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1. Introduction

It is well known that the theory of function spaces with smoothness is a central topic of the analysis on
spaces of homogeneous type in the sense of Coifman and Weiss [3.4]. Recall that the first order Sobolev space
on spaces of homogeneous type was originally introduced by Hajlasz in [15] and later Shanmugalingam [21]
introduced another kind of a first order Sobolev space which has strong locality and hence is more suitable
for problems related to partial differential equations on spaces of homogeneous type. Recently, Alabern et al.
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[1] gave a way to introduce Sobolev spaces of any order bigger than 1 on spaces of homogeneous type in
spirit closer to the square function and Dai et al. [6] gave several other ways, different from [1], to introduce
Sobolev spaces of order 2¢ on spaces of homogeneous type in spirit closer to the pointwise characterization
as in [15], where £ € N := {1,2,...}. Later, motivated by [1], Yang et al. [32] gave a way to introduce Besov
and Triebel-Lizorkin spaces with smoothness order in (0,2) on spaces of homogeneous type. It is still an
open question how to introduce Besov and Triebel-Lizorkin spaces with smoothness order not less than 2
on spaces of homogeneous type.

In this article, we establish a characterization of Besov and Triebel-Lizorkin spaces which can have any
positive smoothness order on R™ via the difference between functions themselves and their ball averages.
Since the average operator used in this article is also well defined on spaces of homogeneous type, this
characterization can be used to introduce Besov and Triebel-Lizorkin spaces with any positive smooth-
ness order on any space of homogeneous type and hence our results give an answer to the above open
question.

Let us now give a detailed description of the main ideas used in this article. It is well known that a locally
integrable function f belongs to the Sobolev space W*P(R"), with o € (0,1) and p € (1, 00), if and only if
f € LP(R™) and

9 1/2
d
)= [ L 0= swlay] Gt e
0 | B(,b

(see, for example, [30,23,25,31]). Here and hereafter, B(x,t) denotes an open ball with center at € R™ and
radius t € (0,00), and fB(x " f(y) dy denotes the integral average of f € Li (R™) on the ball B(z,t) C R",

loc
namely,

1
f)dy = o [ 1wy = Buf() (1.1
B(z,t) B(x,t)
However, when « € [1,00), so(f) is not able to characterize WP (R"), since, in this case, f € LL (R™) and
|50 (f) Lrrny < 0o imply that f must be a constant function (see [13, Section 4] for more details).
Recently, Alabern et al. [1] established a remarkable characterization of Sobolev spaces of smooth order
bigger than 1 and they proved that a function f € W*P(R"), with a € (0,2) and p € (1, 00), if and only if
f € LP(R™) and the square function S, (f) € LP(R™), where

9 1/2
sa(NO =1 [| f BO-f@d| b o e @)
0 |B(,0

(see [1, Theorem 1 and p. 591]). Comparing S, and s,, we see that the only difference exists in that the
absolute value |f(-) — f(y)] in sa(f) is replaced by f(-)— f(y) in So(f). However, this slight change induces a
quite different behavior between s, (f) and S, when characterizing Sobolev spaces. The former characterizes
Sobolev spaces only with smoothness order less than 1, while the later characterizes Sobolev spaces with
smoothness order less than 2. Such a difference follows from the following observation: for all f € C?(R")
and t € (0, 1),

][ @)~ f(y)]dy=O0(), =eR", (1.2)

B(z, t)
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which follows from the Taylor expansion of f up to order 2:

f)=f@)+ V(@) (y—=)+0(y—=|*), =zyeR™

in other words, the S,-function provides smoothness up to order 2. We point out that this phenomenon was
first observed by Wheeden in [29] (see also [30]), and later independently by Alabern, Mateu and Verdera [1].

By means of the fact (1.2), Alabern et al. [1, Theorems 2 and 3] also characterized Sobolev spaces of
higher smoothness order and showed that f € W*P(R"), with o € [2N,2N + 2), N € Nand p € (1,00), if
and only if f € LP(R™) and there exist functions g1, ..., gnv € LP(R™) such that S, (f,¢1,...,9n) € LP(R™),
where

9 1/2

Salfs g1, rgn)() = / ][ o Ry(y, ) dy| L
0

with

when « € (2N,2N + 2), and

N—-1

RBn(y; ) == [fly 9Ny =% = Begn )y —-[*Y (1.4)
j=1

<.

when a = 2N. Indeed, the function g; was proved in [1, Theorems 2 and 3] to equal to L%Ajf almost

everywhere, where L; := AJ|z|? for j € {1,...,N}. As the corresponding results for Triebel-Lizorkin

spaces, Yang et al. [32, Theorems 1.1, 1.3 and 4.1] further proved that, for all & € (2N,2N +2), N € N

and p € (1,00], the Besov space Bg‘,q(R") with ¢ € (0,00] and the Triebel-Lizorkin space F;fq(R”) with
€ (1, 00] can be characterized via the function

qy 1/4
So, q(f)(@) =4 D 2k ][ Ry(y; , zeR", (1.5)
keZ Bz 2-¥)
where, for all z,y € R and k € Z,
~ N 1
Rov(ys 2) 1= 1) — f(a) = Y0 209 f(a)ly — ol (16)
j=1""

It is an open question, posed in [32, Remark 4.1], whether there exists a corresponding characterization
for Bg‘,q(R") and F;fq(R") when o« = 2N with N € N. Moreover, only when « € (0,2), [32, Theorems 1.1
and 4.1] provide a way to introduce Besov and Triebel-Lizorkin spaces with smoothness order « on spaces
of homogeneous type.

Via higher order differences, Triebel [27,28] and Haroske and Triebel [17.18] obtained another charac-
terization of Sobolev spaces with order bigger than 1 on R™ without involving derivatives. Recall that, for
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¢ € N, the ¢-th order (forward) difference operator &fL with h € R" is defined by setting, for all functions f
and x € R",

Abf(a) = fla+h) = fl@),  Af:=ALAT, €>2

By means of A ¢ f, Triebel [27,28] and Haroske and Triebel [17,18] proved that the Sobolev space W%P(R")
with £ € N and p € (1,00) can be characterized by a pointwise inequality in the spirit of Hajlasz [14]
(see also Hu [15] and Yang [31]). Recall that the difference &f; f can also be used to characterize Besov
spaces and Triebel-Lizorkin spaces with smoothness order no more than £. We refer the reader to Triebel’s
monograph [26, Section 3.4] for these difference characterizations of Besov and Triebel-Lizorkin spaces; see
also [20, Section 3.1]. However, it is still unclear how to define higher than 1 order differences on spaces of
homogeneous type.

On the other hand, recall that the averages of a function f can be used to approximate f itself in
some function spaces; see, for example, [8,2]. Motivated by (1.2) and the pointwise characterization of
Sobolev spaces with smoothness order no more than 1 (see Hajlasz [14], Hu [15] and Yang [31]), the authors
established in [6] some pointwise characterizations of Sobolev spaces with smoothness order 2¢ on R™ via
ball averages of f, where ¢ € N. To be precise, as the higher order variants of B; in (1.1), for all £ € N|
t € (0,00) and @ € R™, we define the 2¢-th order average operator By by setting, for all f € LL (R™) and
r e R,

4
Buef@)i= = S0 (2 ) Bt @), (17)

here and hereafter, (ffj) denotes the binomial coefficients. Obviously, By .f = B:f. Moreover, it was
observed in [6] that f — By, f is a 2¢-th order central difference of the function ¢ — By f(z) with step ¢ at
the origin, namely, for all £ € N, t € (0,00), f € L{ (R") and x € R",

(=D° o
f(x) = Beif(x) = & Aig(0) (1.8)
with
Btf(x)v te (07 00)5
g(t) == f(x), t=0; (1.9)

B—tf(x)v te (—OO, 0)
Here and hereafter, for all functions h on R and 0,t € R, let Tyh(t) := h(t + 0), and the central difference
operators A} are defined by setting

Aph(t) := Ngh(t) :=h (t + g) —h (t - g) = (Ty/2 — T—g/2) h(t),

r0
The authors proved in [6] that f € W?24P(R™), with £ € N and p € (1, 00), if and only if f € LP(R") and
there exist a non-negative g € LP(R™) and a positive constant C such that |f(z) — By f(x)| < Ct* g(z)
for all t € (0,00) and almost every x € R™. Various variants of this pointwise characterization were also
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presented in [6]. Recall that centered averages or their combinations were used to measure the smoothness
and to characterize the K-functionals in [5,9,7].

Comparing the difference f — Byf with the usual difference E%f f, we find that the former has an
advantage that it involves only averages of f over balls, and hence can be easily generalized to any space
of homogeneous type, whereas the difference operator &,Qf f cannot. We can also see their difference via
(1.8). Indeed, it follows from (1.8) that f — By f is a 2¢-th order central difference of a function g and the
parameter related to such a difference is the radius ¢t € (0,00) of the ball B(z,t) with € R™, while the
parameter related to E%Z f is h € R™, which also curbs the extension of E%@ f to spaces of homogeneous
type.

Although there exist differences between f — By :f and the usual difference Aff f, the characterizations
of W24P(R") via f — By.f obtained in [6] imply that, in some sense, f — By.f also plays the role of
2(-order derivatives. Therefore, it is natural to ask whether we can use f — By f to characterize Besov and
Triebel-Lizorkin spaces with smoothness order less than 2¢ or not.

The main purpose of this article is to answer this question. To this end, we first recall some basic notions.
Let Zy := NU {0} and S(R™) denote the collection of all Schwartz functions on R", endowed with the
usual topology, and §'(R™) its topological dual, namely, the collection of all bounded linear functionals on
S(R™) endowed with the weak x-topology. Let Soo(R™) be the set of all Schwartz functions ¢ such that
Jgn V() dz = 0 for all v € Z', and S._(R™) its topological dual. For all a € Z'}, m € Z and ¢ € S(R"),
let

lollam == sup — (1+]a])"|0%¢(z)|.
2€R™, |]<]al

For all ¢ € S._(R™), we use @ to denote its Fourier transform. For any ¢ € S(R"™) and ¢ € (0, 00), we let
i) =t (- ).

For all a € R, |a| denotes the mazimal integer no more than a. For any E C R™, let x g be its characteristic
Sfunction.

We now recall the notions of Besov and Triebel-Lizorkin spaces; see [25,26,11,34].

Definition 1.1. Let o € (0, 00), p,q € (0, o] and ¢ € S(R™) satisfy that
suppp C {€ e R™: 1/2 < |¢] <2} and |p(§)| > constant > 0 if 3/5 < |¢] < 5/3. (1.10)

(i) The homogeneous Besov space Bqu(R") is defined as the collection of all f € S/ (R™) such that
||fHBg,q(Rn) < 00, where

1/q
1l ey = [Zﬂmqnw *fnqu(Rn)]

keZ

with the usual modifications made when p = oo or ¢ = .
(ii) The homogeneous Triebel-Lizorkin space F;j 4(R™) is defined as the collection of all f € S (R™) such
that [|f|l o (&n) < 00, where, when p € (0, 00),
P, q

1/q
1l gy = [Zz’wwﬂ . f|q]

keZ Lr(Rn)

with the usual modification made when ¢ = oo, and
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1/q

£k, o i= sup sup S0 2y ik fw)l7dy

€R" mEZ
U B R
with the usual modification made when ¢ = oco.

Tt is well known that the spaces B;i 4(R™) and F; 4(R") are independent of the choice of functions ¢
satisfying (1.10); see, for example, [12].
We also recall the corresponding inhomogeneous spaces.

Definition 1.2. Let o € (0, 00), p,q € (0, ], ¢ € S(R™) satisfy (1.10) and ® € S(R™) satisfy that
supp® C {€ € R™: [¢] < 2} and |®(€)| > constant > 0 if |¢| < 5/3. (1.11)

(i) The inhomogeneous Besov space By ,(R™) is defined as the collection of all f € S'(R™) such that
”f”Bg’q(Rﬂ) < 00, where

1/q

||f||B; LR = Z 2kaq||802fk * f”%p(Rn)
kEZy

with the usual modifications made when p = 0o or ¢ = 0o, where, when k = 0, w5« is replaced by .
(ii) The inhomogeneous Triebel-Lizorkin space Fy' (R™) is defined as the collection of all f € S'(R™)
such that [|f[|pe (=) < 00, where, when p € (0, 00),

1/q
o k
||f||F; JB7) = Z 27 g * f7
kEZy
Lr(R™)
with the usual modification made when ¢ = co, and
1/q
o0
I£les, o= sup swp & f 30 2 Sl dy
’ T€ER™ meZ4 [
B(z,2—m™)

with the usual modification made when ¢ = oo, where, when k = 0, po-« is replaced by ®.

It is also well known that the spaces By  (R") and Fy (R") are independent of the choice of functions
¢ and @ satisfying (1.10) and (1.11), respectively; see, for example, [25].

As the main result of this article, we prove that the difference f — By o-« f with k € Z plays the same
role of the approximation to the identity @,-» * f in the definitions of Besov and Triebel-Lizorkin spaces in
the following sense.

Theorem 1.3. Let £ € N and « € (0,2().
(i) Let p € (1,00] and q € (0,00]. If f € Bg,q(R"), then there exists g € Ll (R™) NS, (R™) such that

g=finSLR") and |||g|||B-g,q(Rn) < C”fHBg,q(Rn) for some positive constant C' independent of f, where

1/q
llglll g ey = { Sk Be,ﬂgn‘zpmn)} .

kEZ
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Conversely, if f € Li_(R™) NS’ (R™) and H|f|||ngq(Rn) < oo, then f € Bg"q(R") and Hf||Bg’q(Rn) <
CllIflllga @ny for some positive constant C independent of f.
p,q .
(ii) Let p € (1,00] and q € (1,00]. If f € F,(R™), then there exists g € L{,.(R™) N SL (R™) such that
g =fin SLR") and |[|9[| o gy < Cllfllpa (rny for some positive constant C independent of f, where,

loc

when p € (1,00),

1/q
llglll s ey = { Skl Bg,z-kgq}

kEZ Lo (&™)

and, when p = oo,
1/q

gl e @ny = sup sup 7[ E 284 g(y) — By p-rg(y)|* dy
" me
L2 771)

Conversely, if f € Li . (R") NS, (R") and |||f||\Fﬁq(Rn) < oo, then f € ng(R") and |\f||F;q(Rn) <
ClIfllpa gny for some positive constants C independent of f.
p,q

Remark 1.4. (i) Notice that f — By -« f can be easily defined on any space of homogeneous type. Thus, the
characterizations of B;i 4(R™) and Fz‘ffq(R") obtained in Theorem 1.3 provide a possible way to introduce
Besov and Triebel-Lizorkin spaces with arbitrary positive smoothness order on spaces of homogeneous type,
while the characterizations of Besov and Triebel-Lizorkin spaces via the usual differences cannot.

(ii) Observing that f — By f = f — B.f, we see that, when « € (0,2), Theorem 1.3 just coincides with
[32, Theorems 1.1 and 4.1]. When « € (2, 00), comparing with Theorem 1.3 and [32, Theorems 1.2 and 4.1],
we find that the former provides a way to introduce Besov and Triebel-Lizorkin spaces with smoothness
order no less than 2 on spaces of homogeneous type, while the later has a restriction that o cannot be any
even positive integer and also cannot be generalized to any space of homogeneous type, due to the lack of
derivatives on spaces of homogeneous type.

(iii) In [16], a concept of RD-spaces was introduced, namely, a space of homogeneous type whose measure
also satisfies the inverse doubling condition is called an RD-space (see also [16,33] for several equivalent
definitions of RD-spaces). Via approximations to the identity, a theory of Besov and Triebel-Lizorkin spaces
with smoothness order in (—1,1) on RD-spaces was also systematically developed in [16]. Then, a natural
and interesting question is: on RD-spaces, whether the Besov and Triebel-Lizorkin spaces with smoothness
order in (0,1) defined in [16] coincide with those defined via f — Bj o« f in spirit of Theorem 1.3 or not.
We will not seek an answer of this question in this article.

Theorem 1.3 is proved in Section 2. Comparing with those proofs for various pointwise characterizations
of Sobolev spaces W2P(R") via f — By f in [6], the proof of Theorem 1.3 is much more complicated.
Indeed, the main idea of the proof for Theorem 1.3 is to write f — B, ,-« f as a convolution operator, then
control f — By o-« f by certain maximal functions via calculating pointwise estimates of the related operator
kernel and finally apply the vector-valued maximal inequality of Fefferman and Stein in [10]. The Calderén
reproducing formula on R™ (see, for example, [12]) also plays a key role in this proof.

In Section 3, we further show that the inhomogeneous variant of Theorem 1.3 also holds true (see
Theorem 3.1 below). We also show that Theorems 1.3 and 3.1 still hold true on Euclidean spaces with
non-FEuclidean metrics.

Finally, we make some conventions on notation. The symbol C' denotes a positive constant which depends
only on the fixed parameters n, «, p, ¢ and possibly on auxiliary functions, unless otherwise stated; its value
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may vary from line to line. We use the symbol A < B to denote that there exists a positive constant C' such
that A < C B. The symbol A ~ B is used as an abbreviation of A < B < A. We also use the symbol |s]
for any s € R to denote the maximal integer not more than s.

2. Proof of Theorem 1.3

To prove Theorem 1.3, we need some technical lemmas. Let, for all ¢ € (0,00) and z € R", I(z) :=
mxg(o,l)(x) and I (z) :==t"I(x/t). Then

14
(Buaf)@) = G S (2 Y (F L), @R, ve 0.00),

and hence
(Beef)\ (&) = me(t§) f(€), € R, (2.1)
where
2 ¢ 2\ ~
me(z) = @ Z(—I)J (( B j) I(jz), x€R™ (2.2)
¢/ j=1
A straightforward calculation shows that
1
I(z) = /cos(u|x|)(1 - uz)% du, zeR", (2.3)
0

n—1

with v, := [fol(l —u?)"2 du]™! (see also Stein’s book [24, p. 430, Section 6.19]).

Lemma 2.1. For all { € N and z € R"™,

me(x) =1 — Ag(|z]), (2.4)
where
¢ ] 20
Ag(s) := 7n2—£) /(1 — u2)”51 (sin %) du, seR. (2.5)
L)

Furthermore, s~2¢Ay(s) is a smooth function on R satisfying that there exist positive constants c; and co
such that

<cg, s€(0,4] (2.6)

and
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Proof. Combining (2.2) with (2.3), we obtain

L

Z(—l)j <£ Q_EJ) cos(julz|)| (1 — ug)";1 du, ze€R™ (2.7)

Jj=1

However, a straightforward calculation shows that, for all s € R,

¢
0 (o S\ _ (2 vl 2 .
4 (s1n2) = (Z —1—2]2:1( 1) (—; cos js.

This, together with (2.7), implies (2.4).
Next we show (2.6). By the mean value theorem, we know that, for all u € (0,1) and s € R, there exists

6 € (0,1) such that
Cous\2¢ 1 2 ush\ %
(sm 7) = <§U;S> (Cob T) .

From this and (2.5), we deduce that, for all s € (0, 4],

1
A 4¢ e
22(5) < Y75y /(1 - uz)Tlu%du =:icy < 0
o=

and

min{l,%—;’}

1 n—1

> Yn=7ap (1—u?)"z u? du
)
5
1 2\ izt o
> Yo 7oy (1—w*) 2 u*du=:¢ >0.
2

These prove (2.6).
Finally, by the mean value theorem again, an argument similar to the above also implies that

(&) ()~

for all ¢ € N. This finishes the proof of Lemma 2.1. O

sup
seR

Recall that the Hardy-Littlewood maximal operator M is defined by setting, for all f € L (R™),

loc

M) = s f17wldy. @R
B

where the supremum is taken over all balls B in R" containing . The following two lemmas can be verified
straightforwardly.
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Lemma 2.2. Let {Ti}ie(0,00) be a family of multiplier operators given by setting, for all f € L?(R"),

~

(Tif)"(€) =m(t§) f(§), &€eR", te(0,00)
for some m € L*(R"). If
IV m| g gny + [ml| L1 eny < C1 < 00,
then there exists a positive constant C such that, for all f € L*>(R™) and v € R,

sup |Tif(z)| < CCy M f(x).

te(0,00)

Proof. For all t € (0,00), f € L*(R") and = € R", by the Fubini theorem, we see that

[1f(@)| = | [ mie) fie)ei=< ag

R

_ / ) / m(t€)e’ =€ de dy
Rn R’I‘L

IN

f(y)/m(tg)ei(“y)'ﬁdgdy + / co| = T41L

lz—y|<t R™ le—y|>t

It is easy to see that I < [|m||p1mn)M f(x).
For II, via the Fubini theorem and the integration by parts, we also have

|z — y[" T+t

1I 5 / |f<y)| /t”+1|V"+1m(t§)\ df dy

|z—y|>t

- f ()]
SV ml g en) Zt / o=yt dy
I=L git<|p—y|<2i+1¢

SV prny Y277 Mf(x) S IV ml| ey M f (),

j=1

which completes the proof of Lemma 2.2. O

Remark 2.3. (i) The above proof of Lemma 2.2 actually yields the following more subtle estimate, which
is also needed in the proof of Theorem 1.3: Assume that f € L?(R"), x € B(z,s) for some z € R"
and s € (0,00). Then there exists a positive constant C, independent of ¢, s, f and x, such that, for all
1 e NN (n,00) and ¢ € (0,00),

i f ()| < Clllm|lpr@ny + HvlmHLl(R")] Z27i(lin)M(fXB(z,2’7t+s))(x)'
i=0
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Indeed, notice that = € B(z,s), y € B(x,t) and t € (0,00) imply that y € B(z,t + s). Thus, by the Fubini
theorem, we find that

I< / FW)XB(z,t+s) (y)/m(tg)ei(%y)'5 dédy| S lIml|pr ey M(fXB(z,t4s))(T)
R’V‘L

|z—y|<t

Similarly, by the Fubini theorem and the integration by parts, together with £ € NN (n,c0), we know that

lz —yl!
le—y[=t R™
tlfn f y
SIVIml ey / W)l (z)‘ dy
|z — yl
|z—y|>t

SV mll@ny Y207 / [FWIXB 245 (y) dy

=t le—y|~2°t

S ||vn+1m||L1(]R") Z 27i(l7n)M(fXB(z,2it+s))(33)’

i=1

where |z — y| ~ 2t means 271t < |z — y| < 2%. This finishes the proof of the above claim.
(ii) We also point out that the conclusions of Lemma 2.2 and (i) of this remark remain true for all
f e LP(R™) with p € (1,00) and m € S(R™).

From the Holder inequality when ¢ € [1, 00] and the monotonicity of {9 when ¢ € (0,1), we immediately
deduce the following conclusions, the details being omitted.

Lemma 2.4. Let {a;}jez C C, ¢ € (0,00] and 5 € (0,00). Then there exists a positive constant C, indepen-
dent of {a;j}jez, such that

qq1/a

[e'e) 1/q
ZQkﬁq Z|aj| <C <Z2kﬁq|ak|q>
kez j=k kez
and
i a1/a 1/q
ZQ—kﬁq Z || <C (ZQ_M‘]GH‘I) )
kEZ j=—o00 keZ

Now we prove Theorem 1.3.

Proof of Theorem 1.3. We only prove (ii), the proof of (i) being similar and easier.

To show (ii), let ¢ € S(R™) satisfy (1.10) and }_;, »; = 1 on R™\ {0}. Assume first that a € (0,2¢), p €
(1,00) and g € (1,00]. Let f € ng(R"). We know that Fﬁq(R”) — LL .(R™) in the sense of distributions;
see, for example, [19, Proposition 4.2], [33, Proposition 5.1 or [34, Proposition 8.2] for a proof. Indeed, it
was proved therein that there exists a sequence {P;},cz of polynomials of degree not more than |a —n/p|
such that the summation Y, (¢, * f + P;) converges in Lj,.(R") and S{(R™) to a function g € Lj,.(R"),

loc
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which is known to be the Calderén reproducing formula (see, for example, [11,12]). The function g serves
as a representative of f. Thus, in the below proof, we identify f with g. Then g € L{ _(R") NS’ (R"). Now

loc
we show |Hg|||Fﬁq(R") S ||f||F;q(Rn)a namely,

1/q
{22'“% - Bg,z-kgq} < 1l - (2.8)

k€L Lo (&™)

To this end, for all k,j € Z and { € R™ \ {0}, define T}, ; as

(Th i £)NE) == P27 A2 |E]) F(€), € eR™ (2.9)

Noticing that the degree of each P; is not more than [a—n/p] < 2¢ and P — By 53—« P = 0 for all polynomials
P of degree less than 2¢, we then find that

9= Bga-rg=Y Ti,f. (2.10)
JEZ

We split the sum >, , in this last equation into two parts >_ ., and ;. The first part is relatively
easy to deal with. Indeed, for j > k, by (2.9), we see that, for all x € R",

Tk, f (2)] = [(I = Bea-#)(f * 2-3) ()|
14

< |f * a3 (@) + Co Y |Biar(f % p3-3) ()]

i=1
S M(f * pa-i) (). (2.11)
From this and Lemma 2.4, it follows that

q

q
Z2kaq ZTk,jf SZQkaq ZM(f*LPQ*J')

keZ i>k keZ i>k
SO 29 [M(f  pa-s)]?. (2.12)
JEZ

Now we handle the sum )
satisfying (1.10) such that

<k~ Since ¢ satisfies (1.10), by [12, Lemma (6.9)], there exists ¢ € S(R")

> PPGUER T =1, £eR"\{0}.
JEL
Thus, for all £ € R™\ {0},
(T s F)ME) = BT A2TFIENF;(6) = mi (8) F(6),
where f; := Z;:_l f * 1gi—; and

—k
mig(€) = BEIO G (™, R\ (0}
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Write my, ;(€) := my, j(27€). From Lemma 2.1, it follows that, for all j < k and £ € R™ \ {0},
1075 (6)] S 22V X ga B0/ ), BELL, (2.13)
and hence || ;]| L1y + ||V 00k || 1 Ry S 22997R), which, together with Lemma 2.2, implies that
Thj f(2)] S 22U FIMfi(z),  zeR™

Thus, by Lemma 2.4, for a € (0,2¢), we have

q q
k k
S| 3 | £ Y 3 g,
kEZ j=—00 keZ j=—00
< S v 2.14)
JEZ

Combining (2.12) and (2.14) with (2.10), and using the Fefferman—Stein vector-valued maximal inequality
(see [10] or [24]), we see that

1/q
{ZZkaq (f * pa-r)] }

kEZ

1/q
zzkaqg—Bz,ﬂgw}
keZ

Lp (R") Lp (Rn)

Sl e, ny-

This proves (2.8) and hence finishes the proof of the first part of Theorem 1.3(ii).
To see the inverse conclusion, we only need to prove

1/q
[fllze, @ny S { > " okeajf — Bm_kﬂq} (2.15)

kEZ Lo(&n)
whenever f € L] (R") NS, (R™) and the right-hand side of (2.15) is finite. To this end, we first claim that
|f % @23 (@) S M(f — Beo-i f)(z), JEZ, zeR™ (2.16)
Indeed, we see that, for all j € Z and £ € R™ \ {0},

$(277¢)

m(f — Byo-i [)MNE) = n(277E)(f — Beo-i /) (€),

(f % p2-3)"(8) =
where n(§) := A (\f\) for all £ € R™\ {0}, which is well defined due to (2.6). By Lemma 2.1, we know that
n € C(R™) and suppn C {£ € R": 1 < |¢] < 2}. The claim (2.16) then follows from Lemma 2.2.

Now, using the claim (2.16) and the Fefferman—Stein vector-valued maximal inequality (see [10] or [24]),
we find that

1/q
1l e ny S ZQJW (f = Beo-i )"

JEZL
Lr(R™)
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S D2 f = Bea-i f19 ~ f e, ey
JEZ
Lr(R™)
This proves the desired conclusion when « € (0,2¢), p € (1,00) and ¢ € (1, 00].
It remains to consider the case that a € (0,2¢), p = oo and ¢ € (1, 00]. The proof is similar to that of the
case p € (1,00) but more subtle. Assume first that f € Fg‘qu(R"). By an argument similar to the above, in
this case, we need to show

1/4q

sup sup ][ } j 204)5(y) — Byoorg®)l7dy t S 1 fllpe oy (2.17)
2€R" meZ amy >
B r ’NL

Notice that, if y € B(x,2™™) and z € B(y,i27%) with k > m and i € {1,...,£}, then 2z € B(z, ({ +1)27™).
Then, similar to (2.11), we know that, for j > k and y € B(z,2™™),

The i f (W) = [(I = Bea-x)(f * 02-3)(y)]
L

<|fxpos (W +Co Y B (f * 02-5) ()]

i=1
S M([f * po- J|XB J(+1)2- m))( ),

which, together with (2.10) and Lemma 2.4, implies that

q q
S 2N T f )| S D 2| DD M * eas X B 1y2-m) ()
k>m Jj>k k>m Jj>k
SO 2%M(|f * pa-s [XBas(e+1)2-m)) @)] (2.18)
j>m

When m < j < k, by (2.13), and using Remark 2.3(i) instead of Lemma 2.2, we find that, for all k£ > m,
integer I >n+ 1 and y € B(z,2™™),

T, f(y)] S 2200 Z Q_i(l_n)M(fjXB(z,zi—-7‘+2—m))(y)
i=0

and hence, by Lemma 2.4 and the Minkowski inequality, we see that

qy l/aq
> 2 Zwaf
k>m
- & qy /4
22 =) Z ghle=20a Z22éjM(ijB(m,(2i+1)2*m)(y)
i=0 k>m j=m

1/q

S ZQ_W_”) Z VUM (fX Bz, 2i+1)2-m) ()] . (2.19)
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When j < m <k, we invoke (2.13) and the proof of Remark 2.3(i) to find that, for all y € R™,

Tk i f(y)] < / fj(Z)/ﬁlk,j@_ji)ei(x_y)f d¢ dz| + /

lz—y|<277 R

< 22R) ][ 1£5(2)] dz

|[z—y|<2-7

l2—y|>2-3

+ / 1i(2) 279Vl g, ;(277€)| d€ dz

=yl
2=yl >2- Er
o0
SO 3 g )
1=0

lz—y|~2¢=7
S 2R Y 9 g I f g
0, q
i=0

S 22027 fllpe gny, (2.20)

where |z — y| ~ 2077 means that 27771 < |z — y| < 277 and we chose [ > n.

Combining (2.10), (2.18), (2.19) and (2.20), and applying the Minkowski inequality and the boundedness
of M on LI(R™) with ¢ € (1, 0], we know that, for all m € Z and = € R,

1/q

> 2k g(y) — Bya-rg(y)|* dy
k=m

B(z,2—™) """
1/q
S > UM f * poms [ XB (a4 1)2-m) W)]? dy
B(a, 2-m) 2™
1/q

+ Z 9 il=n) ][ Z 2jaq[M(ijB(x,(z'iH)TM))(y)]q dy
B(xz,2—m™) jzm

q 1/q
IR NS SEALE ID DIE-SCate ] R S s
B(z,2-m) k>m j<m-—1 '
1/q
< D SO
Bz, ((+1)2-m) I 2™
1/q

(o)
IR I D SE VIS SRR P
i=0 B(a,(2i41)2-m) 2™

S ||f||FgC1q(]Rn)7

where we took [ > n(1+ 1/q). This proves (2.17).
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Finally, the inverse estimate of (2.17) is deduced from an argument similar to that used in the above
proof for (2.17), with my, ; and f; therein replaced by 7 := #M) and f — By o-; f, respectively. This finishes
the proof for the case a € (0,2¢), p = oo and ¢ € (1, 00|, and hence Theorem 1.3. O

3. Inhomogeneous spaces and further remarks

In this section, we first present the inhomogeneous version of Theorem 1.3. As a further generalization,
we show that the conclusions of Theorems 1.3 and 3.1 remain valid on Euclidean spaces with non-Euclidean
metrics.

It is known that, when p € (1,00) and a € (0, 00), then By  (R™")UFS* (R") C LP(R™), while when p = oo
and a € (0,00), then By, (R")U Fg (R") C C(R™), where C(R"™) denotes the set of all complex-valued
uniformly continuous functions on R™ equipped with the sup-norm; see, for example, [22, Theorem 3.3.1]
and [20, Chapter 2.4, Corollary 2].

Theorem 3.1. Let £ € N and o € (0,2¢).
(i) Let ¢ € (0,00]. Then f € By (R™) if and only if f € LP(R™) when p € (1,00) or f € C(R") when
p =00, and

[ee] 1/q
11£ 1y, @y = 1Fll o @ny + { > ke — Bg,Q_kfnqL,,(Rn)} < .
k=1
Moreover, ||| - |||ng(]Rn) is equivalent to Hf||ng(Rn).

(ii) Let p € (1,00] and q € (1,00]. Then f € Fg',(R™) if and only if f € LP(R™) when p € (1,00) or
f € CR") when p = oo, and ||| f|||Fg, ®n) < 00, where, when p € (1, 00),

s 1/q
I Fe, @ny = [Ifllze@n) + { D okea|f — Bz,zkflq}

k=1 Lo (&™)
and, when p = o0,
1/q
o0
£l Fe @) =l ]z @n) + sup sup f > 25| f(y) = Byo-r f(y)|" dy
: zeR" m>1 =
B(z,2—m™)
Moreover, ||| - [||ro (rn) is equivalent to || - ||po (&n)-

Proof. By similarity, we only consider (ii). The proof is similar to that of Theorem 1.3, and we mainly
describe the difference. We need to use the following well-known result: when « € (0,00) and p,q € (1, 0],
then, for all f € ¥ (R"),

1 g ) ~ 1oy + 17T qary (3.1)

where MF;Q(RH) is defined as ||f||F£q(Rn) in Definition 1.2 with k € Z; and m € Z; therein replaced,
respectively, by k € N and m € N (which can be easily seen from [22, Theorem 3.3.1] and [20, Chapter 2.4,
Corollary 2]).

Assume first that f € F (R"). By [22, Theorem 3.3.1] and [20, Chapter 2.4, Corollary 2|, we know
that f € LP(R™) when p € (1,00) or f € C(R™) when p = co. On the other hand, repeating the proof of
Theorem 1.3, we see that, when p € (1, 00),
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- 1/q
{ > gkef — Bg,zmq} S £l @)
k=1

LP(R™)
and, when p = oo,
1/q

swpswp & f Y0 2 )  Buo oSy o S Wl

rzeR™” m>1 _
B(z, 2—m) kF=m

which show [[|flllr. ey S I llre. -
Conversely, assume that f € LP(R") when p € (1,00) or f € C(R") when p = oo, and ||| f|[|re  rn) < o0
Again the proof of Theorem 1.3 shows that, when p € (1, 00),

o ') l/q
1l g,y S { > 2k f — Bz,Qkf|q}
k=1 Lo (zn)
and, when p = oo,
1/q
Flles oy S 0 5o 8 f 50 20070) = By f ) dy b %l oo
; zERM m>

B(z, 2-m) kF=m

This, together with (3.1), further implies that || f||re @) < [[[flllFe  &»), and hence finishes the proof of
Theorem 3.1. O

Finally, we point out that the conclusions of Theorems 1.3 and 3.1 are independent of the choice of the
metric in R™. To be precise, let || - || be a norm in R™, which is not necessarily the usual Euclidean norm.
Then (R™, || - ||) is a finite dimensional normed vector space with the unit ball

K:={zeR": ||z <1}.

Clearly, K is a compact and symmetric convex set in R" satisfying that —K = K and B(0,0;) C K C
B(0,d3) for some 41,02 € (0, 00).
Forall /€N, f € L] (R") and 2 € R", define

loc

Y4
Bg7t,Kf(l‘) = TN Z(—l)j (£ 2_éj> Bjt,Kf(x).

Then we have the following conclusion.
Theorem 3.2. The conclusions of Theorems 1.5 and 5.1 remain valid with By therein replaced by Byt k.

Since the proof of Theorem 3.2 is essentially similar to the proofs of Theorems 1.3 and 3.1, we only
describe the main differences, the other details being omitted.
We first observe that

~

(Bex )" () = mex (t8)f(§), & €R,
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where

me i (@ :%Z < J)IK(jx) z eR"

j=1

Similar to the proof of Lemma 2.1, by means of the symmetry property of K, a straightforward calculation
shows that, for all z € R™,

y4
mg,K(IE) = ][ _27@) Z(—l)j (ﬂ 2_€]> COS(j;L‘ . y) dy =1- A&K(IL’),

where

Furthermore, we have the following estimates: for all x € R™ with |z| < 4,

A(’K(l')
0<C’1§W§C’2 (32)
and
|ViA; k()] < Cmin{|z|?* "1}, €N, (3.3)

where C1, Cy and C are positive constants independent of x. Similar to the proof of Lemma 2.2, by (3.2)
and (3.3), we observe that

sup ][ o+ ty)| dy < Mf(x)
te(0,00) S

for all f € LL _(R") and z € R".

Finally, notice that, by the equivalence of norms on finite-dimensional vector spaces, the spaces B;” o(R™),
. (R™) and their inhomogeneous counterparts are essentially independent of the choice of the norm of the
underlying space R™. By means of this observation and using (3.2), (3.3) in place of Lemma 2.1, we obtain
Theorem 3.2 via some arguments similar to those used in the proofs of Theorems 1.3 and 3.1, the details
being omitted.
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