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Laplace eigenvalue problem

Classical formulation

−∆ui = λiui in Ω

ui = 0 on ∂Ω

Countable sequence of eigenvalues

0 < λ1 ≤ λ2 ≤ λ3 ≤ · · ·

Weak formulation
λi ∈ R, 0 6= ui ∈ H1

0 (Ω) : (∇ui ,∇v) = λi (ui , v) ∀v ∈ H1
0 (Ω)

Finite element method
Vh = {vh ∈ H1

0 (Ω) : vh|K ∈ P1(K ), ∀K ∈ Th}
Λh,i ∈ R, 0 6= uh,i ∈ Vh : (∇uh,i ,∇vh) = Λh,i (uh,i , vh) ∀vh ∈ Vh

Upper bound: λi ≤ Λh,i , i = 1, 2, . . . , dimVh



Laplace eigenvalue problem

Classical formulation

−∆ui = λiui in Ω

ui = 0 on ∂Ω

Countable sequence of eigenvalues

0 < λ1 ≤ λ2 ≤ λ3 ≤ · · ·

Weak formulation
λi ∈ R, 0 6= ui ∈ H1

0 (Ω) : (∇ui ,∇v) = λi (ui , v) ∀v ∈ H1
0 (Ω)

Finite element method
Vh = {vh ∈ H1

0 (Ω) : vh|K ∈ P1(K ), ∀K ∈ Th}
Λh,i ∈ R, 0 6= uh,i ∈ Vh : (∇uh,i ,∇vh) = Λh,i (uh,i , vh) ∀vh ∈ Vh

Lower bound: ? ≤ λi ≤ Λh,i , i = 1, 2, . . . , dimVh



Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω

π

π

4

π

[Trefethen, Betcke 2006]
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Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω
Ntri = 19456

1.9 1.95 2 2.05

λ1 ≈ 2.02280 λ2 ≈ 2.02481
λ1 ≈ 1.97588 λ2 ≈ 1.97967
λ1 ≈ 1.96196 λ2 ≈ 1.96644
λ1 ≈ 1.95777 λ2 ≈ 1.96251



Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω
Ntri = 77824

1.9 1.95 2 2.05

λ1 ≈ 2.02280 λ2 ≈ 2.02481
λ1 ≈ 1.97588 λ2 ≈ 1.97967
λ1 ≈ 1.96196 λ2 ≈ 1.96644
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Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω
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1.91067 ≤ λ1 ≤ 2.02280 1.91981 ≤ λ2 ≤ 2.02481



Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω

1.9 1.95 2 2.05

1.91067 ≤ λ1 ≤ 2.02280 1.91981 ≤ λ2 ≤ 2.02481
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Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω

1.9 1.95 2 2.05

1.91067 ≤ λ1 ≤ 2.02280 1.91981 ≤ λ2 ≤ 2.02481
1.94317 ≤ λ1 ≤ 1.97588 1.94893 ≤ λ2 ≤ 1.97967
1.95174 ≤ λ1 ≤ 1.96196 1.95694 ≤ λ2 ≤ 1.96644



Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω
Ntri = 19456

1.9 1.95 2 2.05

1.91067 ≤ λ1 ≤ 2.02280 1.91981 ≤ λ2 ≤ 2.02481
1.94317 ≤ λ1 ≤ 1.97588 1.94893 ≤ λ2 ≤ 1.97967
1.95174 ≤ λ1 ≤ 1.96196 1.95694 ≤ λ2 ≤ 1.96644
1.95443 ≤ λ1 ≤ 1.95777 1.95944 ≤ λ2 ≤ 1.96251



Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω
Ntri = 77824

1.9 1.95 2 2.05

1.91067 ≤ λ1 ≤ 2.02280 1.91981 ≤ λ2 ≤ 2.02481
1.94317 ≤ λ1 ≤ 1.97588 1.94893 ≤ λ2 ≤ 1.97967
1.95174 ≤ λ1 ≤ 1.96196 1.95694 ≤ λ2 ≤ 1.96644
1.95443 ≤ λ1 ≤ 1.95777 1.95944 ≤ λ2 ≤ 1.96251
1.95532 ≤ λ1 ≤ 1.95646 1.96025 ≤ λ2 ≤ 1.96129



Example: Square
λ1 = 2, u1(x , y) = sin(x) sin(y)

λ2 = 5, u2(x , y) = sin(2x) sin(y)

λ3 = 5, u3(x , y) = sin(x) sin(2y)



Example: Two squares
λ1 = 2

λ2 = 5

λ3 = 5



Example: Two squares
λ1 = 2 λ2 = 2

λ3 = 5 λ4 = 5

λ5 = 5 λ6 = 5



Example: Dumbbell
λ1 ≈ 1.9556 λ2 ≈ 1.9605

λ4 ≈ 4.8288 λ3 ≈ 4.7996

λ5 ≈ 4.9960 λ6 ≈ 4.9960



Lower bounds on eigenvalues

Old problem:
Temple 1928, Weinstein 1937, Kato 1949, Lehmann 1949, 1950,
. . .

Many results: Hehu Xie, Qun Lin, Jun Hu, Xuefeng Liu, Yidu
Yang, Zhimin Zhang, Fubiao Lin, C. Carstensen, J. Gedicke, D.
Galistl, G. Barrenechea, M. Plum, J.R. Kuttler, V.G. Sigillito, Y.A.
Kuznetsov, S.I. Repin, H. Behnke, F. Goerisch, M.G. Armentano,
R.G. Duran, L. Grubǐsić, . . .many others



Weinstein’s and Kato’s bounds

Eigenvalue problem: Find ui ∈ D(A) \ {0} and λi ∈ R:

Aui = λiui

Setting:

I V . . . Hilbert space

I A : D(A)→ V linear, symmetric operator

I {ui} form ON basis in V

I 0 < λ1 ≤ λ2 ≤ λ3 ≤ · · ·



Weinstein’s and Kato’s bounds

Eigenvalue problem: Find ui ∈ D(A) \ {0} and λi ∈ R:

Aui = λiui

Theorem 1 (Weinstein 1937):
Let u∗ ∈ D(A) \ {0} and λ∗ ∈ R be arbitrary.
Let δ = ‖Au∗ − λ∗u∗‖/‖u∗‖.
Then there exists λi such that λ∗ − δ ≤ λi ≤ λ∗ + δ.



Weinstein’s and Kato’s bounds

Eigenvalue problem: Find ui ∈ D(A) \ {0} and λi ∈ R:

Aui = λiui

Theorem 1 (Weinstein 1937):
Let u∗ ∈ D(A) \ {0} and λ∗ ∈ R be arbitrary.
Let δ = ‖Au∗ − λ∗u∗‖/‖u∗‖.
Then there exists λi such that λ∗ − δ ≤ λi ≤ λ∗ + δ.

Theorem 2 (Kato 1949):
Let u∗ ∈ D(A) \ {0} be arbitrary and λ∗ = 〈Au∗, u∗〉/〈u∗, u∗〉.
Let δ = ‖Au∗ − λ∗u∗‖/‖u∗‖ and µ, ν ∈ R satisfy

λi−1 ≤ µ < λ∗ < ν ≤ λi+1 for some i .

Then λ∗ −
δ2

ν − λ∗
≤ λi ≤ λ∗ +

δ2

λ∗ − µ
.



Proof of Theorem 1

Theorem 1 (Weinstein 1937):
Let u∗ ∈ D(A) \ {0} and λ∗ ∈ R be arbitrary.
Let δ = ‖Au∗ − λ∗u∗‖/‖u∗‖.
Then there exists λi such that λ∗ − δ ≤ λi ≤ λ∗ + δ.

Proof: ‖Au∗ − λ∗u∗‖2 =
∞∑
j=1
〈Au∗ − λ∗u∗, uj〉2

=
∞∑
j=1
|λj − λ∗|2〈u∗, uj〉2 ≥ min

j
|λj − λ∗|2‖u∗‖2

Thus,

|λi − λ∗| = min
j
|λj − λ∗| ≤

‖Au∗ − λ∗u∗‖
‖u∗‖

= δ



Proof of Theorem 2

Theorem 2 (Kato 1949):
Let u∗ ∈ D(A) \ {0} be arbitrary and λ∗ = 〈Au∗, u∗〉/〈u∗, u∗〉.
Let δ = ‖Au∗ − λ∗u∗‖/‖u∗‖ and µ, ν ∈ R satisfy

λi−1 ≤ µ < λ∗ < ν ≤ λi+1 for some i .

Then λ∗ −
δ2

ν − λ∗
≤ λi ≤ λ∗ +

δ2

λ∗ − µ
.

Proof: We have (λj − λi )(λj − ν) ≥ 0 for all j = 1, 2, . . . .

0 ≤
∞∑
j=1

(λj−λi )(λj−ν)〈u∗, uj〉2 =
∞∑
j=1

(λ2
j−(λi+ν)λj+λiν)〈u∗, uj〉2 =

‖Au∗‖2−(λi+ν)〈Au∗, u∗〉+λiν‖u∗‖2 =
(
δ2 + λ2

∗ − (λi + ν)λ∗ + λiν
)
‖u∗‖2

because ‖Au∗‖2 = (δ2 + λ2
∗)‖u∗‖2.



Weak form – general setting

Eigenvalue problem: Find ui ∈ V \ {0} and λi ∈ R:

a(ui , v) = λib(ui , v) ∀v ∈ V .

Properties:

I 0 < λ1 ≤ λ2 ≤ · · ·
I b(ui , uj) = δij
I ‖v‖2

b =
∑∞

j=1 |b(v , uj)|2

I ‖v‖2
a =

∑∞
j=1 λj |b(v , uj)|2



Weinstein’s bound in the weak form
Theorem 3: Let u∗ ∈ V \ {0} and λ∗ ∈ R be arbitrary and w ∈ V
be given by

a(w , v) = a(u∗, v)− λ∗b(u∗, v) ∀v ∈ V .

Then

min
j

|λj − λ∗|2

λj
≤ ‖w‖

2
a

‖u∗‖2
b

.

Proof:

‖w‖2
a =

∞∑
j=1

λj |b(w , uj)|2 =
∞∑
j=1

|a(w , uj)|2

λj

=
∞∑
j=1

|a(u∗, uj)− λ∗b(u∗, uj)|2

λj
=
∞∑
j=1

|λj − λ∗|2

λj
|b(u∗, uj)|2

Thus,

‖w‖2
a ≥ min

j

|λj − λ∗|2

λj

∞∑
j=1

|b(u∗, uj)|2



Weinstein’s bound in the weak form

Corollary: If √
λi−1λi ≤ λ∗ ≤

√
λiλi+1

and
‖w‖a ≤ η

then
`i ≤ λi ,

where `i =
1

4‖u∗‖2
b

(
−η +

√
η2 + 4λ∗‖u∗‖2

b

)2

.

Proof: Clearly,

(λi − λ∗)2

λi
= min

j

|λj − λ∗|2

λj
≤ ‖w‖

2
a

‖u∗‖2
b

≤ η2

‖u∗‖2
b

and solve for λi .



Kato’s bound in the weak form

Theorem 4: Let u∗ ∈ V \ {0} be arbitrary and let
λ∗ = ‖u∗‖2

a/‖u∗‖2
b. Let there be ν ∈ R such that

λi−1 < λ∗ < ν ≤ λi+1

for a fixed index i . Let ‖w‖a ≤ η. Then

Li ≤ λi ,

where

Li = λ∗

(
1 +

ν

λ∗(ν − λ∗)
η2

‖u∗‖2
b

)−1

.



Complementary upper bound on the residual

Theorem 5: Let q ∈ H(div,Ω) be such that − div q = λ∗u∗ then

‖∇w‖L2(Ω) ≤ η = ‖∇u∗ − q‖L2(Ω).

Proof: Let v ∈ H1
0 (Ω), then

a(w , v) = (∇u∗,∇v)− λ∗(u∗, v)− (div q, v)− (q,∇v)

= (∇u∗ − q,∇v)− (λ∗u∗ + div q, v)

≤ ‖∇u∗ − q‖‖∇v‖

[Braess 2007]



Flux reconstruction

I FEM eigenpairs: Λh,i ∈ R, uh,i ∈ Vh, ‖uh,i‖L2(Ω) = 1, i = 1, 2, . . . ,m

I Flux reconstruction: qh,i =
∑
z∈Nh

qz,i [Braess, Schöberl 2006]

I Local mixed FEM: qz,i ∈Wz, dz,i ∈ P∗1 (Tz)

(qz,i ,wh)ωz − (dz,i , divwh)ωz = (ψz∇uh,i ,wh)ωz ∀wh ∈Wz

−(div qz,i , ϕh)ωz = (rz,i , ϕh)ωz ∀ϕh ∈ P∗1 (Tz)

where

I ωz is the patch of elements around vertex z ∈ Nh

I Tz is the set of elements in ωz

I Wz = {wh ∈ H(div, ωz) : wh|K ∈ RT1(K ) ∀K ∈ Tz
and wh · nωz = 0 on Γext

ωz

}
I P∗1 (Tz) =

{
{vh ∈ P1(Tz) :

∫
ωz

vh dx = 0} for z ∈ Nh \ ∂Ω

P1(Tz) for z ∈ Nh ∩ ∂Ω
I rz,i = Λh,iψzuh,i −∇ψz · ∇uh,i

I Error estimator: ηi = ‖∇uh,i − qh,i‖L2(Ω)

I Weinstein’s bound: `i =

(
−ηi +

√
η2
i + 4Λh,i

)2

/4

provided Λh,i ≤
√
λiλi+1.

I Kato’s bound: Li = Λh,i

(
1 +

ν

Λh,i (ν − Λh,i )
η2
i

)−1

provided Λh,i < ν ≤ λi+1.



Flux reconstruction
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Example: Dumbbell – convergence

−∆ui = λiui in Ω = dumbbell

ui = 0 on ∂Ω

Adaptively refined meshes:



Example: Dumbbell – convergence
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Weinstein
Kato ν = ℓ2
Kato ν = L2
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Weinstein
Kato ν = ℓ4
Kato ν = L4
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Weinstein
Kato ν = ℓ6
Kato ν = L6
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Weinstein
Kato ν = ℓ7
Kato ν = L7



Closeness condition

Test if

Λh,i ≤
√
λbesti λbesti+1 ≤

√
λiλi+1,

where λbesti = max

{
`i , L

ν=`i+1

i , L
ν=L

ν=`i+2
i+1

i

}

best lower bound upper bound
√
λbesti λbesti+1 − Λh,i

λ7 `7 = 7.94671 Λh,7 = 7.98716 ?

λ6 Lν=`7
6 = 4.99667 Λh,6 = 4.99695 1.3044

λ5 `5 = 4.97426 Λh,5 = 4.99693 -0.0115

λ4 Lν=`5
4 = 4.82639 Λh,4 = 4.82999 0.0698

λ3 L
ν=L

ν=`5
4

3 = 4.78059 Λh,3 = 4.80086 0.0026

λ2 Lν=`3
2 = 1.96067 Λh,2 = 1.96070 1.1009

λ1 `1 = 1.94982 Λh,1 = 1.95581 -0.0006



Conclusions

I Good for general symmetric elliptic operators.

I Mixed boundary conditions (e.g. Steklov problem).

I Standard conforming finite element technology.

I Natural for adaptive refinement.

I A priori information on spectrum needed.

I Weinstein – robust, but less accurate.

I Kato – accurate if the spectral gap is large.

Open problems:

I Kato’s bound is not suitable for multiple eigenvalues.

I Does exists k > NDOF such that |b(uh,i , uk)| ≥ ξ, where
ξ > 0 is explicitly given?

I Are there rough lower bounds on λi , which are based on i?



Thank you for your attention
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