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THE ASCOLI PROPERTY FOR FUNCTION SPACES

SAAK GABRIYELYAN, JAN GREBIK, JERZY KAKOL, AND LYUBOMYR ZDOMSKYY

ABSTRACT. The paper deals with Ascoli spaces Cp,(X) and Cy(X) over Tychonoff spaces X. The
class of Ascoli spaces X, i.e. spaces X for which any compact subset K of Cx(X) is evenly contin-
uous, essentially includes the class of kgr-spaces. First we prove that if Cp(X) is Ascoli, then it is
k-Fréchet—Urysohn. If X is cosmic, then Cp(X) is Ascoli iff it is k-Fréchet—Urysohn. This leads to
the following extension of a result of Morishita: If for a Cech-complete space X the space Cp(X)
is Ascoli, then X is scattered. If X is scattered and stratifiable, then C},(X) is an Ascoli space.
Consequently: (a) If X is a complete metrizable space, then Cp(X) is Ascoli iff X is scattered.
(b) If X is a Cech-complete Lindelof space, then Cp(X) is Ascoli iff X is scattered iff Cp(X) is
Fréchet-Urysohn. Moreover, we prove that for a paracompact space X of point-countable type the
following conditions are equivalent: (i) X is locally compact. (ii) Cx(X) is a kr-space. (iii) C(X)
is an Ascoli space. The Asoli spaces Cx(X, 1) are also studied.

1. INTRODUCTION

Various topological properties generalizing metrizability have been intensively studied both by
topologists and analysts for a long time, and the following diagram gathers some of the most
important concepts:

k-Fréchet—Urysohn

ﬂ

Fréchet—
Urysohn

Ascoli

metric ———= space -

———— sequential ——= k-space ——> kr-space —

Note that none of these implications is reversible.

Especially, the above concepts attracted specialists to study those properties for function spaces
(see [1, 16, 19, 30] and references therein).

For Tychonoff topological spaces X and Y, we denote by Ci(X,Y) and C,(X,Y’) the space
C(X,Y) of all continuous functions from X into Y endowed with the compact-open topology or
the pointwise topology, respectively. If Y = R, we shall write Cj(X) and Cp(X), respectively.

It is well-known that C,(X) is metrizable if and only if X is countable. Pytkeev, Gerlitz and
Nagy (see §3 of [1]) characterized spaces X for which C,(X) is Fréchet-Urysohn, sequential or a
k-space (these properties coincide for the spaces C,(X)). Sakai in [27] described all spaces X for
which C,(X) is k-Fréchet-Urysohn, see Theorem 2.3 below. However, very little is known about
spaces X for which Cp(X) is an Ascoli space or a kgr-space.

Following [3], a space X is called an Ascoli space if each compact subset K of Ck(X) is evenly
continuous, that is, the map X x K > (z, f) — f(x) € R is continuous. Equivalently, X is Ascoli
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if the natural evaluation map X < Cy(Cy(X)) is an embedding, see [3]. Recall that a space X is
called a kr-space if a real-valued function f on X is continuous if and only if its restriction f|x
to any compact subset K of X is continuous. It is known that every kgr-space is Ascoli, but the
converse is in general not true, see [3].

The class of Ascoli spaces was introduced in [3]. The question for which spaces X the space
Cp(X) is Ascoli or a kg-space is posed in [10]. It turned out that for spaces of the form Cp(X),
the Ascoli property is formally stronger than the k-Fréchet—Urysohn one. This follows from the
following

Theorem 1.1. (i) If Cp(X) is Ascoli, then it is Kk-Fréchet-Urysohn.
(i) If Cp(X) is k-Fréchet-Urysohn and every compact K C Cy(Cp(X)) is first-countable, then
Cp(X) is Ascoli.

Recall that a regular space X is cosmic if it is a continuous image of a separable metrizable
space, see [20]. Michael proved in [20] that every compact subset of a cosmic space is metrizable,
and if X is a cosmic space then Cp(X) and hence Cp,(C,(X)) are cosmic. So all compact subsets
of Cp(Cp(X)) and hence C(Cp(X)) are metrizable. This remark and Theorem 1.1 imply

Corollary 1.2. If X is a cosmic space, then C,(X) is Ascoli if and only if it is k-Fréchet-Urysohn.

The second principle result of Section 2 is the following theorem, which extends an unpublished
result of Morishita [14, Theorem 10.7] and [6, Corollary 4.2], see also Corollary 2.12 below.

Theorem 1.3. (i) If X is Cech-complete and Cp(X) is Ascoli, then X is scattered.
(i) If X is scattered and stratifiable, then Cp(X) is an Ascoli space.

Since a metrizable space X is Cech-complete if and only if it is completely metrizable, and since
every metrizable space is stratifiable, Theorem 1.3 implies

Corollary 1.4. If X is a completely metrizable (and separable) space, then Cy(X) is Ascoli if and
only if X is scattered (and countable).

The following corollary strengthens also Proposition 6.6 of [10].

Corollary 1.5. Let X be a compact space. Then Cp(X) is Ascoli if and only if Cp(X) is Fréchet-
Urysohn if and only if X is scattered.

The second part of our paper deals with the Ascoli spaces Ci(X). In [24] Pol gave a complete
characterization of those first-countable paracompact spaces X for which the space Ci(X,1I) is a
k-space, where I = [0, 1].

In [9] the first named author described all zero-dimensional metric spaces X for which the space
Cr(X,2) is Ascoli, where 2 = {0, 1} is the doubleton.

On the other hand, it is proved in [10] that if X is a first-countable paracompact o-space, then
Cr(X,1I) is Ascoli if and only if C(X) is Ascoli if and only if X is a locally compact metrizable
space. However this result does not cover the case for X being a non-metrizable compact space X
for which clearly the Banach space C(X) is Ascoli. The next theorem, which is the main result of
Section 3, extends all results mentioned above. We prove the following

Theorem 1.6. For a paracompact space X of point-countable type the following conditions are
equivalent:
(i) X is locally compact;
(ii) X = @Pjc,. Xi, where all X; are Lindeldf locally compact spaces;
(iii) Cx(X) is a kr-space;
(iv) Cr(X) is an Ascoli space;
(v) Cp(X,1) is a kr-space;
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(vi) Cr(X,1I) is an Ascoli space.
In cases (i)—(vi), the spaces Ci(X) and Ci(X,I) are homeomorphic to products of families of
complete metrizable spaces.

In our forthcoming paper [11] we show that the paracompactness assumption on X cannot be
omitted in Theorem 1.6 and we provide the first C)-example of an Ascoli space not being a kgr-space.
2. THE ASCOLI PROPERTY FOR Cp(X)

Let X be a Tychonoff space and h € C(X). Then the sets of the form
[h,F.el :={f € C(X) :|f(z) — h(z)| < ¢ for all z € F}, where F' € [X]<* and ¢ > 0,

form a base at h for the topology 7, of pointwise convergence on C(X). The space C'(X) equipped
with 7, is usually denoted by Cp(X).

Lemma 2.1. Let {U, : n € w} be a sequence of open subsets of Cp(X) such that 0 € U, for all
n. Then for every sequence {W,, : n € w} such that W,, is an open cover of U,, for every n there
exists W,, € Wy, such that 0 € | J{W,, : n € w}.

Proof. By induction on n we can construct an increasing sequence {A, : n € w} of finite subsets
of X, a decreasing null-sequence {e,, : n € w} of positive reals, a sequence {W,, € W,, : n € w} of
open subsets of X and a sequence {h, : n € w} in Cp(X) such that

[hna Anagn] C W, and [hn+17 An—l—lagn—l—l] - [0, Ay, 1/7’L]
We claim that {W,, : n € w} is as required. Indeed, fix a finite F¥ C X and ¢ > 0, and find ng

such that F'N (U,e,, An) C An, and % + eng+1 < €. Then any h € [hpyt1, Ang+1,Eng+1]) such that
hlpa,, ., = 0 belongs to [0, Fe]. 0

The following statement is similar to [10, Proposition 2.1].

Lemma 2.2. Assume that Cp(X) is an Ascoli space and {Uy, : n € w} is a sequence of open subsets

of Cp(X) such that 0 € \J{U,, : n € w} but 0 € U, for all n. Then there exists a compact subspace
K of Cp(X) such that the set {n : K N U, # 0} is infinite.

Proof. Suppose for a contradiction that for every compact K C Cp(X), KNU,, # () only for finitely
many n. For every n € w, set

Wa == {W € P(Un) N7y : 3p € C(Cp(X)) (¢lw > 1) A¢le,(xnu, = 0)} -
Then W, is an open cover of U, and hence, by Lemma 2.1, for every n there exists W,, € W,, such
that 0 € J{W,, : n € w}. Let ¢, be a witness for W,, € W,,. It follows from the above that ¢,
converges to 0 in Cy(Cp(X)): given any compact K C Cp(X), ¢n|x is constant 0 for all but finitely
many n (namely for all n such that K N U, = 0). On the other hand, given any open V C Cp(X)

containing 0 and m € w, the inclusion 0 € (J{W,, : n € w} implies that there exists n > m and
f € V.nW,, which yields ¢, (f) > 1. This proves that the convergent sequence

{n € w}U{0} C Cr(Gp(X))

is not evenly continuous, a contradiction. ([l

Following Arhangel’skii, a topological space X is said to be k-Fréchet—Urysohn if for every open
subset U of X and every x € U, there exists a sequence {x, }nen C U converging to z. Note that
the class of k-Fréchet-Urysohn spaces is much wider than the class of Fréchet-Urysohn spaces [17].

A family {A;}ier of subsets of a set X is said to be point-finite if the set {i € [ : x € A;} is finite
for every z € X. A family {A;};cs of subsets of a topological space X is called strongly point-finite
if for every i € I, there exists an open set U; of X such that A; C U; and {U, };¢s is point-finite.
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Following Sakai [27], a topological space X is said to have property (k) if every pairwise disjoint
sequence of finite subsets of X has a strongly point-finite subsequence. We shall need the following
result of Sakai, see [27, Theorem 2.1].

Theorem 2.3. The space Cp(X) is k-Fréchet-Urysohn if and only if X has property (k).
Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. (i) By Theorem 2.3 we have to show that X has property (). Consider a
sequence {F,, : n € w} of finite subsets of X such that F,, N F,, = () for all n # m. We need to find
an infinite J C w and open sets U; D Fj for all j € J, such that {U; : j € J} is point-finite.

Let g be the constant k function and denote by Oy the set [gx, Fj, 1/2]. It is easy to see that
0 € U{O : k > 0}. By Lemma 2.2 there exists a compact K C C,(X) intersecting infinitely many
of the Oy’s. Thus there exists an infinite J C w and for every j € J a function h; € K N O;. Set

Uj={xe X :hj(x)>j—1/2} D Fj,
and note that {U;};cs is point-finite. Indeed, if = belongs to U; for all j € J', where J' C J is
infinite, then {h;(z) : j € J'} is unbounded, which is impossible because {h; : j € J'} C K.
(ii) Suppose that Cp(X) is not Ascoli and find a compact £ C Ci(Cp(X)) and ¢ € K such

that the valuation map is discontinuous at (0, ) € Cp(X) x K. Without loss of generality we may
assume that ¢(0) = 0 whereas the set

{(h,9) € (Cp(X)\{0}) x K : 9o(h) > 1}

contains (0, ¢) in the closure. Let {O,, : n € w} be a base of the topology of K at ¢. For every
n € w, denote by H,, the set of all nonzero functions h for which there is v, € O, such that
Yn.n(h) > 1, and note that 0 € H,,. Let W,, ,, C Cp(X) be an open neighbourhood of h such that

Wan © Cp(X)\ {0}

and ¥, n(R') > 1 for all B € Wy, . Set W, = {W,,, : h € Hy,} and note that 0 € YW, as
UW, D H,. Applying Lemma 2.1 we can find h,, € H,, such that

0e U{Wn,hn ‘N Ewh.

Since Cp(X) is k-Fréchet-Urysohn there exists a convergent to 0 sequence {g, : n € w} such that
gn € Wi, b, for some k, € w.

Let ng be such that ¢(g,) < 1/2 for all n > ng. Such an ng exists since ¢ is continuous and
©(0) = 0. Since {r,, n,, : 1 € w} converges to ¢ in Cx(Cp(X)) and {gy, : n € w} U{0} is a compact
subspace of Cp,(X), there exists n; € w such that

wkn,hkn |{gm:m2no}u{0} < 1/2 for all n > n;.

But this is impossible since 9y, x,, (9n) > 1 for all n, because g, € Wi, n, and ¥, pn, (h') > 1 for
all b € kahkn. ]

By [27, Theorem 3.2] every separable metrizable space X with property (k) is always of the first
category (i.e. every dense in itself subset A of X is of the first category in itself). So, if X is a
non-meager separable metrizable space without isolated points then C},(X) is not an Ascoli space.

Having in mind Theorem 1.1 it is natural to ask the following

Question 2.4. Suppose that Cp(X) is k-Fréchet-Urysohn. Is it then Ascoli?
Next proposition complements Theorem 3.4 and Corollary 3.5 of [27].
Proposition 2.5. Let X be a Cech-complete space. If X is has property (k), then X is scattered.



THE ASCOLI PROPERTY FOR FUNCTION SPACES 5

Proof. By Fact 1 on page 308 in [30] it is enough to prove that any compact K C X is scattered.
Suppose for the contradiction that X contains a non-scattered compact subset K. Since the prop-
erty (k) is hereditary by [27, Proposition 3.7], to get a contradiction it is enough to show that
K does not have property (k). As K is not scattered there exists a continuous surjective map
f: K —[0,1], see [28, Theorem 8.5.4]. By [8, Exercise 3.1.C(a)], passing to the restriction of f to
some compact subspace of K if necessary (this is possible because the property () is hereditary),
we may additionally assume that f is irreducible, i.e., f[K’] # [0,1] for any closed K’ C K. It
follows that for any A C K, if f[A] is dense in [0, 1], then A is dense in K because f[A] = [0, 1].

Let {B,, : n € w} be a base of the topology of [0, 1]. Since every B, is infinite we can choose
a disjoint sequence {F,, : n € w} of finite subsets of [0, 1] such that F,, N By # () for all k& < n.
Note that |J,,c; Fn is dense in [0, 1] for every infinite subset I of w. For every n € w take a finite
subset A, of K such that f[A,] = F),. It follows from the above that |J,.; A, is dense in K for
every infinite I C w. We show that the sequence {F}, : n € w} does not have a strongly point-finite
subsequence. Let I C w be infinite and a sequence U = {U; : i € I} of open subsets of K be such
that A; C U; for any i € I. Then

m U Ui #0

mew el i>m
by the Baire theorem because J;. 1.i>m Ui is open and dense in K for all m. So U is not point-finite.
Thus K does not have property (k). O

Let X = [[,cp Xt be the product of an infinite family of topological spaces. For x = (2;) and
y = (y) in X, we set 0(z,y) :={t: z; # y:} and
(2.1) Y(z):={y € X :0(x,y) is countable} and o(z) := {y € X : §(z,y) is finite}.
If each X} is considered with a structure of a linear topological space, then we standardly mean by
oter Xt := 0(0) the o-product with respect to the identity 0 = 0x := (0;) € X. If z € X(2) we set
supp(z) := {t € T': &y # 2}, so supp(z) is a countable subset of T'. Subspaces of [[,., X; of the
form (x), where = € [[,o X4, are called X-subspaces.

The following (probably folklore) statement generalizes a result of Noble [23]. We give its proof
for the sake of completeness.

Proposition 2.6. Let {X; : i € I} be a family of topological spaces such that X = [[;cp X; is
Fréchet-Urysohn for any countable subset I' of I. Then X(z) and hence also o(z) are Fréchet—
Urysohn for every z € [[;c; Xi. In particular, each X-subspace of a product of first countable spaces
is a Fréchet-Urysohn space.

Proof. Let Z = ¥(z) be a X-subspace of X = [[,c; Xi. Fix 2, € Z and A C Z such that z, € A.
Set Iy := supp(xy). Then

prlo(x*) € pTI()(A)?
and since [, 1, Xi is Fréchet—Urysohn, we can find a sequence Ap C A such that

pTIo(x*) € pT[O(AO).
Set
L :=1)U U supp(x).
TE€Ap

Repeating the above arguments by induction on n € w, we construct countable sets I, C I and
A, C A with the following properties for all n € w:

(a) In C In+1, and An C An—‘,—l;

(b) prp,(x«) € pry, [An]; and

(¢) U{supp(z) : x € Ap} C Ly1.
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We claim that z, € A, where A, = |J
for alli € F. Set

A,. Indeed, fix a finite F' C I and open U; 3 (i)

new

IW:UIR

new
and find ng such that
Fnl,=FNI,.
By our choice of A,, there exists x € A,, such that z(i) € U; for all i € F'n I,. Moreover, for
i € F'\ I, we have that z,(i) = z(i) = z(i) because supp(z+) C Iy and supp(z) C Ip,+1, and hence
z(i) € U; for all i € F, which yields z, € A,.

The space [[;c; X; is Fréchet-Urysohn, and therefore there exists a sequence {z, : n € w}
of elements of A, such that the sequence {pr; (z,):n € w} converges to pr; (z«) in [[;c; Xi.
Since x,(i) = z(i) for all n € w and ¢ € I\ I,, we conclude that x,, — z, in Z. Thus Z is a
Fréchet—Urysohn space. ]

In what follows we need the following consequence of [3, Proposition 5.10].

Lemma 2.7. Let Y be a dense subset of a homogeneous space (in particular, a topological group)
X. IfY is an Ascoli space, then X is also an Ascoli space.

Proof. Fix arbitrarily yo € Y. Let € X. Take a homeomorphism h of X such that h(yg) = =.
Then = € h(Y) and A(Y) is an Ascoli space. So each element of X is contained in a dense Ascoli
subspace of X. Thus X is an Ascoli space by Proposition 5.10 of [3]. ]

Let us recall several definitions. For a scattered space X one of the most efficient methods to
analyze its structure is the Cantor—-Bendixson procedure described below. Set X 0 .= X,

xO0+) . x(v) \ ISO(X(V))
(where by Iso(Z) we denote the set of all isolated points of a space Z), and
x0 .= m x (@)

a<y

for limit ordinals . It is easy to see that X is scattered if and only if X(*) = ) for some ordinal ~.
If X is scattered, for 2 € X we denote by d(x) the (unique) a such that z € X (@ \ x(@t+D),

A space X is called ultraparacompact [26] if any open cover has a clopen disjoint refinement. It
has been shown by Telgarsky in [29] that a scattered paracompact space is zero-dimensional and
ultraparacompact, see also [26] for generalizations.

Proposition 2.8. Assume that a paracompact scattered space X has the following property:

(x) Each x € X has a clopen neighborhood O(x) such that for any clopen U, x € U C O(z),
there exists a compact C, x € C C U, for which the difference U \ C is paracompact, and
there exists a continuous linear operator v : Cp(C) — Cp(U) such that (f)|c = f for all
feCy,(0).

Then Cp(X) is Ascoli.

Proof. Note that if x and its clopen neighborhood O(x) satisfy (x), then for every clopen neighbor-
hood V of x with V' C O(x) the pair x,V satisfies (x). The following claim is the central part of
the proof.

Claim 2.9. Let X be a paracompact scattered space with property (x). Then for every x € X there
exists a clopen neighbourhood O(x) of x with the following property:
(t) For any clopen U C O(z) there exists a family K = Ky, of scattered compact subsets of U
such that Cy(U) is linearly homeomorphic to a linear subspace of []jcx Cp(K) containing
UKEICCP(K)'
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Proof. The proof will be by transfinite induction on d(x). If d(z) = 0, then = € Iso(X). Set
O(z) := {z} and K := {{z}}. Clearly, O(z) and K are as required. Assuming that the claim is
true for all z € X with d(z) < «, let us fix z € X with d(z) = « and find a clopen neighborhood
O(z) C X of x such that
O(z) C{y e X : d(y) < a} U{z}.
We claim that O(x) is as required. Indeed, let us fix a clopen U C O(x). Two cases are possible.
Case 1. Assume that x € U. Since X has property (x), there exists a compact C' > x such that

C Cc U and U \ C is paracompact and there exists a continuous linear operator ¢ : C,,(C) — Cp,(U)
such that ¢(f)|c = f for all f € C,(C), so 9(0) =0. For every y € U \ C, set

Vo(y) = O(y) N (U\ C).

Then Vy = {Vo(y) : y € U\ C} is an open cover of a paracompact scattered space U\ C. Thus there
exists [29] a clopen cover V of U \ C whose elements are mutually disjoint, and such that V <V,
i.e., for every V € V there exists V' € V, with the property V C V’. It follows from the above that
each V' € V has property (1), and hence there exists a family Ky of scattered compact subsets of
V' such that Cp,(V) can be topologically embedded into [[xcx,, Cp(K) via a linear continuous map

ov:Cp(V) = T Cu(K)
KekKy

such that

okeky Cp(K) C v [Cp(V)].
Set

K= J{kv:veviu{cy,
so K is a family of scattered compact subsets of U. Define a continuous linear operator ¢ : C,(U) —
[{Cp(K) : K € K} as follows: if f € C,(U), then

(2:2) e(/)IC) = fles
and if K € Ky for the unique V € V such that K € Ky, then
(2.3) P(NIK) = v ((f = o(fle)v ) (K).

In (i)-(iii) below we prove that ¢ and K satisfy (}).
(i) We show that ogeicCp(K) C ¢[Cp(U)]. Fix a finite £ C K and
(f)kex € J] Co(K).
KeKk!

There is no loss of generality to assume that C' € K, because otherwise we may consider K" =
K'U{C} and set fo = 0. For every K € K’ \ {C} find (the unique) Vx € V such that K € Ky,.
For every V € {Vk : K € K'} find fy € Cp(V) such that for each K € K’ with Vx = V it follows
that

(2.4) ov(fv)(K) = fk.

Such an fy exists by our assumptions on ¢y. Set
U =U\|J{Vk : K e K'\{C}},
so U’ is a clopen subset of X containing C. Define f € C,(U) by

._ V(fe)x) S ifzel,
(2.5) fz) = {w(fc)(w) 4 fy (@), if o € Vig and K € K'\ {C).
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We claim that ¢(f)(K) equals fx for K € K’ and 0 otherwise, that proves (i). Indeed, fix K € K'.
If K=C CU’, then

(1) £l B w(fo)le = fo
If K € K'\ {C}, then
(2.3

(1) E) = v ((F = B (Fle) i) () = ovie (Flvie — 0 (fe)lvie ) (K)

(2.5)

= v (W) vie + fvie) — (fe)lvie ) (K) = vy (frie ) (K) =" fic.
Finally, if K € £\ K', then K C U’ and
(23

() E) =" v ((f = v(fle)lvie) (K) = ovie (Flvic = 0(fe)lvie ) (K)
D v (o) — B vie) () = v (0)(K) = 0.
(ii) Let us prove that ¢ is injective. Assume that o(f) = ¢(g). Set h := p(f)(C) = flc = glc-
Given any V € V and K € Ky, the equality ¢(f)(K) = ¢(g)(K) and (2.3) imply

ev ((f = (M) ) (E) = ev((g — ¥ (h)|v) (K),

and hence (f — ¢ (h))|v = (g — ¥ (h))|v by the injectivity of ¢y . Consequently, fly = g|v, and
therefore f = g because V € V was chosen arbitrarily.

(iii) We show that o= : o[CH(U)] — Cp(U) is continuous. Fix a finite subset F' of U and
e > 0. Passing to a larger F' if necessary we may assume that F' = Fo U J{F; : i < n}, where
Fo € [C]=¥ and F; € [V;]<¥ for some V; € V such that V; # Vj for i # j. We need to find an open
neighbourhood W of

(0x) € T] Cp(K)
Kek
such that f € [0, F,e] whenever ¢(f) € W. Let A¢c € [C]<¥ and § > 0 be such that Fo C Ac,
0 < e, and
¥[0, Ac, 0] C [0, F,e/2].

(Here of course [0, Ac, 6] and [0, F',e/2] are considered as subsets of C},(C) and C,,(U), respectively).
Since @y, is an embedding, there exists an open neighbourhood W; of

o) e [I G

KE/CVi
such that h € C,(V;) lies in [0, F}, /2] whenever ¢y, (h) € W;. Consider

W=wex [[ Wy
Vey
such that
We = 1[0, A¢,6] C Cp(C), Wy, =WiC ] Cp(K),
KeKy,
and Wy = [[gere, Cp(K) for V ¢ {V; : i < n}. Assume that ¢(f) € W for some f € C,(U). Then

e(f)(C) = fle €[0,Ac,d] C [0, Fo, €],
and hence ¥(f|c)|v, € [0, Fi,e/2] for all i < n. Fix i < n and observe that ¢(f) € W implies
o(f) | Ky, € W;; therefore, see also (2.3), v, (h;) € W; for h; = (f — ¥ (flc))|v;. It follows from
the above that h; € [0, Fj,e/2] C Cp(V;). Since ¥(f|c))|v, € [0, Fi,e/2] and h; € [0, F;,e/2], we
have that
flvi = hi +¥(flc))lv; € [0, Fi,e]
which completes our proof in Case 1.
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Case 2. Assume that x ¢ U. This case is similar but simpler than the previous one. Given any
y € U, set Vo(y) = O(y)NU. Then Vo = {Vo(y) : y € U} is an open cover of a paracompact scattered
space U. So there exists a clopen cover V < Vy of U whose elements are mutually disjoint, see [29].
It follows from the above that each V' € V has property (), and hence there exists a family Ky of
scattered compact subsets of V' such that C, (V') can be topologically embedded into [[cex,, Cp(K)
via a linear continuous map

ov:Cp(V) = [ oK)
Keky

such that

ev[Cp(V)] D oxery, Cp(K).
Set K :=|J{Kv : V € V} and

o= (pv)vev: GU) =[] (V)= [ TI CoE) =][{Co(K): K € k}.

vey VeV KeKy
A direct verification shows that ¢ is a linear embedding and ¢[Cy(U)] contains oxexCp(K). O

Now we complete the proof of the proposition. By Claim 2.9, for every x € X choose a clopen
neighbourhood O(z) of x with the property (). Then Vy = {O(x) : x € X} is an open cover of a
paracompact scattered space X. By the same argument as in the proof of Case 2 of Claim 2.9 we get
that there exists a family /C of scattered compact spaces such that C},(X) is linearly homeomorphic
to a linear subspace of [[xci Cp(K) containing oxexCy(K). The latter o-product is dense in
Cp(X) as it is dense in []xcx Cp(K). For any countable K’ C K the topological sum @K' is a
Lindel6f scattered space, and hence

[ (&) = Cyek)

KeKk’
is Fréchet-Urysohn by [1, Theorem IL1.7.16]. So oxecxCp(K) is Fréchet-Urysohn by Proposi-
tion 2.5, and hence Cp(X) can be covered by its dense Fréchet-Urysohn subspaces (namely shifts
of ogexCp(K)). Thus Cp(X) is Ascoli by Lemma 2.7. O

Clearly if X has finitely many non-isolated points, then X has property (x). Therefore we have
the following

Corollary 2.10. If X has finitely many non-isolated points then Cp(X) is Ascoli.

A regular topological space X is stratifiable if there is a function GG which assigns to every n € w
and each closed set F' C X an open neighborhood G(n, F') C X of F' such that F =, ., G(n, F)
and G(n, F) C G(n, F’) for any n € w and closed sets F' C F' C X. Borges proved in [4] that each
stratifiable space X satisfies Dugundgji’s extension theorem: For every closed subset A of X there
is a continuous linear operator ¢ : Cy(A) — Cx(X) such that ¥ (g)|a = g for every g € Cy(A). Any
metrizable space is stratifiable, and each stratifiable space is paracompact, see [13, Theorem 5.7].
Any subspace of a stratifiable space is stratifiable and hence is paracompact.

Proof of Theorem 1.5. (i) follows from Theorems 2.3 and 1.1 and Proposition 2.5.

(ii) By Proposition 2.8 it is enough to show that every scattered stratifiable space satisfies
property (x). For every z € X, let O(x) be an arbitrary clopen neighborhood of z and let C' = {z}.
Now for every clopen U with z € U C O(z), the difference U \ C is paracompact and there is a
continuous linear operator v : Cy(C) — C(U). At the end of page 9 in [4] Borges proved that the
operator 1 is also continuous as a map from C,(C) to C,(U). Thus X satisfies property (). [

In light of Theorem 1.3 it is natural to ask the following

Question 2.11. Does every scattered Czech-complete space have property (x)?
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The following corollary complements Theorem I1.7.16 of [1] and immediately implies Corollary
1.5.

Corollary 2.12. For a Cech-complete Lindelof space X, the following assertions are equivalent:
(1) Cp(X) is Ascoli;

(ii) Cp(X) is Fréchet-Urysohn;

(iii) X s scattered;

(iv) X is scattered and o-compact.

Proof. (1)=(iii) follows from (i) of Theorem 1.3, (iii)=-(ii) follows from [1, Theorem II.7.16], and
(ii)=(i) is trivial. (iii) = (iv): If X is a Cech-complete Lindelof space, then by Frolik’s theorem,
see [7], there exists a Polish space Y and a perfect map from X onto Y. As scattered property is
inherited by perfect maps, the space Y is scattered, hence countable by [28, 8.5.5]. Consequently
X is o-compact. ]

The famous Pytkeev-Gerlitz-Nagy theorem, see [1, Theorem II.3.7], states that C,(X) is a
k-space if and only if Cp,(X) is Fréchet-Urysohn if and only if X has the covering property (7)
introduced in [12]. Below we give an example of a separable metrizable space X for which Cp(X)
is Ascoli but is not a k-space. So the property to be an Ascoli space is strictly weaker than the
property to be a k-space for Cp,(X) even in the class of separable metric spaces.

Recall that a separable metric space X is said to be a A-space if every countable subset of X
is a Gs-set of X. Every A-space has property (k) by [27, Theorem 3.2]. So Cp(X) is Ascoli by
Corollary 1.2 for such space X.

Example 2.13. Rothberger proved in [25] that there is an unbounded subset X of w* which is a
A-space, see also [21, p. 215]. So X is a separable metrizable space with property (k) by Theorem
3.2 of [27]. Therefore Cp(X) is an Ascoli space by Theorem 2.3 and Corollary 1.2. However, it
follows from the results of Gerlits and Nagy [12] that no unbounded subset of w* has property (7),
and hence Cp,(X) is not Fréchet-Urysohn. So Cp,(X) is not a k-space by the Pytkeev-Gerlitz—Nagy
theorem.

Question 2.14. Let X be an uncountable cosmic space such that Cp(X) is Ascoli (for example, X
is a A-space). Is then Cp(X) a kr-space?

The negative answer to this question would give an example of an Ascoli space Cp(X) for
separable metrizable X which is not a kg-space. Let us note that the example provided in [11] is
not metrizable.

The assumption to be Cech-complete is essential for the results of this section as the metrizable
space Cp(Q) shows. We end this section with the following question.

Question 2.15. For which metrizable spaces X the space Cp(X) is Ascoli?

3. THE ASCOLI PROPERTY FOR C(X)

Let X be a Tychonoff space and K(X) be the set of all compact subsets of X. For h € C(X)
the sets of the form

[h,K,e] ={feC(X):|f(z) —h(z)| <eforal xe K}, where K € K(X) and ¢ >0,

form a base at h for the compact-open topology 7 on C(X). The space C'(X) equipped with 7 is
usually denoted by Cx(X).

Theorem 2.5 of [10] states in particular that, for a first-countable paracompact o-space X, the
space C(X) is an Ascoli space if and only if C(X) is a kg-space if and only if X is a locally compact
metrizable space. In this section we prove an analogous result using the following proposition.
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Proposition 3.1 ([10]). Assume X admits a family U = {U; : i € I} of open subsets of X, a
subset A ={a;:1 €I} C X and a point z € X such that
(i) a; € U; for every i € I;
(ii) |[{i € I: CNU; #0}| < oo for each compact subset C' of X;
(iii) z is a cluster point of A.

Then X is not an Ascoli space.

Recall that X is of point-countable type if for every x € X there exists a compact K containing
x such that K has countable basis of neighborhoods, i.e. there is a sequence of open sets {Up, }n<w
such that K C U, for all n < w and for every open O containing K there is n < w such that
U, C O. The following statement is reminiscent of [10, Proposition 2.3], and substantially uses the
idea of R. Pol from [24]. We say that a space X is locally pseudocompact if for every = € X there
exists an open U 3 x whose closure U is pseudocompact.

Lemma 3.2. Let X be a space of point-countable type. If Cx(X) or Cx(X,1) is an Ascoli space,
then X is locally pseudocompact.

Proof. Assume that X is not locally pseudocompact, so there exists g € X such that no neighbor-
hood of zq is pseudocompact. Because X is of point-countable type there is a compact set K C X
such that zg € K and there is a base of neighborhoods {U,, }new of K such that U,1 € U, (here
we use the fact that K is compact and X is Tychonoff).

We show that there is a strictly increasing sequence {ny}xe, such that ngy; > ng + 1 and for
every k € w, the difference m\ Uy, +1 is not pseudocompact. Indeed, otherwise there exists ng
such that U, \ U1 is pseudocompact for all n > ng. We claim that U,, is a pseudocompact
neighborhood of ¢ which leads to a contradiction. Given any continuous f : U, — R, there exists
m € R such that f~![(—m,m)] is an open set containing K, and therefore it contains some U,,,
which together with the pseudocompactness of U, \ U, implies that f is bounded.

Set Py := Uy, \Up, +1. Since every P is not pseudocompact, by [8, Theorem 3.10.22] there exists
a locally finite collection {U; 1 }i<., of nonempty open subsets of P;. We may assume in addition
that every U, C Int(Py). Pick any x;, € Uk, and for 1 < k < 4 find continuous functions
fix : X —[0,1] such that

1
fir(@ix) =1, fir(ziz) =0, and f;p(z) = % for « & U, UU, ;.

Set A:={fir:1<k<i<w}andV :={Vr}i<k<icw, where V;, C Cyx(X) or V;, C Ci(X,I)
and h € V;, if

1
< —— for all z € K.

1
4it+k

1 1
\h(xip) — 1] < TE |h(zi4)] < TiFE and ‘h(w) -z

We shall complete the proof by showing that A, V and 0 satisfy the assumption of Proposition 3.1.
The first one is by definition. For (iii), assume that Z C X is compact and fix ¢ > 0. Find k < w
such that % < ¢ and ¢ > k such that Z NU;; = 0 (this is possible because Z is compact and
{Ui k}i<w is a locally finite collection). It follows that

1
fz,k(z> < - <e

for every z € Z. Thus 0 € A.

Let us check (ii): any compact subset C' of Ci(X) or of Ci(X,I) meets only finitely many
elements of V. By the Ascoli theorem [8, Theorem 3.4.20], for every compact Z C X, x € Z and
€ > 0 there is a neighborhood O of = such that |f(x) — f(y)| < e forally € O, N Z and f € C.
Define

Zy={xip:1<i<k<w}UK,
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and note that Zj is a compact subset of X.

We claim that for every k < w there is iy > k such that C' NV, = 0 for every i > ig. Indeed,
assume the converse. Using the Ascoli theorem for C, Zy and ¢ = i, for every z € Zy we find a
neighborhood O, of x such that |h(y) — h(z)| < € for every y € O, and h € C. Then the collection
{Oz}zez, covers K C Zy, so there exists 49 such that U, C |,ey, Oz Take any i > ig, h € CNVy
and € K such that z;; € O, (recall that z;;, € U;; C P; C U”io’ and clearly n;, > ip). By
construction,

KnNUirUU,;) = 0,
so fir(x) =1/k and f; x(x;;) = 0. Since h € C'N'V;, we obtain
1
o > (i) — h(@)| = | fin(zis) = fir(@)] = [fir(is) — h(ziq)
1 1 1 1
ST T
a contradiction. This contradiction proves the claim.
To finish the proof it is enough to show that there is no sequence {(iy, ky)}n<w such that

— W) = fig(z)]

e <k <ty < kpgr <pgr < e

and V;, x, N C # 0. If not, consider the compact subset Z; := {x;, 4, : 7 < w} UK of X. Using
the Ascoli theorem for C, Z; and 1/3, for every x € Z; we find a neighborhood O, of x such that
|h(y) — h(z)| < 1/3 for every y € Oy and h € C. Again, the collection {Og}yex covers K C Zy,
so there exists & > 10 such that Uy, C |J,cx Or. Pick n such that k& < &, and note that there is
x € K such that x;, ., € O. Then, as above, for any h € V; . N C we have

3 > Wi, k) = h(a)
Z | finkon @i en) = Sinson @) = | fi o @i o) = 2 @i )| = (@) = fi e (@)
> (1= 1/ky,) — 47 CnFhn) _g=(nthn) %
which is the desired contradiction. O

We need the following result.
Lemma 3.3. Every paracompact locally pseudocompact space X is locally compact.

Proof. Let € X and take a neighborhood U of x with pseudocompact closure U. Then U is
compact being pseudocompact and paracompact, see, e.g., [8, 3.10.21, 5.1.5, and 5.1.20]. ]

Now we are ready to prove the main result of this section.

Proof of Theorem 1.6. (i)=-(ii) follows from [8, 5.1.27].
(ii)=(iii),(v): If X = @, Xi, then

Cr(X) =[] Cr(Xi) and  Ci(X,T) =[] Cu(X:,T),
€K 1€ER
where all the spaces Ci(X;) and Ci(X;,I) are complete metrizable. So Cx(X) and Ci(X,I) are
kr-spaces by [23, Theorem 5.6].
(iii)=(iv) and (v)=-(vi) follow from [22]. The implications (iv)=-(i) and (vi)=-(i) follow from
Lemmas 3.2 and 3.3. U

Theorem 1.6 also holds for some spaces without point-countable type.



THE ASCOLI PROPERTY FOR FUNCTION SPACES 13

Example 3.4. Let X = D U {oco} be the one point Lindeldfication of an uncountable discrete
space D. Clearly, X is scattered and Lindel6f. Since any compact subset of X is finite and D is
uncountable, the space X is not of point-countable type. Nevertheless, C(X) = Cp(X) is Ascoli
by Corollary 2.10.

The following statement probably belongs to folklore.

Lemma 3.5. Let X be a paracompact space which is not Lindeldf. Then w*' can be embedded into
Cr(X) as a closed subspace, where w is considered with the discrete topology.

Proof. Since X is paracompact and non-Lindel6f, Lemma 2.2 of [5] implies that there is an un-
countable A C X and open U, 3 a for every a € A such that each x € X has a neighbourhood
which meets at most one of the U,’s. Set

Z:={feCp(X): f 1 (X\ |J Us) =0} and Z,:={f € Cx(X): f [ (X \U,) =0}

a€A
Then Z is a closed subspace of Cx(X) and Z =[], 4 Z. It suffices to note that each Z, contains
a closed copy of R (and hence of w) being a linear topological space. O

Recall that a compact resolution in a topological space X is a family {K, : a € w“} of compact
subsets of X which covers X and satisfies the condition: K, C Kg whenever a < g forall o, 8 € w®.

Lemma 3.6. Let X be a paracompact space with compact resolution. Then X is Lindelof.

Proof. Suppose for a contradiction that X is not Lindel6f. Then X contains a closed discrete
uncountable subset Y by [5, Lemma 2.2]. Hence the compact resolution restricted to Y is also
a compact resolution on Y. So Y is a metric space with a compact resolution. Therefore Y is
separable by [16, Corollary 6.2], and hence it is countable being discrete, a contradiction. O

Recall that a space X is hemicompact if it has a countable family of compact subspaces which
is cofinal with respect to inclusion in the family of all of its compact subspaces. The following
theorem extends Corollary 4 of [18].

Theorem 3.7. Let X be a paracompact space of point-countable type. Then the following conditions
are equivalent:
(i) X is hemicompact;
(il) Cr(X) is a k-space;
(iii) Cx(X) is Ascoli and X has a compact resolution.

Proof. (1)=(ii) is clear. (ii)=-(iii) Assume that C(X) is a k-space. Then Cy(X) is Ascoli. Hence
X is locally compact by Theorem 1.6. Moreover X is Lindeldf. Indeed, if not, then Cy(X) contains
as a closed subset the product w*! by Lemma 3.5, a contradiction since w“! is not a k-space. Hence
X is Lindelof. Consequently X is hemicompact. Thus X has a compact resolution. (iii)=-(i) Since
Ck(X) is Ascoli, X is locally compact by Theorem 1.6. Now Lemma 3.6 implies that X is Lindelof,
so X is hemicompact. O

We need the following lemma.

Lemma 3.8. Let X be a non-discrete locally compact space. Then Cp(X,1) contains a closed
infinite discrete subspace.

Proof. Let K be an infinite compact subset of X. Take a countably infinite discrete subset D of K
and let z, be a limit point of D. Set A := D U {x,}. Then the restriction operator T': Cp,(X,I) —
Cp(A,I) is continuous, and the image E of T is dense in the compact metrizable space 4. As A
has a limit point we obtain E # I4, so we can find z, € 14\ E. Let now B = {2,} C E be such
that z, — z.. Clearly, B is a discrete and closed infinite subset of E. For every b € B select
fo € T71(b). Then {f,: b € B} is a desired closed infinite discrete subspace of Cp(X, ). O
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The next theorem generalizes a result of R. Pol [24].

Theorem 3.9. Let X be a paracompact space of point-countable type. Then:

(i) Ck(X, 1) is a k-space if and only if X is the topological sum of a Lindeldf locally compact
space L and a discrete space D; so Cp,(X,1) = C(L,1) x IP!, where Cy,(L,1) is a complete
metrizable space;

(ii) Cx(X,1I) is a sequential space if and only if Cyx(X,1) is a complete metrizable space if and
only if X is a Lindeldf locally compact space.

Proof. (i) If C(X,I) is a k-space, then X is a locally compact space by Lemmas 3.2 and 3.3. So
X = @, X is the direct sum of a family {X;}c; of Lindeldf locally compact spaces by [8, 5.1.27].
Denote by J the set of all ¢ € I for which X is not discrete. To prove (i) we have to show that J is
countable. Suppose for a contradiction that J is uncountable. Then Cy(X;,I) and hence Cj(X;, 1)
contains a closed infinite discrete subspace D; topologically isomorphic to w by Lemma 3.8. So the
space
Cr(X,I) = [[ Cn(Xs, 1) x ] Cr(Xi,I)

icJ iel\J
contains w!”/| as a closed subspace. As J is uncountable we obtain that w!”! is not a k-space. This
contradiction shows that J must be countable. Setting L := (J,c; X and D := J,¢ s Xi we obtain
the desired decomposition. The converse assertion is trivial.

(ii) If C(X,T) is a sequential space, it follows from (i) that D is countable. Indeed, the space I1”!
contains 2/P! as a closed subspace and it is well-known that 2/P! is sequential (even has countable
tightness) if and only if D is countable. So X is a Lindelof locally compact space. If X is Lin-
deldf and locally compact space, then Ci(X) and hence its closed subspace C(X,I) are complete
metrizable spaces. U]

ieJ
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