, and assume that there exists an isometric
embedding ¢ : £ — F,. Then the image i (£) has no two non-zero orthogonal elements.
But this contradicts the conclusion of Gruson’s theorem ([12, Theorem 5.9]) stating that
every linear subspace of a non-archimedean Banach spaces with an orthogonal base has
an orthogonal base.

If K is non-spherically complete the role of ¢q (I : s) takes the space £*°. In this case,
by [11, Theorem 2.5.13], every non-archimedean Banach space of countable type can be
isometrically embedded into ¢*°.

Finally we prove the following

Theorem 4.6. The spherical completion EL of E, is a non-archimedean Banach space
of universal disposition for the class Upn 4.

Proof. Denote F := E; Let X C Frandlet j : X — Y be an isometric embedding, where
Y is a finite non-archimedean normed space. We prove, that there exists an isometric
embedding f : Y — F such that f (j (z)) = x for all z € X.

Choose a maximal orthogonal set {1, ..., Uy, -, Uy } i Y such that {uy, ..., up, } is
a maximal orthogonal set in j(X) for some my > myx > 1. Set Fy := [Umy11, s Umy -
By Lemma 4.3 we get Fy L j(X).

Set vy = f(ug) := j ' (ug) for each k € {1,...,mx}. For every k € {mx1,..,my}
choose i, € I such that ||e;, ||, = [|A\wux|| for some A\, € K and

€, L (U1, .y Uy Cimyyr €ip_s]-

Next set f (ug) := e;, for k = mx.1,...,my. Define f: j(X)+ Fy — F. Clearly f is an
isometry and f (j (X) + Fy) C EY.

If K is spherically complete, we are done, as {u1, ..., Uy, } is an orthogonal base of Y’
by [12, Lemma 5.5 and Theorem 5.15]; hence, f is a required isometry defined on Y. If
K is non-spherically complete and j (X) + Fy # Y, then, by [7, Proposition 2.1}, Y is an
immediate extension of j (X)+ Fy. Now, using Lemma 4.2, we extend f to the isometry
defined on Y. O

The last part of the proof of Proposition 4.6 uses Lemma 4.2 for the spherical com-
pleteness of the considered space F. In fact it is enough to assume that F' contains
a spherical completion of its every finite-dimensional linear subspace. This observation
suggests another construction.

For each g € G set I, = {i;1,442,...} (note that I, is countable). For every n €
N set F}' = [eig,l, ...,eigyn} , a finite-dimensional linear subspace of ¢ (1,) spanned by

appropriate unit vectors. By ]3971 denote a spherical completion of F’ such that for fixed

—

g € G we have F) C F* Cco(ly) and Fp—t C Frrifn > 1.
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Next, for every g € G define F, := Un@ Let E), := @gegfg.
We are in a position to prove Theorem 4.7.

Theorem 4.7. The space Ej, is of universal disposition for the class Upna.

Proof. Let Y be a finite-dimensional non-archimedean normed space, let X C Y, and
let 7 : X — E} be an isometric embedding. We prove that there exists an isometry
f Y — Ej such that ||j — f|x|| < 1. Then if we apply Theorem 1.3, the proof will be
finished.

Set ¢t € (0,1) and choose a t—orthogonal base {xy,...,x,, } of X. Let z; :=j (z;), i =
1,...,nx. Then for each i € {1,...,nx} there exists a finite G; C G, say G; = {g1, .-, gm }

and
zl{ € @ Fg

geG;

for Which
||Z,_Z||<_||Z||
7 7 2 (AN

. . Y / / Fnll _
Fixi € {1,...,nx}. Then we can write 2; = z; , +...+ 2], where z;, € Fy, , k=1,..,m.

i,m

sz 4]l B =1,..,m. Denote w; := wj, + ... + wj,,. Then

But, then we can select n; and wj ,,...,w;,, such that w;, € Fg', and |Jw;, — z;,|| <

[lwi = 2il| = [Jwi — 2 + 2 = 21| < max{[[w; = 2], [|2; — i}

t
Alzi =zl < 5 =l

< maxe{, max [[wi =z
Hence, by Lemma 4.1, {w; : 7 € {1,...,nx}} is a t—orthogonal set in P, 4, E"\O, where
Go=G1U...UG,, and ng = max{n; : 1 € {1,....,nx}}.

Define the map f: X — @ cq, £5° C Ep setting f (2;) == w;, i = 1,...,nx. Then for
all \; e K (i =1,...,nx) we have

nx nx
i=1 =1

Consequently

since

nx

nZX Ajw; — nZX Aizi + HZX Aizi|| = Z Ni(w; — 2) + "ZX \iZi
i=1 =1 =1 =1 - i=1 -
Z Aij (i) Z i
i=1 i=1

nx
E Aizi|| =
i=1

t
< g, tmax [[Xizil|

nx
Z >\i<wi - Zi)
i=1

and, as {21, ..., 2, t is t—orthogonal, we have

nx
E iz
i=1

Z t- max ||)\zzz|| .
1=1,....,nx
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Thus f is isometric. Observe that

s =@ ISEA G =) @)
B 71| RVl R ) Sap e

max;—1,.nx ||/\z (wi - Zz)||

< sup
M€K (i=1,...,nx) b -maxi—1, ny H)\ﬂ?zH
1,
< sup 2 < 1.

MEK (i=1,..nx) T MaAXi—1 oy || A

Max;—1,_ny || Nii|

Now, we extend f on Y. We argue similarly as in the proof of the previous theorem.
Choose {u1, ...y Uy s -y Umy }, & maximal orthogonal set in Y such that {ui, ..., upmy }
is a maximal orthogonal set in X. By Lemma 4.3 we get Fy L j(X), where Fy =
[umx+1, vy umy].

Denote vy, := f (uy) for k =1, ...,mx, and for each k € {mx,1,...,my} choose gx € G

and ig, », € Iy, , denoting for simplicity jj := ig, »,, such that |[e;, ||, = |[Avux|| (for some
Ax € K) and

€ L (U1, Uny, Cimyyr ey €]
Then, setting f (ux) = e;,, where k = nxy,...,ny, we extend f on X + Fy. Let

po = max{ny : k=mxi1,....,my} and Gy = {gx : k = mx41,...,my}. The map f is an
isometry and f (X + Fy) C H, where

H = @ F;n;{n\omo}.

geGoUG

If K is spherically complete, the proof is completed, since {uy, ..., u,, } is an orthogonal
base of Y by [12, Lemma 5.5 and Theorem 5.15]. This shows that f is a required isometry
defined on Y. Assume that K is non-spherically complete. Since Y is an immediate
extension of X 4+ Fy and H is spherically complete as a finite direct sum of spherically
complete spaces (see [12, 4A]), we apply Lemma 4.2 to extend f to the isometry defined
on Y. Since ||j — f|x|| < 1, as we proved above, we apply Theorem 1.3. The proof is
finished. 0

This yields the following interesting

Corollary 4.8. (1) If K is spherically complete and (0,00) is the union of at most
countably many cosets of |K*|, the isometrically universal space Ey, for the class of non-
archimedean Banach spaces of countable type is also of universal disposition for the class
Urna.

(2) There ezist non-archimedean Banach spaces of universal disposition for the class
Urna which are not isometrically isomorphic.

Proof. Recall that if K is spherically complete, then every finite-dimensional normed space
over K is spherically complete (see [12, Theorem 4.2 and Corollary 4.6 |). Thus, Ej, =
(co (Lu),|-Il,) = Eu. The remaining part of the proof of (1) follows from Proposition 4.4.

To prove (2) consider the spaces Ej, and E, (by Theorems 4.6 and 4.7 both are spaces
of universal disposition for the class Ury4) assuming that K is spherically complete.

Then Ej, = E,. Since ||EZ||, is a dense subset of (0,00), we can choose {iy,%s,...} C I,

such that 1 > [lej]], > llewll, > ... > 3 (where ¢;, are unit vectors of E,). Set
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Tp = Y p_ €, (n €N). Then, the balls V,, :== {z € B, : ||z — z,]], < HeinHHu} form

a shrinking sequence in F,. But (,.yV» = @; hence, E, is not spherically complete.

Clearly l/*?;, as a spherical completion of F,, is spherically complete, thus we imply that
E, (=FE,) and E, are not isometrically isomorphic. O

Remark 4.9. Note that (see Remark 4.5) if K is non-spherically complete then the

space (> is not of universal disposition for the class Upya. Indeed, take Y = K2 ¢, =
(1,0,0,...) € £~ and define the isometric embedding i : [e;] — K2 : e; — (1,0).
On the other hand, by [, Proposition 3.2], every two-dimensional linear subspace of
(> containing e; has two non-zero orthogonal elements. Thus, there is no isometric

embedding f : Y — ¢ such that f(1,0) = e;.
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