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1. Introduction

Let fA(&) = [gn €72™@¢ f(x)dz be a Fourier transform of f. Given a multiplier m €
L*>(R™), we define the operators My, t > 0, by (M, f)"(§) = f(&)m(t€) and the maximal
multiplier operator
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M f(z) = Sup [(Mf) ()]

which is well defined a priori for a Schwartz functions S(R™).
It is well known, if multiplier m satisfies the well known Mikhlin—-Hérmander condition

[0%m(&)] < Cal€]”

for all (or sufficiently large) multiindices a, if F~! f(£) = [5, €™ f(z)dx is a reverse
Fourier transform, then the multiplier operator f — F~![mf] is bounded in LP(R")
when 1 < p < oo (see [12,15,7,11]). Note that maximal operator M,, formed by multi-
plier m with the Mikhlin—-Hoérmander condition in general not bounded on LP(R™). The
corresponding example can be found in [4].

We will consider the case when multiplier m is the Fourier transform of a compactly
supported Borel measure. In this case the operator M;, t > 0, we can represent as a
convolution operator

- / f(x — ty)do(y),
S

where o is a compactly supported Borel measure on the set S C R™ and 5(§) = m(§).
Obviously we have

M f(z) = Mg f(x) :=sup /fx—tyda (v)] -

t>0

We say that o is locally uniformly S-dimensional (3 > 0) if o(B(x, R)) < CszR?, where
B(z, R) is a ball of radius R < 1 centered at x. It is easy to see that a locally uniformly
[-dimensional measure must be absolutely continuous with respect to [-dimensional
Hausdorff measure pg, but such a measure need not exhibit any actual “fractal” be-
havior. Thus, for example, Lebesgue measure is locally uniformly g-dimensional for any
B < n. We can allow 8 = 0 in these definitions, in which case a measure ¢ is uniformly
0-dimensional if and only if it is finite, and locally uniformly bounded, i.e. o(B(z, 1)) is
uniformly bounded in x.

Rubio de Francia [16] proved the following

Theorem 1.1. If m(§) is the Fourier transform of a compactly supported Borel measure

and satisfies |m(&)] < (14 [£])~* for some a > 1/2 and all § € R™, then the mazimal

operator M, maps LP(R™) to itself when p > 241

The case when o is normalized surface measure on the (n—1)-dimensional unit sphere
was investigated by Stein [17]. According to Stein’s theorem for corresponding maximal
operator (spherical maximal operator)
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holds if p > n/(n — 1), n > 3, where f is initially taken to be in the class of rapidly de-
creasing functions. The two-dimensional version of this result was proved by Bourgain [2].
The key feature of the spherical maximal operator is the non-vanishing Gaussian cur-
vature of the sphere. Indeed, one obtains the same LP bounds if the sphere is replaced
by a piece of any hypersurface in R™ with everywhere non-vanishing Gaussian curvature
(see [10]).

Note that for normalized surface measure on the sphere we have |5(§)| < C(1 +
|€])~(»=1/2 and from the Rubio de Francia Theorem follows Stein’s theorem on bound-
edness spherical maximal operator in LP(R™) (see [16]). More generally, if o is smooth
compactly supported measure in a hypersurface on R™ with & non-vanishing principal
curvatures (k > 1), then |5(¢)| < C(1+¢])~%/2? and from the Rubio de Francia Theorem
follows Greenleaf’s theorem (see [10,16]).

The main tool used in proving Rubio de Francia’s maximal theorems is the square
function technique. Essentially, this says that if the Fourier transform m(§) of a com-
pactly supported Borel measure o has decay of order —1/2 —¢; € > 0 i.e.,

m(€)] < C(L+J¢)) /2 (1)

then the maximal operator M,, is bounded on L2. A modified proof of this results due
by Iosevich and Sawyer (see Theorem 15 in [13]) shows that the condition (1) can be
replaced by more general conditions

1/2

(/mwwﬁ < C(1 1 1)V,
1

1/2

[Ivmoa b < 1eh gD,

where 7 is bounded and nonincreasing on [0, 00), and >~ v(2") < cc.

Our aim of this paper is to study boundedness properties of the Rubio de Francia’s
maximal multiplier operator M,, in variable Lebesgue spaces.

The boundedness of the spherical maximal operator in variable Lebesgue spaces was
studied in the papers [8] and [9].

2. The main results

The Lebesgue spaces LP() (R™) with variable exponent and the corresponding variable
Sobolev spaces W*»() (R™) are of interest for their applications to modeling problems in
physics, and to the study of variational integrals and partial differential equations with
non-standard growth condition (see [6,5]).
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We define P(R™) to be the set of all measurable functions p : R™ — [1, 0o]. Functions
p € P(R™) are called variable exponents on R". We define p~ = essinf, cgn p(x) and
pT = esssup,epn p(2). If p™ < 00, then we call p a bounded variable exponent.

Let p € P(R™), LP()(R™) denote the set of measurable functions f on R™ such that

for some A >0
p(x)
/ <|f()\w)> dxr < 0o

Rn

This set becomes a Banach function space when equipped with the norm

p(x)
1oy = inf A>o:/(@) iz <1
Rn

Let B(x,r) denote the open ball in R™ of radius r and center x. By |B(z, r)| we denote
n-dimensional Lebesgue measure of B(z,r). The Hardy—Littlewood maximal operator
M is defined on locally integrable function f on R™ by the formula

1
Mf(z) = i;llg |B($’r>|3(/) | f(y)|dy-

In many applications a crucial step has been to show that the Hardy—Littlewood max-
imal operator is bounded on a variable LP() spaces. Note that many classical operators
in harmonic analysis such as singular integrals, commutators and fractional integrals
are bounded on the variable Lebesgue space Lp('(R") whenever the Hardy—Littlewood
maximal operator is bounded on LP()(R™).

Let B(R™) be the class of all functions p € P(R") for which the Hardy-Littlewood
maximal operator M is bounded on LP()(R™). This class has been a focus of intense
study in recent years. We refer to the books [6] and [5], where several results on maximal,
potential and singular integral operators in variable Lebesgue spaces are presented.

We say that a function p : R™ — (0, c0) is locally log-Holder continuous on R™ if there
exists ¢; > 0 such that

1
e+ 1/[z —yl)

Ip(z) —py)l < a1 Tog

for all x,y € R™, |x —y| < 1/2. We say that p(-) satisfies the log-Holder decay condition
if there exist po € (0,00) and a constant ¢z > 0 such that

Y [ e g —
Ip(z) —p |*czlog(e+|a:|)

for all € R™. We say that p(-) is globally log-Hélder continuous in R™ (p(-) € Plog) if
it is locally log-Hélder continuous and satisfies the log-Holder decay condition.
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If p: R™ — (1, 00) is globally log-Ho6lder continuous function in R™ and p~ > 1, then
the classical boundedness theorem for the Hardy—Littlewood maximal operator can be
extended to LPC) (see in [5,6]).

Throughout the paper, we denote by ¢, C, ¢, C1, ca, Cs, etc. positive constant which
is independent of the main parameters but which may vary from line to line.

Our main results are the following

Theorem 2.1. Let p(-) € P(R™). Let m(§) be the Fourier transform of a compactly sup-
ported Borel measure o and the following conditions be fulfilled:

1) o is locally 3-dimensional, where 0 < 8 < n;
1/2
2) {FIm(t)Pat} " < o1+ e
2 2 1/2 —
3) {JEIvm()Par} " < o1 +1g)

where oo > 1/2. If % € B(R™) for some 0 < 6 < %, then the maxzimal
operator M,,, maps LPC)(R™) to itself.

Theorem 2.2. Let m(&) be the Fourier transform of a compactly supported Borel mea-
sure o and the following conditions be fulfilled:

1) o is locally 3-dimensional, where 0 < 8 < n;
1/2
2) {FIm(t)Pat} " < o1+ e
2 2 1/2 —
) L 1wme)Parh T < o+ g

where o > 1/2. If p(-) € Piog and

2 200 — 26 — 1 2 200 — 26 — 1
n+2a—20 <p <p, < n+2a—20 7
n+2a—-p-1 n—_p

then the mazimal operator M,, maps LPC)(R™) to itself.

Theorem 2.3. Let m(&) be the Fourier transform of a compactly supported Borel mea-
sure o and the following conditions be fulfilled:

1) o is locally B-dimensional, where 0 < § < n;
1/2
2) {J7 Im@e)Pat} " < o+ el
1/2
3) {7 IVme)Pat} <o +igh

where o > 1/2. If p(-) € Prog and
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2n+2a— 25 —1 n+2a—p8-1
<p_<pr<—— —"p_|
n+2a—pF5-1 P- =P+ n—_p¢ p

then the mazimal operator M,, maps LPC)(R™) to itself.

If we take g = 0, then we will obtain analog of the Rubio de Francia Theorem for
variable exponent Lebesgue spaces.

Corollary 2.4. Suppose m(§) is the Fourier transform of a compactly supported Borel
measure and satisfies |m(§)| < (1+&])~* for some a > 1/2 and all £ € R™. If p(-) € Prog
and

then the mazimal operator M,, maps LP()(R™) to itself.

Let 1 denote a Hausdorff measure on E C [0, 1] and v, denote the rotationally invari-
ant probability measure on the sphere of radius r. Let

1
- / vydu(r) ()
0

denote the corresponding rotationally invariant measure on the set E, = {x € R" :
|z| € E}.

If the measure p is locally a-dimensional (0 < o < 1), then the measure o is locally
uniformly n — 1 4+ a-dimensional and

/2

n—l+4a

/| o) oo,

moreover, the same estimates hold if 7 (t€) is replaced by V& (t£) (see [14]).

Let E denote the Cantor-like subset of [0, 1] consisting of real numbers whose base m,
m > 2, expansions have only 0’s and 1’s. Let u denote the probability measure on E.
Note that fi(§) does not tend to 0 as &€ — oo (see e.g. [18]) and for the corresponding

_ni

measure o Fourier transform &(§) decays only of order Tl at infinity, but square

function
) 1/2
/ (t6)[2dt
1
decays of order ——"*;r”‘, where o = 1100g2 is dimension of E (see [14]).
g m
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Corollary 2.5. Let p denote a Hausdorff measure on E C [0,1]. Suppose p is locally
a-dimensional 0 < o < 1. Let M, be mazimal operator corresponding to the measure
defined by (2). If p(-) € Piog and

nfoz< < <n71
P— =P+ 1_ap—a

n—1
then the mazimal operator M, maps LPC)(R™) to itself.
3. Proof of main results
Proof of Theorem 2.1. We set m(§) = L/i;(f) Obviously m(&) is a C* function. To study
the maximal multiplier operator M., f(x) we decompose the multiplier m () into radial

pieces as follows: we fix a radial C*° function ¢g in R™ such that ¢g(§) = 1 when |¢] <1
and ¢o(§) = 0 when |¢] < 2. For j > 1 we let

0;(€) = po(277€) — o (2'77€)

and we observe that ¢; is localized near || ~ 27. Then we have

Y owi=1
j=0

Set m; = ¢;m for all j > 0. Then m; are C§° functions that satisfy

o0
m = E mj.
Jj=0

Also, the following estimate is valid:
M f <D M, f
§=0

where

M (2) = sup | F~ (F(&)m; (t6) ) ()]

t>0

Note that for any j > 0 we have (see the proof of Theorem 15 in [13]) the estimate
IM; fllzz < C2072799) ]| 2 (3)

for all f € L2(R").
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Note also that since p(-) := %ﬁ;p(.) € B(R™) we have the estimate

1M fllay < C2707P)| fll50 (4)
for any j > 0. The proof of estimate (4) is based on the estimate
M, f(z) < CP0) Mf(x), ()

where M is the Hardy—Littlewood maximal operator.

The proof of (5) for specific measure defined by (2) was done in [14]. The proof is
based only on the geometric assumption of the measure (assumption 1)). We will prove
it for general case for completeness.

To establish (5), it is sufficient to show that for any M > n there is a constant
Chr < oo such that

Cc2i(n
F Y p;) xdo < — 6
5 o) <o) ()] < o (6)
Using the fact that ¢ is a Schwartz function, we have for every N > 0,
_ : do(y)
o, < Oy2v / A —
‘(.7: (¢;) * do) (x)’ <Cy A5 27— o) F (7)
Rn

Let N > M. We split the last integral into the regions
S_i(x)={y e R": 2|z —y| < 1}
and for k > 0,
Sp(z) = {y e R": 2% < 2|z —gy| < 2F+1Y.
We obtain the following estimate for the expression |(F~*(¢;) * do) (z)|

zj: / CN2"7da Z /  On2Mdo(y)
(1 + 27[z —y|)V (1 + 27—y

S () k=i+1g, ()

XB(O 3)( XB(o 2k+1— J+1)( )
< O Z o cox Y G

k=—1 k=j+1

— T+ 1. (8)
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Using the fact that o is locally uniformly g-dimensional, together with the fact that for
y € Si(z) we have |x| < 2¥17J 4+ 1, we obtain the following estimate

j i
4 C,2k+1-35)8 ,
I <Cy2™ Z b QkNXB(O’3) @) < CN,ﬁ2(n_ﬂ)jXB(0,3) (). (9)

k=—1

On the other hand

IIS C;VQRJ Z 02_kNXB(072k+17j+1)({L')

k=j+1
00 .
. 1_|_ 2k7]+2)M
< C/ 2n]2—kN(
- Z (1 + |z[)M
k=j7+1

0 o(k—j)(M—N)

/
<Oy Z 9k(N+1—n)
k=j+1

20

< @t T (10)

where we used that N > M > n. From (7)—(10) we obtain (6) and consequently (5).
Note that

1 1-6

0
— = 4+ —

and, therefore,
LPOR™Y) = [LA(R™), LPO(R™)]g = (LA (R™)~(LPO(R™))?

(where [Xo, X1]g is a complex interpolation space, see [1] and X2 ?X? is a Calderén
construction see [3]). Now from (3)—(4) we obtain

MGl o) s poer < CIUMGITRS, L2 MGl Lo s pacey < €120/ 1=0igi =06 (47
Using the last estimate we obtain that if 0 < 0 < M_ﬁ_—gi_w, then

M llpy < €Y 20270095 =00 £y < C”||fllp). O
j=0

To prove Theorem 2.2 we need the following lemma.

Lemma 3.1. Suppose a > 1/2, 0 < 8 < n and for exponent p : R™ — (1,400) we have

2 200 — 26 — 1 2 200 — 26 — 1
n+ 2« I5) <p <p, < n+ 2a I3 .
n+2a—-p-1 n—_p
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Then there exists exponent p : R™ — (1,+00) such that 1 < p_ < p; < oo and ﬁ =

15—9 + p(ew) x € R™ for some 6 with property 0 < 6 < %

Proof. Note that if 5 < n then

2 20— 23 —1 2 20— 28 — 1
P B cp i p ,
n+2a—-p8-1 n—_p

and if § = n, then

2n 420 -2 -1 2n+2a -2 -1

n+2a—p4-1 an n—_p o0
We have
n—_p 1 1 n+2a—-p5-1
< inf ——= < < .
o+ 20— 28— 1  ackn p(z) — e p(@)  2n+ 20— 28— 1
Let ﬁ = 2 + r(x). By assumption we have
n—p 1 ) n+2a—-p4-1 1
— - < inf < < - 12
Mm+2a—28—-1 2 xleanr(x)—f;lD{lMx) Mm+20—28—-1 2 (12)
It is easy to see that the equation
1 1-0 0
= + = 13
ORI 1
is equivalent to
1 r(x) 1
B S/ 14
2t T @) (14)

Using (11) we may take small § > 0 such that

n—_p¢ 1 n+2a—pF5-1 1
~ S 46< inf < _
Mmt2a—_25-1 2 <a;lennr()_wsélﬂg,r(x)<2n+2a—2,8—l 2

Then for 6, 0<9<T23,Where0—0<T2B 0o, 6y > 0 we have

n—p_ 1 n+2a—p—1 1
n+2a—28—1 2 + 5 r\x T 2n+2a—28—1 2 5
2n+2a—28—1 2 < inf ( ) < sup ( ) < 2n+2a—28—1 2

2a—1 — 0 zeRnr 0 T zERP 0 B 90 ’

2n+2a—2B+1 0 2n+2a—2B+1
2a—1 2a—1
1 2nr2a=28=1 -2 < inf r(z) < sup r(z) -1 1 2n2a=28=1 —20
2a—1 n — 2a—1 _ :
2 snisa—o5—1 — 0o @€R 0 verr 0 2 5orsa—as1 — to

If we take 6y < 26 we obtain
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1 o r(x) < sup r(x) < 1

T2 S wcrr 0 2’ (15)
From (13) and (14) we get
0 < inf ;S sup;<1.
ek p(x) ~ pern P()
Consequently we have 1 < p_ < p, <oo. O
Proof of Theorem 2.2. Using the fact that if p(-) € Plog then p(-) := %ﬁ;p(.) € Piog

and by Lemma 3.1 we have 1 < p_ < p; < o0, it follows from [6, Theorem 4.3.8], that
p(+) € B(R™). Now the proof of Theorem 2.2 follows from Theorem 2.1. O

Proof of Theorem 2.3. As by the assumption

2n+2a— 25 —1 < 2n+2a— 25 —1
(n42a— 3 —1)p- (n=Bp+

we can find 6 such that

M +2a—28—1
(n+2a—0—1)p_

2 200 — 28 — 1
<9<min<1, nt2a—25 )

(n— B)p+

It is clear, that

2n+2a— 26 —1
n+2a—p0-1)

2n +2a— 25 —1
(n—p)

It is clear that if p(-) € Piog then Op(-) € Plog and by Theorem 2.2 we get that the operator
M., is bounded in L?C)(R"). Using the fact that [L>(R™), LPO)Y(R™)], = LPC)(R™)
(0 < 6 < 1) and the operator M,, is bounded in L>(R") and L??()(R") we obtain that
operator M,, is bounded in LPO)(R™). 0

<fp_ <Opy <
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