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Basic fields in liquid crystal modeling

Bulk velocity
v=v(t,x), divyv =0

Director field description - liquid crystal orientation

d=d(t,x). |d =1
Q-tensor desription

Q = Q(t,X), Q = QT7 trace[@] =0
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Q-tensor system

Field equations (parabolic model)

div,v =0

Ov +v - Vv + VM =vAv + div, Z[Q]

0Q+v-V,Q— S[VXV’ Q] = 6g(Q)
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General constitutive relations
Constitutive relations
S1V,0, @] = (62(0) + ) (@4 37) + (@4 31) (66v) ~ (v

_2¢ (@ + %]I) Q:V,v

Z[Q]zZﬁH:Q(Q+%H) —g[H (Q+%]I) - (Q+%]I) ]HI]

—(QH - HQ) - VxQ o ViQ

H=AQ —9G(Q), (v) = Viv + Viv, w(v) = Vv — Viv




Toy models

Model proposed by F.Lin and C.Liu with director field
description

div,v =0

Ov + v - Vyvev + VM = vAv — divy(V,d © V,d)

ded+v-V,d—|d V,v|=Ad+9G(d)

Well-posedness results

F.Lin, C.Liu [weak solutions], J.Ball [new approach via penalizing
potential], S.Shkoller [local existence with stretching term],
M.Paicu, A.Zarnescu [Q-tensor model], M.Hieber, M.
Nesensohn J.Pruess, K.Schade [system with temperature, smooth
local solutions via maximal regularity], and many others



Toy models revisited

Incompressibility - equation of continuity

div,v =0

Momentum equation - “Euler” or “Navier-Stokes” system

Ov+v-Vw+ V,MN=vAv—div, (VQo V,Q), v >0
Q-tensor field equation - parabolic type

D:Q=|0:Q+v-V,Q|=AQ+ F(Q) - \Q
Q-tensor field equation - hyperbolic type

D}Q =AQ+ F(Q) - \Q
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Basic system of equations revisited

Incompressibility - equation of continuity

div,v =0

Momentum equation - “Navier—Stokes” system

Ov+v - Vv + V, N =vAv —div, (V,Q © V,Q)

Q-tensor field equation - hyperbolic

0Q+v-V,Q=P

8P +v- VP = AQ + F(Q) — AQ
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Local existence of strong solutions

Periodic boundary conditions

Q= (-7l amy)", N=2,3

Sobolev framework
W5’2(Q)
Local existence

time Tiax.

[Vo,Po,Q] S W2 x W2 x Wsth2 s >4

)
The problem admits a local continuous solution up to a maximal
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Energy and relative energy
Energy - energy balance

1
E(v,P.Q) =3 /Q V]2 + |P] + [VQ + 26(Q) dx, G = AX[ - F

d 2
&E(V,P, Q) +V/Q|VxV| dO
Relative energy

& (v,]P’,Q
1

2

0B @)
_ /Q [lv =9 + [P~ BP + [v,Q - V.@P] dx

+ [ [o@-o6@@-9-9@) ax
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Relative energy inequality, |

Relative energy
[ (vra| v,x@,@)]T

t=0

:E(v,IF’,Q)+E(\7,IP’,@)—/Q[v-\?—I-IF’:IF’—I-VXQ:VX@] dx

- [ [o6@: (@-®)+26()] ax
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Relative energy inequality, Il

E(v,P,Q ’\7,[@’, @)]::; +V/T/Q|va2 dxdt
= 0

t=1

/N

<

—

£ B,Q)|
[v O —v - Vw7~ vV,v Vi + (VaQO V,Q) - V4] dxdt
[P VP4 A0 B 06(Q): Iﬂ dx dt
Q:0:8.0-v-V,0: 0,0 +P: A,0] dx ot

[@ 8,06(0 v-vx@:ag(@)+w>;ag(@)] dx dt

0 (20(Q) - 99(@) : @) ax dt
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Weak-strong uniqueness

Weak-strong uniqueness

Weak and strong solutions emanating from the same initial data
coincide as long as the latter exists

However, weak solutions are (not known) to exist...
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Admissible weak solutions

Admissibility principle 1

“Smooth” weak solutions are strong (classical) solutions

Admissibility principle 2 (weak-strong uniqueness)

Weak and strong solution coincide as long as the latter exists

Observation

Local existence of strong solutions implies:
Principle 2 = Principle 1
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Weak solutions with a defect measure

Equation of continuity

Momentum balance

OV + v - Vv + V, M =vAv — div(V,Q x V,Q)

= VAV — divy(V,Q x V,Q) +

Director field equation

6:Q+V'VXQ:]P>

0P +v- VP =AQ + F(Q) - AQ
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Energy dissipation defect

Energy inequality

[E(v,P,Q)];= 0+V/ /IVXV| dx+|£|('r

Dissipation defect

M| pq(j0,71x ) < €D(7)
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Weak-strong uniqueness

Weak-strong uniqueness

Dissipative solution with a defect measure coincides with the strong

solution starting from the same initial data as long as the latter one
exists
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