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What do we do in numerics?
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What do we do in numerics?
We solve problems approximately.

What should we do?
Solve problems within a given accuracy.



Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω
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[Trefethen, Betcke 2006]
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Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω
Ntri = 19456

1.9 1.95 2 2.05

λ1 ≈ 2.02280 λ2 ≈ 2.02481
λ1 ≈ 1.97588 λ2 ≈ 1.97967
λ1 ≈ 1.96196 λ2 ≈ 1.96644
λ1 ≈ 1.95777 λ2 ≈ 1.96251



Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω
Ntri = 77824

1.9 1.95 2 2.05

λ1 ≈ 2.02280 λ2 ≈ 2.02481
λ1 ≈ 1.97588 λ2 ≈ 1.97967
λ1 ≈ 1.96196 λ2 ≈ 1.96644
λ1 ≈ 1.95777 λ2 ≈ 1.96251
λ1 ≈ 1.95646 λ2 ≈ 1.96129



Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω

1.9 1.95 2 2.05

1.91067 ≤ λ1 ≤ 2.02280 1.91981 ≤ λ2 ≤ 2.02481
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−∆ui = λiui in Ω

ui = 0 on ∂Ω

1.9 1.95 2 2.05

1.91067 ≤ λ1 ≤ 2.02280 1.91981 ≤ λ2 ≤ 2.02481
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Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω

1.9 1.95 2 2.05

1.91067 ≤ λ1 ≤ 2.02280 1.91981 ≤ λ2 ≤ 2.02481
1.94317 ≤ λ1 ≤ 1.97588 1.94893 ≤ λ2 ≤ 1.97967
1.95174 ≤ λ1 ≤ 1.96196 1.95694 ≤ λ2 ≤ 1.96644



Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω
Ntri = 19456

1.9 1.95 2 2.05

1.91067 ≤ λ1 ≤ 2.02280 1.91981 ≤ λ2 ≤ 2.02481
1.94317 ≤ λ1 ≤ 1.97588 1.94893 ≤ λ2 ≤ 1.97967
1.95174 ≤ λ1 ≤ 1.96196 1.95694 ≤ λ2 ≤ 1.96644
1.95443 ≤ λ1 ≤ 1.95777 1.95944 ≤ λ2 ≤ 1.96251



Example – dumbbell

−∆ui = λiui in Ω

ui = 0 on ∂Ω
Ntri = 77824

1.9 1.95 2 2.05

1.91067 ≤ λ1 ≤ 2.02280 1.91981 ≤ λ2 ≤ 2.02481
1.94317 ≤ λ1 ≤ 1.97588 1.94893 ≤ λ2 ≤ 1.97967
1.95174 ≤ λ1 ≤ 1.96196 1.95694 ≤ λ2 ≤ 1.96644
1.95443 ≤ λ1 ≤ 1.95777 1.95944 ≤ λ2 ≤ 1.96251
1.95532 ≤ λ1 ≤ 1.95646 1.96025 ≤ λ2 ≤ 1.96129



Upper bounds on eigenvalues

Laplace eigenvalue problem

−∆ui = λiui in Ω

ui = 0 on ∂Ω

Weak formulation
λi ∈ R, ui ∈ H1

0 (Ω) : (∇ui ,∇v) = λi (ui , v) ∀v ∈ H1
0 (Ω)

Finite element method
Vh = {vh ∈ H1

0 (Ω) : vh|K ∈ P1(K ), ∀K ∈ Th}
Λh,i ∈ R, uh,i ∈ Vh : (∇uh,i ,∇vh) = Λh,i (uh,i , vh) ∀vh ∈ Vh

Lower bound?

? ≤ λi ≤ Λh,i , i = 1, 2, . . . ,m



Lower bounds on eigenvalues

Old problem:
Temple 1928, Kato 1949, Lehmann 1949, 1950, Harrell 1978, . . .

Methods based on FEM:

1. Eigenvalue inclusions [Behnke, Mertins, Plum, Wieners 2000]

based on [Behnke, Goerish 1994] and [Plum 1997]

2. Crouzeix–Raviart elements [Carstensen, Gedicke 2013]

3. Complementarity based [Šebestová, Vejchodský 2016]



Method 1. Eigenvalue inclusions

Input: Rough lower bounds: λ2 ≤ λ2, . . . , λm+1 ≤ λm+1,
Algorithm:

I FEM eigenpairs: Λh,i ∈ R, uh,i ∈ Vh, i = 1, 2, . . . ,m

I Mixed FEM problem: σh,i ∈Wh, qh,i ∈ Qh, i = 1, 2, . . . ,m
Wh = {σh ∈ H(div,Ω) : σh|K ∈ RTk(K ) ∀K ∈ Th}
Qh = {qh ∈ L2(Ω) : qh|K ∈ Pk(K ) ∀K ∈ Th}

(σh,i ,wh) + (qh,i , divwh) = 0 ∀wh ∈Wh,

(divσh,i , ϕh) = (−uh,i , ϕh) ∀ϕh ∈ Qh,



Method 1. Eigenvalue inclusions

Input: Rough lower bounds: λ2 ≤ λ2, . . . , λm+1 ≤ λm+1,
Algorithm:

I FEM eigenpairs: Λh,i ∈ R, uh,i ∈ Vh, i = 1, 2, . . . ,m

I Mixed FEM problem: σh,i ∈Wh, qh,i ∈ Qh, i = 1, 2, . . . ,m

I For n = 1, 2, . . . ,m do
γ = ‖uh,n + divσh,n‖L2(Ω), ρ = λn+1 + γ
Mij = (∇uh,i ,∇uh,j) + (γ − ρ)(uh,i , uh,j)
Nij = (∇uh,i ,∇uh,j) + (γ − 2ρ)(uh,i , uh,j) + ρ2(σh,i ,σh,j)

+(ρ2/γ)(uh,i + divσh,i , uh,j + divσh,j)
µ1 ≤ · · · ≤ µn : Myi = µiNyi , i = 1, 2, . . . , n
If N is s.p.d. and if µi < 0 then
`inclj ,n = ρ− γ − ρ/ (1− µn+1−j) ≤ λj , j = 1, 2, . . . , n.

end for
`inclj = max{`inclj ,n , n = j , j + 1, . . . ,m} ≤ λj , j = 1, 2, . . . ,m



Method 2. Crouzeix–Raviart elements

Crouzeix–Raviart finite elements
VCR
h = {vh ∈ P1(Th) : vh continuous in midpoints of all γ ∈ Eh}

Find 0 6= uCR
h,i ∈ VCR

h , λCR
h,i ∈ R :

(∇uCR
h,i ,∇vh) = λCR

h,i (uCR
h,i , vh) ∀vh ∈ VCR

h .

Lower bound (no round-off errors)

`CR
i =

λCR
h,i

1 + κ2λCR
h,i h

2
max

≤ λi ∀i = 1, 2, . . .

where

I κ2 = 1/8 + j−2
1,1 ≤ 0.1932

I hmax = maxK∈Th diamK

I r = AũCR
i − λ̃CR

h,i Bũ
CR
i



Method 2. Crouzeix–Raviart elements

Crouzeix–Raviart finite elements
VCR
h = {vh ∈ P1(Th) : vh continuous in midpoints of all γ ∈ Eh}

Find 0 6= uCR
h,i ∈ VCR

h , λCR
h,i ∈ R :

(∇uCR
h,i ,∇vh) = λCR

h,i (uCR
h,i , vh) ∀vh ∈ VCR

h .

Lower bound (inexact solver: AũCR
i ≈ λ̃CR

h,i Bũ
CR
i )

˜̀CR
i =

λ̃CR
h,i − ‖r‖B−1

1 + κ2
(
λ̃CR
h,i − ‖r‖B−1

)
h2
max

≤ λi ∀i = 1, 2, . . .

where

I κ2 = 1/8 + j−2
1,1 ≤ 0.1932

I hmax = maxK∈Th diamK

I r = AũCR
i − λ̃CR

h,i Bũ
CR
i

Provided

I ‖r‖B−1 < λ̃CR
h,i

I λ̃CR
h,i is closer to λCR

h,i than to
any other discrete eigenvalue
λCR
h,j , j 6= i



Method 2. Crouzeix–Raviart elements

Upper bound

I T ∗h is the red refinement of Th
I u∗h,i = ICMũCR

h,i for i = 1, 2, . . . ,m

I S,Q ∈ Rm×m with entries Sj ,k = (∇u∗h,j ,∇u∗h,k) and
Qj ,k = (u∗h,j , u

∗
h,k)

I Syi = Λ∗i Qyi , i = 1, 2, . . . ,m

I Λ∗1 ≤ Λ∗2 ≤ · · · ≤ Λ∗m
I λi ≤ Λ∗i for i = 1, 2, . . . ,m



Method 3. Complementarity based

I FEM eigenpairs: Λh,i ∈ R, uh,i ∈ Vh, i = 1, 2, . . . ,m

I Flux reconstruction: qh,i =
∑
z∈Nh

qz,i

I Local mixed FEM: qz,i ∈Wz, dz,i ∈ P∗1 (Tz)

(qz,i ,wh)ωz − (dz,i , divwh)ωz = (ψz∇uh,i ,wh)ωz ∀wh ∈Wz

−(div qz,i , ϕh)ωz = (rz,i , ϕh)ωz ∀ϕh ∈ P∗1 (Tz)

where

I ωz is the patch of elements around vertex z ∈ Nh

I Tz is the set of elements in ωz

I Wz = {wh ∈ H(div, ωz) : wh|K ∈ RT1(K ) ∀K ∈ Tz
and wh · nωz = 0 on Γext

ωz

}
I P∗1 (Tz) =

{
{vh ∈ P1(Tz) :

∫
ωz

vh dx = 0} for z ∈ Nh \ ∂Ω

P1(Tz) for z ∈ Nh ∩ ∂Ω
I rz,i = Λh,iψzuh,i −∇ψz · ∇uh,i

I Error estimator: ηi = ‖∇uh,i − qh,i‖L2(Ω)

I Lower bound: `cmpl
1 =

(
−η1 +

√
η2

1 + 4Λh,1

)2

/4

`cmpl
i = Λh,i

(
1 + λ

−1/2
1 ηi

)−1
, i = 2, 3, . . .

I Provided Λh,i ≤ 2
(
λ−1
i + λ−1

i+1

)−1
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Comparison

1. Inclusions 2. CR elements 3. Complementarity

convergence ** *** *
generality *** * **

a priori info * *** **
DOFs needed * ** ***
algebraic err. ** *** ***

adaptivity * ** ***
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Square
λ1 = 2, u1(x , y) = sin(x) sin(y)

λ2 = 5, u2(x , y) = sin(2x) sin(y)

λ3 = 5, u3(x , y) = sin(x) sin(2y)



Two squares
λ1 = 2

λ2 = 5

λ3 = 5



Two squares
λ1 = 2 λ2 = 2

λ3 = 5 λ4 = 5

λ5 = 5 λ6 = 5



Dumbbell
λ1 ≈ 1.9556 λ2 ≈ 1.9605

λ4 ≈ 4.8288 λ3 ≈ 4.7996

λ5 ≈ 4.9960 λ6 ≈ 4.9960


