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ASYMPTOTIC BEHAVIOUR OF SOLUTIONS TO A SYSTEM OF
SCHRODINGER EQUATIONS

X. CARVAJAL, P. GAMBOA, §. NECASOVA, H. H. NGUYEN AND O. VERA

ABSTRACT. This paper is concerned with the behaviour of solutions to a system of coupled
Schrédinger equations (1.1) which has applications in many physical problems, especially in non-
linear optics. In particular, when the solution exists globally, we obtain the growth of the solutions
in the energy space. Finally, some conditions are also obtained in order to have blow-up in this

space.

1. INTRODUCTION

In this work, we consider the following initial value problem (IVP) for two coupled nonlinear

Schrodinger equations (NLS):

g+ D+ (aful? 1 Blul o] 2)u = 0,
i+ Ao+ (o] 1 Bloffuf™2)0 = 0, (1)
u(a:,O) = UO(CL'), U(l’,O) = 1)0(.%'),

where £ € R", o, 5 € R, p > 0 and ¢ > 0.
For 8 a real positive constant, « = 1 and ¢ = p — 1, the system (1.1) leads to the following
model
iug + Au+ (Jul? + BlufP~Ho[PHu =0,
ive + Av + (Jv|?P + BlofP~HulPT)v = 0, (1.2)

u(z,0) = ug(z), v(z,0) = vo(x).
This kind of problem arises as a model for propagation of polarized laser beams in birefringent
Kerr medium in nonlinear optics (see, for example, [4, 16, 24, 27, 35, 36] and the references therein

for a complete discussion about the physical standpoint of the problem). The two functions v and
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v are the components of the slowly varying envelope of the electrical field, t is the distance in the
direction of propagation, x are orthogonal variables and A is the diffraction operator. The case
n = 1 corresponds to propagation in a planar geometry, the case n = 2 describes the propagation
in a bulk medium and the case n = 3 represents the propagation of pulses in a bulk medium with
time dispersion. The focusing nonlinear terms in (1.2) describes the dependence of the refraction
index of material on the electric field intensity and the birefringence effects. The parameter 5 > 0
has to be interpreted as the birefringence intensity and describes the coupling between the two

components of the electric-field envelope.

If o, B are real constants and u = v, the system (1.1) reduces to the nonlinear Schrodinger with

double power nonlinearity.

i+ Au + (aful?? 4 Blu)?@+D) )y = 0,

(1.3)
u(z,0) = uo(z),
Special case of (1.3) is the cubic-quintic nonlinear Schrédinger equation (p = ¢ =1)
iug + Au+ (aful? + Blu|* )u = 0. (1.4)

This equation arises in a number of independent physics field: nuclear hydrodynamic with Skyrme
[20], the optical pulse propagations in dielectrical media of non-Kerr type [23]. Also, it is used to
describe the boson gas with two and three body interaction [2, 3].

The equation (1.3) is just one of many models of Schrodinger equations. Many of different aspects
of this model were investigated by various techniques by any authors [10, 14, 18, 17, 19, 28, 21, 33]
and references therein. In [33] was consider

e + Au + (a|ulPr + BlulP? )u = 0,
-+ Dt (alup + Blul) .

u(z,0) = uo(),

with (z,t) e R" xR, n >3 and 0 < p; < p2 < ﬁ and they proved local and global well-posedness,
they also addresses issues related to finite time blow-up, assymptotic behaviour and scattering in
the energy space H'(R").

The system (1.1), admits the mass and the energy conservation in the spaces L?(R") x L?(R")

and H'(R") x H'(R") respectively. More precisely, the mass (L? norm):
M(u(t),0(t)) = [(t) 22y + 11000 Zagny = M (1, vo). (1.6)
and the energy:
B(t) = B(u(t), v(t)) i= [ Vu()]Zaggny + V0O gn) — X(0)

1.7
= E(O) = E(UO,U()), ( )
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are conserved by the flow of (1.1), where

0(6) = 2 (IO o + 0O ] + 25 O oy (1)

For some remarks on proofs of conservation laws for nonlinear Schrédinger equations, we refer to
[29].

Well-posedness issues and the blow-up phenomenon for the IVP (1.1) has been studied in the

literature, see for example in [11, 13, 16, 26, 27, 30, 35] and references therein. The system (1.2)

has scaling, this is if u and v are two solutions from (1.2) and A > 0 then
n(z,t) = \YPu(dz, N2, w(z, t) = AV/Po(Az, A1), (1.9)

also are two solutions of (1.2). Hence, putting

2
n—2sg’

p:

the Sobolev space H® is invariant under the scaling (1.9). In what follows we list some important
results that are relevant in our work.
1) Local existence:
Under assumptions s > max{so,0} and p > [s]/2ifp & Z
the solution of the Cauchy problem (1.2), exists locally in time.
2) Global existence. Assuming
i)o<p<2/n
the solution of the Cauchy problem (1.2), exists globally in time (see [16], see also Theorem 1.2
and Section 4 in this work).
3) When p > 2/n, the solution of the Cauchy problem (1.2), blows-up in a finite time for some
initial data, especially for a class of sufficiently large data (see [13, 16, 26, 30] and Theorem 1.3 in
this work). On the other hand, the solution of the Cauchy problem (1.2) ezists globally for other
initial data, especially for a class of sufficiently small data (see [11, 16, 27]).

In [35], Xiaoguang et al. obtained a sharp threshold of blow-up solution for (1.2). To study the
blow-up threshold, the following stationary system

AQ - EEEQ 4+ (IQPP + FIQPHRPHHQ =0, (1.10)
AR — B2 R 4 (R + BRI QIR = 0,

associated with (1.2) was considered.
Let, sc =n/2—1/p, Opn,B = (pn 1/4(1=1/p) \/HQHLz(Rn + HR”L2(Rn

[(u,v) := E* (u,v) M % (u,v),

and

9w v) = ([Vula ) + V012 2l 2 ) + 0132y 12
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The following is the result proved in Xiaoguang et al. [35].

Theorem 1.1 ([35]). Let 2/n <p < A,, where A, =00 ifn=1,2, A, =2/(n—2) ifn >3 and
(|z|uo, |z|ve) € L2(R™) x L*(R™). Assume that

Sc

Sc
[(up,v0) <T'(Q,R) = o (opm,3)°s

then the following two conclusions are valid.
1) If ¥(uo, vo) < ¥(Q, R), then the solution of the Cauchy problem (1.2) exists globally in time.
2) If ¥(ug, vo) > IQ, R), then the solution of the Cauchy problem (1.2) blows-up in finite time.

In [7], they considered the initial value problem (IVP) associated to the coupled system of
supercritical nonlinear Schrodinger equations
iug + Au + 01 (wt) (Ju|? + BluP~v[PF)u =0, (L.11)
e + Av + 0o (wt) ([P + BlolP~HulPH ) = 0,

where 01 and 6 are periodic functions. They proved that, for given initial data ¢, € H*(R"),
as |w| — oo, the solution (u,,v,) of the IVP (1.11) converges to the solution (U, V') of the IVP

associated to
U + AU + 1(91)(|U]2p + 5’U|P*1]V|P+1)U =0,

iVy + AV + 1(62)(|V|?P + BV [P~ HUPH )V = 0,

with the same initial data, where I(g) is the average of the periodic function g. Moreover, if the

(1.12)

solution (U, V) is global and bounded, then they also proved that the solution (u,v,) is also
global provided |w| > 1.
Our main result characterize the asymptotic properties of solutions of (1.1) and gives the growth

of the Sobolev norm in H!

Theorem 1.2. Let ug,vo € L?(|z|?dx) N HY(R™) and u(t),v(t) be solutions of (1.1) witht > 1,
we have

1) If()<p§%andp2q+1ifﬁ>007’p§q+1ifﬁ<0then

b() 2 2
~ 1o < [ (Vul@ O + Vel ) da.

And if moreover X < 0 (see (1.8), e.g., « <0 and 5 < 0), we also have

2b(1)/2> B b(l)/z(Q — np)

E(0)

[Vu®)|| L2 ®ny + [[VU(t) | 12®r) < min { <co + /2 E(O)}, (1.13)

np
" 202\ 4b 2 (np — 1)
o u®llz +llao(®)lzz < 2¢ (Co + 20 ) + 2= Doy (1.14)
and
lim [ (|Vu(z,t)* + [Vo(z,t)|?) dz = E(0), (1.15)

t——+o0
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where by := by(n,p) and cy = co(ug,vo) are defined in (5.7) and (5.16) respectively.
2) If()<q§%—1 andp<qg+1lifa>0o0rp>qg+1ifa <0 then

b

And if moreover X <0 (e.g., « <0 and 8 <0), we also have

1/2 1/2
o >_ b @22 nlg + D) nigrayre E(O)},

IVu@)l 2 @) + Vo)l 22 (Rr) < min { (Co +

n(g+1) n(g+1)
and
212 W (g +1) - 1)
<9 1 1 1—n(q+1)/2 1.1
lz u(@)lzz + o o0 2 < 2¢ <cO + =L 1)> T SNERTY
and

lim [ (|Vu(z,t)]* + |Vo(z,t)|?) dz = E(0),

t—+o00

where by := b1(n,q) > 0 and co = co(uo,vo) > 0 are defined in (5.20) and (5.16) respectively.

Remark. i) The restriction t > 1 in Theorem 1.2 can be replaced by t > co, where c¢g > 0 is any
arbitrarily small constant.

ii) Observe also that using interpolation
lull o < [l 2 ull 6 € [0,1],
the theorem above also gives the growth of the Sobolev norm in H®(R™), 6 € [0,1].
The growth of Sobolev norms, in the Schriodinger equation was studied by J. Bourgain in [6].
See also [31], [9] and references there.
iii) If np =2 and n(q+ 1) = 2 then

0

ot [/(‘J(U)|2+|J(v)|2) de —tf(t)| =0

(see equality (5.1)) and therefore if a < 0, B < 0 and ug,vo € L?(|z|>dx) then

oprz _ (D ([lwuollZs + flwvol72)

2p+2
lvllz2e + lullZ < 4| cr|t?
and 2 2
w72, < (¢ +2)([[zuollz2 + llzvoll72)
beve < Sl

And our blow-up result is

Theorem 1.3. Let ug,vg € L?(|z|?dz) N HY(R™) and u(t),v(t) be solutions of (1.1), we have
1) Ifnp>2andp<q+1if8>0o0rp>q+1ifB <0, then there exists 0 < T* < oo such that

T [ Vu(t)| 2 =00, lim || Vo) g2 = oo,

in the following cases
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E0)=0 and Im/ (uoz - Vug + vox - Vug) dx < 0,

and

? npE(0) 2 2 2
(Im/(uozz‘ - Vug + oz - Vg) da:) > 2/|:E| (luo|* + |vo|?) d.

2) Ifn(g+1)>2andp>qg+1lifa>0o0rp<qg+1ifa <0, then there exists 0 < T* < 0o
such that

Jim | Vu(t)|z2 =00, lim || Vo(t)] g2 = oo,

in the following cases:

(1)
E(0)=0 and Im/ (Goz - Vug + toz - Vg) dx < 0,

(2)

E(0) <0,
(3)

E(0) > 0,

and
2
NE
(Im/ (Tox - Vug + vox - V) da;) > W / 12| (Juo|? + |vo|?)dz.
Remark. If

Jim ([ Vu(®)]|2 =00, lim || Vo(#)l|z2 = oo,

then by the energy conservation (1.7) we have that also limy_,p+ X(t) = oo, and this limit implies

lim ||u(t)||ree = o0, lim |[v(#)|| g = o0.

t—T* t—T
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2. NOTATION

Let x = (z1,...,2,) € R™, we denote the partial derivative of u with relation to spatial variable

Tj as Uy, Oz;u Or a‘%, similarly we denote the partial derivative of u with relation to time variable

t € R as ug, Jyu or % All the integrals in our work are defined in R", in this way

/f(a;) dx = f(z) dx.
R”

If f(z), z € R" is a function, the laplacian of f is denoted by
_ 2 _
Af(x)_zax]f(x>v m—($1,-" ,.%'n)-
=1

The gradient of f is denoted by

The product of two vectors x = (z1,...,2,) € C" y = (y1,...,yn) € C" is denoted by
n
roy=> xu;
j=1

and this manner |z|? = z - 7.

3. PRELIMINARY RESULTS

In this section we present important results that will be useful in the following sections.

Lemma 3.1. (Gronwall Inequality) Let u and 8 be continuous and o and & Riemann integrable
functions on J = [a,b] with 6 and B nonnegative on J.

If u satisfies the integral inequality

u(t) < aft) +0(t) /t B(s)u(s)ds, Vte J,
then

) < alt)+5(0) [ ety ([ i)

a

Proof. See a proof of this lemma in Theorem 11 of [15]. O

Observe that there are no assumptions on the signs of the functions o and w.

Theorem 3.1. (Existence of solutions in the energy space). Assume 0 < max{p,q+1} < 2/(n—2)
if « <0 and B < 0 (focusing case), otherwise 0 < max{p,q + 1} < 2/n. Then for any (ug,vo) €
HY(R")x HY(R™), there are Ty > 0 and a unique solution (u,v) € C([0, Tmaz); H (R™)x HL(R™))
of (1.1) satisfying (u(0),v(0)) = (ug,vo). Moreover, there holds the blow up alternative:

(i) Trnaz = 00
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or
(1) Tz < 00 and
im e ([[Vu(®)l] 2@y + [Vo(O)l]2@n)) = oo

—dmax

When (i) occurs, we say that the solution is global. When (ii) occurs, we say that the solution
blows up in finite time 7.
The proof of this theorem is similar to that for the Schrodinger equation and it combines Strichartz

estimates with the contraction mapping principle.

Lemma 3.2. Let u and v be solutions of (1.1), then

9 _
% {/ Im(uz-Vu+vz- Vo) daj} =2F(0) + 04(—1—1@/ (|u]2p+2 + |v|2p+2) dx
p
(3.1)
28 (2—-n(1
+ /8< TL( +q)) /’uv‘q—&—de.
q+2
Proof. Differentiating in the variable ¢ and integrating by parts we obtain
3}
g {/Im (Wz - Vu) dzx} = 2Im/ut:1: -Vudzr — n/Im (auy) de, (3.2)
using the first equation in (1.1) we have
/Im (uuy) de = — / |Vul|?dz + a/ |u|*PT2dx + ﬁ/ Jul*T |v|*Tdz, (3.3)
similarly
Im/ut x - Vudz :Re/Aux -Vudzr + aRe/ lu|*ux - VT da
(3.4)
+ ﬁRe/ |u|? [v]* w2 - Vi da.
Using integration by parts twice, it is easy to see that
/Aua: -Vudr = (n—2) / \Vu|?dx — /Auw -Vudz
and therefore
-2
Re/Auw -Vudr = WQ)/]VuPda:. (3.5)
Integrating by parts again gives
2Re/ lul*ux - Vide = — n/ |u| P2 dx — / lul? 2 - V(|ul*)da
2
=— n/ |u| P2 dx — p/x -V (Jul?Pt?)dx
2p+2
o (3.6)
=— n/\u|2p+2dfv+ p/|u]2p+2dx
2p+2

L /\u|2p+2da;.
2p+2
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Similarly

2Re/ |u’q |’U|2+qu$ -Vudr = — n/ |uv|q+2d$’ _ % / |’U|q+2:L‘ ) V(|u|q+2)dx
q

~ [l 90l
Combining (3.4)-(3.7) it follows that

Im / w- Vu——) / IVl de - / 22z — "2 / |2
2 +2

L5 [l v uir s = [ 1o 9 (ol
2(q

The symmetry of (1.1) in u and v and one integration by parts gives
-2
Im/ut;szH— vx-Vodr = % / (IVul* + |Vv]?) dz

— 2nf2 / (Ju[*72 + |o|P*2) do — nﬁ/ luv|T 2 dx
p

q/Bn | |q+2|u|q+2dx_|_ ﬁ |u‘q+2 |’U|q+2d$
2(q+2)

Now from (3.2), (3.3) and (3.9) is not hard to see that

% {/Im (wz-Vu+vx- Vo) d:p} = 2/ (IVul* +|Vv[?) dz

2 1)
= 290 [ (e o) o - 20D [ juefeas,
p

We conclude the proof of Lemma by using the conservation law (1.7).
The following Lemma is an obvious result.
Lemma 3.3. Let u and v be solutions of the coupled system (1.1), we have

9, 2 B 9, 5 B
&]u\ = 2Im(Auu) and a\v[ = 2Im(Avv).

(3.10)

(3.11)

The following lemma will be useful to prove the asymptotic behaviour of solutions of (1.1)

Lemma 3.4. Let ug,vo € L?(|z|?dz) N HY(R™) and u(t),v(t) solutions of (1.1), then if 0 <t < T,

we have

1/2 1/2 ¢
</\x|2\u(x,t)]2dx> < </\x|2\u0]2dx> +2/ IV u(t)|| 2,
0
1/2 1/2 ¢
(/ |:c|2]v(x,t)|2dﬂs> < </\az|2\v0|2d$> +2/ [Vo(t')||p2dt.
0

and

(3.12)

(3.13)
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Proof. Using Lemma 3.3 we obtain

;/u |u(t) /\ |2a’“ /x|21m(uAu) dz, (3.14)

integrating by parts once, we have

/\a:|2uAud:c = —Z/ux -Vudx —/\x|2|Vu]2da;, (3.15)

inserting (3.15) in (3.14) we arrive to

aat/|33|2|u(t)’2d$ = —4Im/ux -Vudx

(3.16)
= 4Im/ux -Vudz.
Let Q(t) = ||zul| 2, then using Cauchy-Schwartz, the inequality (3.16) implies
dQ(t)? dQ(t)
=2Q(t)———= < 4Q(t 1
A = 200 TAY < 40(0)| Vull2 (317
and from (3.17) integrating, we have
t
Qt) < 2(0) + 2/ V|| p2dt’.
0
Similarly we obtain the inequality (3.13). O
In this paper we will use the operators J and L defined by
Jw = ei|$‘2/4t(2it)V(e_i|$|2/4t w) = (z+ 2itV)w, Lw = (i0y + A)w
With this notation the system (1.1) is
Lu = —F(u,v) = —(a|ul?? + Blu|?|v|9?)u,
(1,0) = ~(alul + Blul|o[1*?) 19
Lv = —F(v,u).
We note that (see Remark after proof Theorem 3.2).
J(Lu) = L(Ju) (3.19)

Lemma 3.5. Let u and v be solutions of coupled system (1.1), then we have

Im(/ T(|ul?Pu) - Tudz) = — ”p 2 /|uy2p+2 gt{ﬁ/ yuPp“dx},

Im(/ J([v[?Pv) - Tvdz) = —wt/ o|PH2 g — 2 g{ /|v\2p+2dx}

and
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Proof. Using the definition of J, the scalar product of vectors and differentiating gives
J(|u|?Pu) - Ju =|z*|u|*T? = 2it|u|*ux - Va + 2itaV (|u|*Pu) - = + 4°V (|u|*Pu) - VT
=|z[ul*PT2 + 2it|u|*Pz - (VU — uVT) + 2it|u|*V ([u|?P) - =
+ 482|u|?|Vul? + 4t2uV (Ju|??) - VI,
taking the imaginary part we have

Im (J(|u|*u) - Ju) =2t{ul*V(|u|*) - = + 4¢*Im (uV (|u|*).Va)

3.20
=2t L (ju|+?) - & + 42Tm (uV (Ju*).V7), (3.20)
p+1
and after integration over R", we obtain
— 2t
Im/ J(|ul?Pu)Tu dz = ﬂ/ V(\u|2p+2)-xdx+4t21m/ uV([u|?). V) dz. (3.21)
p
Integrating by parts, we have
/ V([ul?P*?) .z dr = —n/ |u|?PT2 de,
and
/ uV (Ju*).Vu = —/ |u|?P|Vul? dr — / |u|*PulT dx.
Substituting into the equation (3.21) and applying Lemma 3.3, we arrive to
— 2t
Im/ J(Ju*Pu)Juds = — fq/ |u|?PT2 dac—4t2/ |u|?PIm (AT u) dx
p
2t 0
S p”/ | 2P+ dx—2t2/ 22 |u|? da
p+1 ot
2t 2t 0
_ _pn/ |22 dg — /u|2p+2d$’
p+1 p+1) 0Ot
we concludes the proof by observing that
0 0
20 ey _ D o sy o s
O
Lemma 3.6. Let u and v be solutions of coupled system (1.1), then we have
Im(/ J(Ju|?|*2u) - Judz) + Im(/ J(Jv|?|u|%v) - Jvdz) =
(3.22)

_4t(n(q4‘1)—2)/|uv|q+2d$_ 4 9 {t2/(|uv|‘1+2) dx}.

q+2 q+2 ot
Proof. From the definition of J we have

J(Julto|?u) = [ulo|TPuw + 20tV (Jul*o| ), (3.23)
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making the scalar product of (3.23) with Ju = xu — 2itVu and differentiating gives
J(Jul?v|7?u)-Tu = |z|?|u)?|v]| 72 |ul? — 2it|u|?|v| " ez - Va + 2itTz - V(ju|?v]9Tw)

+ 422V ([u)|v|9 %) - Va

(3.24)
= || ||| T u)? + 2itu|? [v]|T 2 - (GVu — uVT) + 2it|ul* z - V(|u]?v]TT)
+ 483 u|?|v| 12| Vul|? + +462u V (Ju|?|o|1T?) - V.
Taking the imaginary part of (3.24) and differentiating again, we obtain
Im (J(|u|?|v|97w) - Ju) =2t|ul? z - V(ju|?|v]??) + 4t*Tm (u V(Ju|?|v]7T2) - Va)
=2t[v]|T2 - |u*V(|ul?) + 2t[u|?T? z - V(|v]T?)
+ 48%Im (u V(|u|?]v|7F?) - V) (3.25)
2t
e ol V(™) 2l - V(o)
+ 4% Im (u V(Jul?v|7?) - Va) .
Observe that
/uV(]u\qu”) -Vudr = — / [u|?|v|9? | Vul*dz — / lu|?|v|9T2 AT v dz,
using the Lemma 3.3 it follows that
4t21m/uV(|u|q|v|q+2) Vds = — 4t2/|u|q 0|7 2m (AT v) da
2 +2 9, 1o
=—=2t* [ |v]"° |u|? = |u|* dx (3.26)
875
42
— / v |q+2 |u’q+2 da.
q +2 ot
Combining (3.25), (3.26) and integrating by parts in R, it is not difficult to see that
_ — 2t
/Im(J(]u\q|v|q+2u)-Ju)da: + /Im(J(|U\q|u]q+2) - Jvu)dr = qu z-V(juv|T?)dx
+2)4 4752 +2)
+2t | z-V(uv/? - 875 luwv]? (3.27)
4 1) 4t2
dtn(g +1) / lu |92 d — / (Juv|?™?) dz
qg+2 qg+2 ) ot

the proof of lemma follows using the following identity

0
= — (t2 \uv\q+2) — 2t |uo|?T2.

29 q+2
t (|uv| ) 5

ot
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Theorem 3.2. (Pseudo-Conformal Law) Let u and v be solutions of the coupled system (1.1),
then

9 2 o dat? 2(p+1) 2(g+1) 83t* / a+2
- {/uu\ 10| —(p+1)/ [[uPe) 4 o) do— 20 [ 2

3.28
_ 404821—1)2”/ [|u,2<p+1> i |v|2(q+1)} dx + (q8ft2) [(q+ 1)n—2]/ luv|?2 d. .
Proof. From (3.18) and (3.19), we get
L(Ju) = J(Lu) = —aJ(|ul*u) — BJ(Ju|?|v]T2u) (3.29)
and by the definition of L, we have
zg(Ju) + A(Ju) = —aJ(Ju*u) — BJ(Ju|?|v|T2u). (3.30)

ot
Making the scalar product of (3.30) with Ju, taking two times the imaginary part, after inte-

gration in R", we obtain

gt/ ()2 dz — 2Im / V(Ju(z))2ds = — 2am / J(lu2w) - Tuda
(3.31)
—24Im /J(]u\q|v|q+2u) - Judz.

Therefore

gt/ | Ju(x)|? dz = —2alm(/ J(|u|*u) - Judx) — 2ﬁ]m(/ J(|ul?|v|7 %) - Judz).  (3.32)
Similarly

aat/ |Ju(z)|*dz = —2aIm(/ J(|v|*Pv) - Jvdx) — QBIm(/ J(v|%u|?%v) - Judz).  (3.33)
Adding (3.32) and (3.33) and applying the lemmas 3.5 and 3.6 we concludes the proof. O

Remark. Let u € $(R™), we consider the following multiplication differential operator
Pu(§) => ¢, ¢eRr™ (3.34)
I=1
where (; € R and the multi-index 0; = (Hlj)j:l,”,,n € (ZT)"™. In order to the differential operators

L=0;—iP, J=z+1tQ, =ecR",

commutes, where Q) is also a multiplication differential operator, is easy to see that we need

Q(u) =i(P(ru) — 2P (u)), = (j)j=1,.n € R"

‘ (3.35)
=i(P(zju) — ;P (u))j=1, .,
and using properties of Fourier transform we have
Qu(é) = (Z Czt%gl_ejﬂ(ﬁ)) , £eR, (3.36)
I=1

Jj=1,...n
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J

where the canonical unit vetor e; = (0,...,0,1,0,...,0). Observe that in this case J also commutes
with cL for any constant ¢ € C and reciprocally L commutes with cJ for any constant ¢ € C.

In our case, if we consider

n

Pu=Au= ﬁt(f) =— 2526@(&),

=1
and by definition of Q (see (3.36)) we obtain

Qu(&) = — (2629750(8)),_, .,
= —28u(¢),
and therefore
Qu = 2¢Vu.

In the case n = 1, considering the operator 0y + 02F*1, x € R, then

Pu(€) = (-1)F1ERTaE), (R,
and Qu(¢) = (—1)*1(2k + 1)E2F(€), thus

Qu = (=1)*(2k + 1)0%u,

in the particular case k =1 (KdV equation), we obtain

J =z — 3td>2.

4. A PRIORI ESTIMATES IN H!(R") x H'(R")

Here we will give conditions about of the global existence. We begin with the following result

well-known result

Lemma 4.1. (The Gagliardo-Nirenberg inequality) Let f : R™ — R. Fiz 1 < ¢,r < 0o and a
natural number m. Suppose also that a real number \ and a natural number j are such that
1 ] 1 m 1—A
—24(3-2)a+
p n q
and
l <A<1
<AL
Then
(1) every function f : R™ — R that lies in LY(R™) with mth derivative in L"(R™) also has jth
derivative in LP(R™);

(2) and, furthermore, there exists a constant C' depending only on m,n,j,q,r and X such that

1D flize < CID™ flIz- Nl Fllza™ (4.1)
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In the particular case j =0, r = ¢ = 2 and m = 1, we have

1£llze < CUDFIZ2IF 11727 (4.2)
where ( )
r—2)n
0<A=\r)=———<1.
< (1) o =
Considering the energy equation (1.7), we can to obtain an “a priori” estimate to
V()2 gy + V0O gy (4.3)
if 2p+2)A(2p+2) <2and (4+2¢)A(4+2q) <2, ie. if
2 2
0<p<—, 0<g<——1, (4.4)
n n
or if
2
0< p S N and B S Oa
n
or if
2
0<g< ——1, and « <0,
n

where in the equality, we obtain “a priori” estimate only to |lug||z2 < C and ||vo||r2 < C (small
data).
We observe that if X < 0, then from (1.7) it follows that

/ (IVu(z, t)* + |[Vo(z,1)|?) dv < E(ug, vo), vt > 0. (4.5)

In the next section we will see that in some cases when X < 0, we can also get us a better

asymptotic growth to (4.3).

5. AsymMPTOTIC GROWTH IN THE ENERGY SPACE

In this section we will prove the Theorem 1.2.

From Theorem 3.2 we obtain

0 4t -2
i | [ (TP +150)) da = ep(0)| =222 [ o i o
P S D =2 ) g,
q
where the function
F(t) = aex(t) = (p“j_‘ﬁ) [ [P 4 o200 o+ (qgfg) [wran G2

We consider two cases

Case 1 If
p=>q+1 if B3>0,

Bn(g+1) < pBnp<= ¢ or

p<q+l if B<0.
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In this case is
8tB[n(q+ 1) — 2] < 8tB(np — 2),

and (5.1) implies

gt [/ (’J )‘2+‘J(1})‘2) dx—tf(t)] SW/,UPp-i-Q_i_‘U’Qp_,_de
8tﬂ np — 2) (5.3)
q+2 /‘W’de
=(np —2) (1),

integrating the inequality above

/(!J(U)I2+|J(U)I2) dx —tf(t) < ao+ (np — 2)/0 f(t)at’

) . (5.4)
<ao+(p-2) [ FE) +p-2) [ fE)at
0 1
where
a0 = [ loP (o) + foo(o)]?) 55)
which gives
t 9 _
F(t) == —tf(t) < by +/1 ( t,np) F(tdt, (5.6)
where .
bo = bo(n. p) = ag + (np — 2) / £t (5.7)
0
The Gronwall inequality in (5.6) with np < 2, implies
F(t) < bge™ L mp=2/Hdt" _p2=mp 4 > (5.8)
From conservation of energy (1.7) we can deduce
t
/ (IVul? + Vo) de = E(0) + f4(t) (5.9)
and from (5.8) and (5.9) it follows that
b
/(|Vuy2 + |V|?) dz > E(0) — M—Onp, t>1.

On the other hand, if f(t) = 4tX(t) < 0 (e.g. @ < 0 and 5 < 0) the above inequality and (4.5)
imply (1.15). and from inequalities (5.4)-(5.8) we obtain
t bot/2—np

/W@W+ww%m+wwmm+@~m/ T
1t (5.10)
=bot>™™ if np<2 and t>1.

And by definition of J it follows that

|J(w)|? = |z*|ul® + 4¢%|Vu|* — 4tImT = - V.
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Hence if np < 2, using Cauchy-Schwartz we get
/w|2 (Jul* + |v]?) dz + 4t2/ (IVul® + |Vol?) dx < bot* ™™ + 4t/1mua: - Vudz
=+ 4t/1mvx - Vudz (5.11)

<bot> ™ + 4tz u] 2| V| 2 + 4tz ol| 2 V0 2,

and from (5.11) we have
(lzull 2 = 26 Vull12)* + (|2 vl g2 — 28] Vo £2)* < bo 777, (5.12)
and consequently
2t (| Vull 2 + [Voll2) < @ ullge + vl 2 + 205772, (5.13)
therefore using Lemma 3.4 we obtain
2t (| Vul 2 + [| V0] 12) < 2652877/ + ag + 2 /Ot (IVull 2 + [Vvllz2) dt” (5.14)
Let W(t) = ||Vu(t)||z2 + || Vou(t)] 2, the above inequality gives

t

tW(t) < b2t -me/2 4 % + / W(t')dt'
0

— /22 20 /

2 Jo

1
= b/ A2 4oy 4 / <t,> YW )dt',
1

1 t
W)t + / Wt )d#’ (5.15)
1

where .
co= % +/ W(t")dt', (5.16)
0
and ag as defined in (5.5), and by Gronwall’s inequality (see Lema 3.1), we concludes that if np < 2
and t > 1, then

t 1 t1
PW(E) <bt/*t1P/2 4 ¢y + / (b(l)/ 2y1-np/2 co> 5 oD { / Tdr} dt’
1 t

t (5.17)
1/2,1-np/2 1/2,1—np/2 Lo
<b/2me/2 4oyt (bo {1=mp +co)t72dt.
1

Consequently, if np < 2 and ¢ > 1 we estimate W(t) by

1/2 1/2
W(t) < <260 + CO) _ Mt—mﬂ_

np np
Using this inequality and (5.12) is easy to verify the estimate (1.14).

Case II If

p<qg+1 if a>0,
an(g+1) > anp <

p=q+l if a<0.
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In this case is
dtafn(q+ 1) — 2] > 4ta(np — 2),

and (5.1) implies

gt[/ (|J(U)|2+|J( )| ) dx—tf() 4ta[ (pq:ll /| |2p+2+ ‘U|2p+2dl‘
8tﬂ q 5.18
q+2 /“”| da (5.18)
=—[2—-n(g+1)]f(#)

and similarly as the above case we can show that if n(q 4+ 1) < 2, then

t
/(|Vu|2 +|Vo|?) dz =E(0) + ";(t)
, (5.19)
1
> - >
2B0) - pey 121,
where
1
b = bi(n,q) = ag — 2 — n(q + 1)] / £t (5.20)
0
Similarly as in Case I, if f(¢) = 4tX(t) <0, from the inequalities above we obtain
) ) t blt/2—n(q+1) ,
JUI@E +170) P do -+ 7(0)] <bi+ 2= nla+ 1) [ e
1 t (5.21)
—pt2 et f n(g+1)<2 and t>1.
Let W(t) = ||Vu(t)| 2 + || Vv(t)||12, as in Case I, we obtain
1/2 Ry 1 t1
tW(t) Sbl tl—n(q+1)/2+60+/ (bl t/l—ﬂ(Q+1)/2+CO) /eXp{/ d'f’}dt,
! ! v (5.22)

t
Sb}/Qtlfn(qul)/Z T +t/ (b1/2 P1-n(a+1)/2 4 ) ;2 dat’.
1

Consequently, if n(¢+ 1) <2 and t > 1 we estimate W(t) by

2bl/2 b1/%(2 = n(g + 1))
W) < [ —— - et /2,
“ ( m+1»+%) nla+1)

Finally using this inequality and (5.12) is easy to verify the estimate (1.16).

Remark. Let P(t) = ||z u(t)HQL% + ||z U(t)H%g and W (t) = [|[Vu(®)|7. + [|[Vo(t)|., then
i) If E(0) > 1 and P(0) < 1 is very small, then it is not difficult to see that in the right side of
(1.13) we have that

261/2 /209 _
(Co + ) e £ < B(0).
np np
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ii) With the conditions of Theorem 1.2, i.e. ifnp <2 andp>qg+1iff>0o0rp <qg+1if
B <0and X <0 (see (1.8), e.g., a« <0 and f < 0) and using Lemma 3.4 and Cauchy-Schwartz

inequality we have
t
22W (t) — bot> ™™ <P(t) < bot* "™ + 2a0 + 8t /0 W(t')dt,
and similarly if n(g+1) <2 andp>qg+1ifa>0o0rp<qg+1ifa<0 and X <0, then
202W () — bot> ™) <P(¢) < bot?> ™) 1 2q0 4 8¢ /0 t W(t')dt'.
iii) Using equality (3.16) in the first inequality from (5.11), we obtain
P(t) + 42W (t) <bot>~™ 4 4t / Imii x - Vudz + 4t / Imv x - Vvdz
<bgt* " +tP'(¢),
hence
P(t) +42W (t) < bot>~™ +tP'(t),

it follows that

e T dt t

gy - 4 (P(t)>.

6. BLOW-UP IN H!(R") x H'(R")

In this section we will prove the Theorem 1.3. Using Lemma 3.2 and equality (3.16) we get

8t2/|$ (lu(®)]* + () [?) dx 4* {Im/(u:n~Vu+vx~Vv) da:}

4o (2 —
:8E(0)+L +1"p)/(yu\2p+2+\v2p+2) dr  (6.1)
8/8 1 +q /\’uvlq-‘,—de
q+2

We consider two cases

Case I If

In this case is

85[2 —n(q +1)] <86(2 —np),
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and (6.1) gives

o [P + P dr <850 + 2CI0) [ (upsz g ) g
+ L) [l yp2a (6.2
<o) - (220
From conservation of the energy (1.7) we can deduce
—J;(? = E(0) — / (IVul* + [Vo|?) dz, (6.3)
therefore
_f(:) < 4E(0). (6.4)
Combining (6.2), (6.4) and that np > 2, we have
O [ PO + 0P dz <anp(0). (65
Integrating and using (3.16) we can show that
E?t/ |22 (Ju(t)]? + [v(t)]?) dz < 41111/ (wp x - Vug +vg x - Vug) dx + 4npE(0)t, (6.6)

integrating again we obtain
/ 22 (Ju(t)]* + [v(t)]*)dr < / |22(Juo|? + |vo|?)dx + 4t1m/ (woz - Vug + vox - Vug) dz
+ 2npE(0)t? (6.7)
:=Ag + Byt + Cot? := Py(t).

It is not difficult to see that there exists a T > 0 such that [ |z]*(|u(T)* + |v(T)[*)dz = 0 in the

following cases:

(1)
E(0)=0 and Im/ (upz - Vug + vox - Vug) dz < 0,
(2)
E(0) <0,
(3)
E(0) > 0,
and

? npE(0) 2 2 2
(Im/(uax-Vuo + vox - Vug) dx) > 2/|x| (lwo|® + |vol|*)de.
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FOO=3x+2 y

-6.7 | -.4  -8.1]
+ + +

FIGURE 1. The graph of Py(t) corresponding to the case (1).

FOO=2%" 243342 y

FIGURE 2. The graph of Py(t) corresponding to the case (2).

P(x)=2x"2-5x+2 y
125
Lz

-a.7  -8.4  -g.1 0.2 5 | el | 11 1.4 1.7 g

S ECasee:

FIGURE 3. The graph of Py(t) corresponding to the case (3).

The following graphs are examples corresponding to cases (1), (2) and (3) above.

Now the Heisenberg inequality (Uncertainty inequality)

2
I£1172 < Mz fllzzllV £lle, (6.8)
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implies that if the initial data ug and vy satisfies (1), (2) or (3) then, there exists 0 < 7% < T such
that

lim || Vu(t)zz =00, lim || Vu(t)] 2 = oo.

Case II If
p—qg>1 if a>0,
alg+1l)<ap <=
p—qg<l1 if a<O.
In this case is
4a(2 — np) < 4af2 —n(g+1)],

and (6.1) gives

2 J—
o [P OP + P ar <sp) - D=0,
As in Case I, using (6.4) and n(q + 1) > 2, we have

82
ot?

Integrating two times and using (3.16) we obtain

/ 22(u()[? + [o(t) 2) dz <dn(1 + q)E(0).

/ 2P (ju(®)? + [o(t)2)de < / 22 (Juol? + |vo[2)dar + 4tTm / (o - Vo + Toz - Vo) da
+2n(1 + q)E(0)
:=Ag + Bot + C1t2.

It is not difficult to see that there exists a T > 0 such that [ |z|*(|u(T)* + |v(T)[*)dz = 0 in the

following cases:

(1)
E(0)=0 and Im/ (wox - Vug + oz - Vug) dx < 0,
(2)
E(0) <0,
(3)
E(0) > 0,
and

q+1)E(0)

2
(Im/ (Wox - Vug + vox - Vg) dm) > n( 5 / |22 (|uo|? + |vo]?)dz.

Using the Heinseberg inequality (6.8) again we concludes in this case that if the initial data ug
and vg satisfies (1), (2) or (3) then, there exists 0 < 7% < T such that

Tim ([ Va2 =oo,  lim || Vo(t)]z = oo
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