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−∆u +∇π = F, ∇ · u = G in Ω,

π = h, u · τ = g on ∂Ω

Ω ⊂ R2 is a bounded simply connected domain.

τ is the tangential vector on ∂Ω.
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in W1,p(Ω, R3) × W1,p(Ω) for Ω ⊂ R3, ∂Ω ∈
C1,1



Theorem.

Let Ω ⊂ R2 be a bounded domain with con-

nected boundary of class Ck,1, k ∈ N , 1 <

p, q < ∞, 1/q < s < k + 1, s − 1/q 6∈ N0,

1/p < t < k, t − 1/p 6∈ N0, and t ≤ s + 1,

p ≤ q. If t = s + 1 suppose moreover that

p = q. If g ∈ W t−1/p,p(∂Ω), h ∈ W s−1/q,q(∂Ω),

F ∈ W s−1,q(Ω, R2), G ∈ W s,q(Ω), then there

exists a unique solution (u, π) ∈ W t,p(Ω, R2) ×
W s,q(Ω) of the problem

−∆u +∇π = F, ∇ · u = G in Ω,

u · τ = g, π = h on ∂Ω.



Theorem.

Let Ω ⊂ R2 be a bounded domain with con-

nected boundary of class Ck,1, k ∈ N , 1 <

p, q, r, β < ∞, 1/q < s < k + 1, 1/p < t < k,

and t ≤ s+1, p ≤ q. If t = s+1 suppose more-

over that p = q and r ≤ β. If g ∈ B
p,β
t−1/p

(∂Ω),

h ∈ B
q,r
s−1/q

(∂Ω), F ∈ B
q,r
s−1(Ω, R2), G ∈ B

q,r
s (Ω),

then there exists a unique solution (u, π) ∈
B

p,β
t (Ω, R2)×B

q,r
s (Ω) of the problem

−∆u +∇π = F, ∇ · u = G in Ω,

u · τ = g, π = h on ∂Ω.



Theorem.

Let k ∈ N , 0 < γ < 1, Ω ⊂ R2 be a bounded do-

main with connected boundary of class Ck+2,γ.

Suppose that F ∈ Ck−1,γ(Ω, R2), G ∈ Ck,γ(Ω),

h ∈ Ck,γ(∂Ω), g ∈ Ck+1,γ(∂Ω). Then there ex-

ists a unique solution (u, π) ∈ Ck+1,γ(Ω, R2) ×
Ck,γ(Ω) of the problem

−∆u +∇π = F, ∇ · u = G in Ω,

u · τ = g, π = h on ∂Ω.



a > 0 fixed

The nontangential approach regions of open-

ing a at the point x ∈ ∂Ω

Γa(x) = {y ∈ Ω; |x− y| < (1 + a)dist(y, ∂Ω)}.

The nontangential maximal function of v on

∂Ω

Ma(v)(x) = sup{|v(y)|;y ∈ Γa(x)}.

The nontangential limit of v at x ∈ ∂Ω

v(x) = lim
Γ(x)3y→x

v(y)



Theorem.

Let Ω ⊂ R2 be a bounded domain with con-

nected Lipschitz boundary. Let 1 < p ≤ 2 ≤
q < ∞, h ∈ Lq(∂Ω), g ∈ Lp(∂Ω). Then there

exists a unique (u, π) such that

−∆u +∇π = 0, ∇ · u = 0 in Ω,

the nontangential maximal function of u is in

Lq(∂Ω) (and therefore u ∈ B
q,q
1/q

(Ω, R2) i.e u ∈
W1/q,q(Ω, R2)), the nontangential maximal func-

tion of π is in Lp(∂Ω) (and therefore π ∈ B
2,p
1/p

(Ω))

and the boundary conditions

u · τ = g, π = h on ∂Ω

are satisfiesd in the sense of nontangential lim-

its.


