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Driven Euler system

Field equations
do + dive(ou)dt =0
d(ou) + divy(ou ® u)dt + Vyp(e)dt = 0G(g, ou)dW,

Stochastic forcing

0G(o, ou)dW = " oGy (o, ou)dBx

k=1

Iconic examples

0G(, u)dW = 0) " Gi(x)dBk, 0G(o, ou)dW = Aouds3
k=1




Weak formulation

Field equations

|:/Q¢dX:|_ :/T/Qwvxqﬁdxdt,

Q t=0 0 Q

{/ QU~¢dX:| ) f/T/gu®u:VX¢+p(g)divx¢ dxdt
Q t=0 0 Q

Jy (s o) aw

@(x) — a smooth test function

Stochastic integral (Itd’s formulation)

/OT</QQG-¢dx>dW—§/OT(-/fzgc;k.gbdX)dﬂk




Existence theory

Local existence [Breit, EF, Hofmanova [2017]

If the initial data are smooth, then the problem admits local-in-time
smooth solutions. Solutions exist up to a (maximal) positive
stopping time. The life-span is a random variable.

Weak-strong uniqueness [Breit, EF, Hofmanova [2016]

A weak and strong solutions coincide as long as the latter exists.
More specifically, their laws are the same provided the laws of the
initial data are the same




Semi-deterministic approach - additive noise

“Additive noise” problem

Oro + divy(ou) =0

Ot(ou) + divye(ou ® u) + Vip(o) = QZ G 0: Bk
k=1

0> GrO:Bx = 0GAW

k=1




Additive noise, Step |

Step |

Or(ou— oGW) +divi(ou@u)+Vp(0) = —0:0GW = div,(ou)GW

Tranformed system |

w = ou — oGW

Oro + divye(w + oGW) =0
(w+ oGW) ® (w + oGW)
4
= dive(w + oGW)GW

8tW + diVX (

) + V.p(0)




Additive noise, Step Il

Step Il

w=v+V+V,0, divxv:O,/vdx:O, V =V(t)
Q

Tranformed system ||

w = ou — oGW

90 + divy(Ve® + oGW) = 0
v+ V4V, 04+ oGW)® (v+ V + V0 + oGW)
; )
+Vip(0) + Vx0:® = divy(V,® + oGW)GW — 9,V

at\/ + diVX ((




Additive noise, Step IlI

Step 11
Fix @, o, V so that

1
0(0,-) = 0o, V(0) = @/Quo dx, V,® = H"[uo]

Ot + divy(Vi® + oGW) =0

1
V(0) = @/Quo dx

OV = |—é|divx(VX¢ + oGW)GW

div, (VXM + VMt — i/diva>

= divy(Vx® + 0GW)GW — 9,V




Additive noise, Step IV

Step IV
Fix ®, o0, V so that

0,sym

2
h=V+V,®+ oGW, H=V,M+ VM — L divaMI € RNXN

Tranformed system |1l

(v+h)®(v+h)
4

3tv + diVX (

—H+ p(o)I + 3t¢]l) =0
div,v =0

1
v(0,-) = vo = Hlug] — @/Quo dx




Additive noise, Step V

Prescribing the kinetic energy

1|v+h? N
S e n- T plo) +00). A= A()

Tranformed system IV
(v+h)® (v+h) _1|v+h|2H_M) 0

0 N o

div,v =0
1|v+h[?
BT .
2 0

v(0,-) =vp

8tv + diVX (




Multiplicative noise

“Multiplicative noise” problem

Oro + divy(ou) =0
Ot(ou) + divye(ou ® u) + Vip(0) = Aoud W




Multiplicative noise, Step |

exp (—AW) (d(ou) — Aoud W)
= —exp (—AW) (divi(ou ® u) + V,p(0)) dt

Ité’s chain rule
2

dexp (—AW) = —Xexp (=AW)dW + % exp (—AW)dt

Transformed system |
d (ouexp (—AW)) + Npuexp (—AW) dt
= —exp (—AW) (divy(ou ® u) + V,p(p)) dt




Multiplicative noise, Step Il

w = guexp (—A\W)
Transformed system Il
do + divy (exp (AW)w) =0

2

A
dw + 7wdt + exp(AW) [divxw ow

+ pr(g)} dt =0




Multiplicative noise, Step IlI

Step Il

w=v+V+V,® div,v=0

do + divy (exp (AW) V,®) =0

dv )2 1
— + =V =0, V(O):—/uodX:O
Q] Jo

dt 2

Transformed system |1l

A2 A2
dv + 7vdt + V. 0:® + 7VX¢dt

vV+V 4V, 0)® (v+V+ V,0)
0

+exp(AW) |divy (

+ Vip(o)| dt




Multiplicative noise, Step IV

h=V +V,®
. L1
divy, | M+ M —Ndlva]I =

Transformed system IV

atV+

(v+h) (j VD) | () + 000 + 22/20) H)]

—divyM[v]dt = 0

+ exp(AW) {divx <




Multiplicative noise, Step V

Transformed system V

2
Bev + divy <("+h)§f("+h) - %Wth' H—M[v])

v N 2
5 = e=N1t) = Zexp(AW)p(o) — ;0 — —-®

div,v =0

1
vo:H[uo]—@/ﬂuo dx




Abstract formulation

Variable coefficients “Euler system”
(v+ H[v]) © (v + H[v])

8tv + diVX (

+ M[v]) =0

Kinetic energy




Abstract operators

Boundedness

b maps bounded sets in L°((0, T) x Q; R") on bounded sets in
Cb(Qa RM)

Continuity
blv,] — b[v] in Co(Q; RM) (uniformly for (t,x) € Q)

whenever
Vo — v in Cyeak([0, T]; L2(22; RV))

Causality

v(t,) =wl(t,-)for0 <t <7 < T implies blv] = b[w] in [(0,7] x Q]




Subsolutions

Field equations, differential constraints
Oiv + div F =0, divev =0
v(0,-) =vg, v(T,:)=vr

Non-linear constraint

veC(Q; RN, Fe C(Q;RNXNY,

sym,0

Ny [(v+HV]) @ (v+ HV)
2 hlv]

—F+Mv]| < E[v]




Subsolution relaxation

Algebraic inequality

1|v+Hv]P
2 hlv]

) (v+ H[v]) ® (v + H[v])

<

N
2

—F + M]v]
< E|v]

Solutions
1|v+HNP
L
=

(v+ H[v]) ® (v + H[v])

= v

+ M]v]




Oscillatory lemma

Hypotheses:

Uc RxR", N=2,3 bounded open set

he C(U;RY), le C(U;RNXNY, & Fe C(U), >0, e<ein U

sym,0

ﬂ)\max @—H <&inU.
2 F




Conclusion:
w, € C°(U; RV, G, € C(U;RNXG), n=0,1,...

dw), + div,G, = 0, div,w, =0in R x RV,
N (h+w,)®((h+w,) -

EAmax 7 - (H + Gn) < €&in U7

w, — 0 weakly in L?(U; R)

2
Iiminf/ M dxdt > /\(E)/
n—oo U r U




Basic ideas of proof

Localization

Localizing the result of Delellis and Széhelyhidi to “small” cubes by
means of scaling arguments

Linearization

Replacing all continuous functions by their means on any of the
“small” cubes

Eliminating singular sets

Applying Whitney's decomposition lemma to the non-singular sets
(e.g. out of the vacuum {h = 0})

Energy and other coefficients depending on solutions
Applying compactness of the abstract operators in C




Results

Result (A)

The set of subsolutions is non-empty = there exists infinitely many
weak solutions of the problem with the same initial data

Initial energy jump

1|V0+H[V0]| ].|V-|—H[V]|2
2 hlv] I 2 h|v]

Result (B)

The set of subsolutions is non-empty = there exists a dense set of
times tp such that the values v(t) give rise to non-empty subsolution
set with

1 |V[) + H[V0]|2
2 hlvg] [(=1limnt 3 h[v]

2
1V HI




