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Abstract

We prove the global in time existence of a weak solution to the variational inequality of the Navier–
Stokes–Boussinesq type, simulating the flow of a viscous heat conductive fluid through the channel, with
the so called natural boundary conditions on the outflow for velocity and temperature. The use of the
variational inequality enables us to derive an energy–type estimate of the solution.
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1 Introduction and notation

1.1. The Navier–Stokes–Boussinesq–type initial–boundary value problem.Let T > 0 andΩ be a bounded
Lipschitzian domain inR3. PutQT := Ω × (0, T ). We study the mathematical model of a flow of an incom-
pressible viscous heat–conductive fluid in domainΩ in the time interval(0, T ). The densityρ is assumed to
vary only due to the varying temperatureθ according to the law

ρ = ρref

[
1− α(θ − θref)

]
,

whereρref > 0 is a constant density corresponding to a chosen constant reference temperatureθref , andα is
the coefficient of thermal expansion. Applying this formula, the acting volume forceρf can be expressed as

ρf = ρref

[
1− α(θ − θref)

]
f . (1.1)

The balance of momentum is described by the Navier–Stokes equation. Since the density usually differs very
little from ρref in the range of physically realistic temperatures, we may assume that the flow is incompressible
and putρ := ρref = 1 in all terms in the Navier–Stokes equations, except for the volume force. Thus, the
Navier–Stokes equation takes the form

∂tu− ν∆u+ (u · ∇)u = −∇p+
[
1− α(θ − θref)

]
f , (1.2)

whereu is the velocity,p is the pressure andν is the kinematic coefficient of viscosity. Similarly, assuming that
the density is constant (equal toρref ≡ 1), the internal energy in the fluid reduces to the heat, and neglecting
the heat production due to viscosity (the Boussinesq approximation), we write the equation of balance of the
internal energy in the form

∂tθ − β∆θ + (u · ∇)θ = g, (1.3)

whereg is the given specific intensity of sources of heat inΩ andβ is the coefficient of heat conduction. All
coefficientsα, β andν are supposed to be positive constants. The conservation of mass is described by the
equation of continuity

divu = 0. (1.4)
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We assume that∂Ω = Γ1 ∪Γ2, whereΓ1 andΓ2 are disjoint nonempty subsets of∂Ω, open in the 2D topology
of ∂Ω. Since the 2D measure ofΓ1 is positive, there existsc1 > 0 such that the Friedrichs inequality

‖ . ‖2 ≤ c1 ‖∇. ‖2 (1.5)

holds for all functions fromW 1,2(Ω), whose trace onΓ1 is equal to zero. (See [16, Theorem 1.1.9].) SetΓ1

simulates the part of the boundary ofΩ where the fluid flows intoΩ or the part that coincides with a fixed wall,
and it is therefore logical to use the Dirichlet boundary conditions

u = u∗, θ = θ∗ onΓ1 × (0, T ) (1.6)

for the velocity and the temperature. We assume thatu∗ andθ∗ are given functions onΓ1 × (0, T ) that can
be extended toΩ × (0, T ) so that the extended functions, which are for simplicity also denoted byu∗ andθ∗,
satisfy

u∗ ∈ L∞
(
0, T ; W 1,2(Ω)

)
∩W 1,2

(
0, T ; W−1,2(Ω)

)
, divu∗ = 0 a.e. inΩ× (0, T ), (1.7)

θ∗ ∈ L∞
(
0, T ; W 1,2(Ω)

)
∩W 1,2

(
0, T ; W−1,2(Ω)

)
, (1.8)

whereW−1,2(Ω) (respectivelyW−1,2(Ω)) is the dual toW 1,2(Ω) (respectivelyW 1,2(Ω)). It follows from
[15, Theorem I.3.1] that functionu∗, satisfying (1.7), is inC0

(
[0, T ]; L2(Ω)

)
and functionθ∗, satisfying (1.8),

is in C0
(
[0, T ]; L2(Ω)

)
. We assume that the fluid “essentially” flows out ofΩ throughΓ2. (By “essentially”

we mean that possible backward flows onΓ2 cannot be excluded.) As the velocity and the temperature on the
outflow cannot be expected to be known in advance, we use the so called “natural” boundary condition for the
velocity and the pressure

−pn+ ν
∂u

∂n
= F onΓ2 × (0, T ) (1.9)

and the Neumann boundary condition for the temperature:

β
∂θ

∂n
= G onΓ2 × (0, T ). (1.10)

The classical formulation of the considered initial–boundary value problem is completed by the initial condi-
tions for the velocity and the temperature

u = u0, θ = θ0 in Ω× {0}. (1.11)

1.2. Aims of this paper and related previous results. The boundary condition (1.9) is a variant of the so
called “do nothing” condition, because it naturally follows from the appropriate weak formulation, see [9].
(In fact, our condition (1.9) is more general, because the “do nothing” boundary condition considered in [9]
has the zero right hand side.) The problem is that although we assume that the fluid entersΩ throughΓ1 and
essentially leaves throughΓ2, condition (1.9) admits backward flows onΓ2 that might possibly bring back
to Ω an uncontrollable amount of kinetic energy. Thus, condition (1.9) does not enable us to derive an a
priori estimate of velocity and temperature, analogous to the usual energy inequality, and consequently, the
construction of a global in time weak solution fails. This is why we impose an additional restriction on the
size of possible backward flows onΓ2. However, then the velocity is from the beginning constructed in an
arbitrarily large convex subset of a certain function space, and the Navier–Stokes equation (1.2) is therefore
logically replaced by an appropriate variational inequality. We prove the global in time existence of a weak
solution of the boundary–initial value problem, formulated by means of this inequality, and we also show that
if the time derivative of the solution is inL2(0, T ; V −1) (the spaceV −1 is defined in subsection 1.3) then there
exists an associated pressurep so thatu, p satisfy the Navier–Stokes equation in the sense of distributions in
Ω× (0, T ). Moreover, ifu andp are “smooth” then the variational inequality is reduced only to setΓ2× (0, T )
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and it substitutes the boundary condition (1.9). Finally, we also show that if the solution is in the interior of the
aforementioned convex set then the boundary condition (1.9) is satisfied point-wise inΓ1 × (0, T ).

Our main result on the existence of a weak solution is formulated in Theorem 1 in Section 3. Note that the
same theorem also holds if the heat conductivity of the fluid is not taken into account and one considers just the
Navier–Stokes inequality (1.16), without equation (1.17), which represents the weak form of equation (1.3).
The main reason why we study the coupled system (1.2), (1.3) for the main unknowns velocity and temperature
in this paper, is that in addition to the “natural boundary condition” (1.9) for the velocity, we also use the
“natural boundary condition” (1.10) for the temperature on the partΓ2 of ∂Ω, and we show that in contrast to
(1.9), condition (1.10) does not have any negative effect on the energy estimates and there is therefore no need
to replace equation (1.3) by an inequality.

The Navier–Stokes equations with the mixed boundary conditions (1.6) and (1.9) (for velocity) have been
studied e.g. in papers [12], [13], [1], [2], where the authors prove the solvability under the assumptions that
the given data are “small”. (The flow of a heat–conductive fluid is also considered in [2].) A modification
of condition (1.9) that enables one to derive an energy estimate was suggested in [3]. The Navier–Stokes
equations with the boundary condition (1.9) modified in the sense of [3] have been studied in [4], [5] [6] and
[17] in connection with flows through profile cascades. While the inflow to the cascade was assumed to be
“sufficiently small” the first two papers, a finer treatment of the boundary condition has enabled the authors to
improve the results to an “arbitrarily large” inflow and to prove the existence of weak solutions in papers [6]
and [17]. Another approach was applied in [10] and [11], where the authors studied the steady Navier–Stokes
problems with the mixed boundary conditions (1.6) and (1.9) (for velocity), and artificially restricted the size of
a possible backward flow onΓ2. The velocity was constructed in a “large” convex subset of a certain function
space, and instead of the Navier–Stokes equation, the authors used an appropriate steady variational inequality
of the Navier–Stokes type. A similar idea is also applied in this paper. Here, however, we consider the non–
steady problem and the usual equations (1.2) and (1.4) are completed by the equation (1.3) of heat convection
and conduction. Boundary conditions of different types on different parts of∂Ω are applied not only to the
velocity, but also to the temperature.

1.3. Notation, function spaces. Vector–functions and spaces of vector–functions are denoted by boldface
letters.

◦ Let 1 < r < ∞ andk ∈ {0} ∪ N. The norm of a scalar– or vector– or tensor–valued function, with
components in the Lebesgue spaceLr(Ω) (respectively the Sobolev spaceW k,r(Ω)) is denoted by‖ . ‖r
(respectively‖ . ‖k,r). The norm inLr(Γ2) is denoted by‖ . ‖r; Γ2 .

◦ Let V be the space of infinitely differentiable divergence–free vector functions inΩ that have a compact
support inΩ ∪ Γ2. We denote byH the closure ofV in L2(Ω) and byV 1 the closure ofV in W 1,2(Ω).
(V 1 can also be characterized as a space of divergence–free functions fromW 1,2(Ω), whose trace onΓ1

is zero.) The dual space toV 1 is denoted byV −1. The norm inV −1, respectively the duality between
elements ofV −1 andV 1, is denoted by‖ . ‖−1,2, respectively by〈 . , . 〉.
◦ Let c2 > 0 anda ∈ (2, 4) be such numbers that

ess sup
t∈(0,T )

∫
Γ2

(u∗ · n)a− dS < c2. (1.12)

Here,u∗ is the function from (1.6) and (1.7),n denotes the outer normal vector field and the subscript “−”
denotes the negative part. (The negative part is taken “positively”, i.e. ifc < 0 thenc− = −c.) We define
K1 to be the set of all functionsφ ∈ V 1 such that∫

Γ2

[
(u∗(t) + φ) · n

]a
− dS ≤ c2 for a.a.t ∈ (0, T ). (1.13)

The numbersc2, a and functionu∗ are fixed throughout the paper. Constantc2 can be chosen to be arbitrarily
large. Obviously, the larger isc2, the larger is setK1.
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◦ We denote byW (0, T ) the Banach space of of functionsw ∈ L2(0, T ; V 1) such that∂tw ∈ L2(0, T ;
V −1), equipped by the norm

|||w||| :=
(∫ T

0
‖w‖21,2 dt+

∫ T

0
‖∂tw‖2−1,2 dt

)1/2

.

Applying [15, Theorem I.3.1], one can deduce that each functionw from W (0, T ) is inC0
(
[0, T ];H

)
, too.

◦ We denote byK (0, T ) := W (0, T ) ∩ L2(0, T ; K1).
◦ LetX be the space of infinitely differentiable scalar functions inΩ that have a compact support inΩ ∪ Γ2.

We denote byX1 the closure ofX in W 1,2(Ω). The dual space toX1 is denoted byX−1. The norm in
X−1, respectively the duality between elements ofX−1 andX1, is also denoted by‖ . ‖−1,2, respectively
by 〈 . , . 〉.

Lemma 1. a) K1 is a closed convex subset ofV 1. There existsε1 > 0 such thatK1 contains theε1–
neighborhood of0 in V 1.

b) K (0, T ) is a closed convex subset ofW (0, T ).

Proof. The fact thatK1 is closed easily follows from the fact that the inequality in (1.13) is not strong. In
order to prove the convexity ofK1, assume thatφ1, φ2 ∈ K1. Let s ∈ (0, 1). Then, applying Minkowski’s
inequality,(∫

Γ2

[(
u∗(t) + sφ1 + (1− s)φ2

)
· n
]a
− dS

)1
a

≤
(∫

Γ2

[
s
(
(u∗(t) + φ1) · n

)
− + (1− s)

(
(u∗(t) + φ2) · n

)
−
]a dS

)1
a

≤ s

(∫
Γ2

[
(u∗(t) + φ1) · n

]a
− dS

) 1
a

+ (1− s)
(∫

Γ2

[
(u∗(t) + φ2) · n

]a
− dS

) 1
a

≤ s c
1/a
2 + (1− s) c1/a

2 = c
1/a
2 .

This shows thatsφ1+(1−s)φ2 ∈K1, too. The existence ofε1 > 0 such thatK1 contains theε1–neighborhood
of 0 follows from the fact that the inequality (1.12) is strong: letφ ∈ V 1, ‖φ‖1,2 < ε1. Then, applying again
Minkowski’s inequality, we obtain(∫

Γ2

[
(u∗(t) + φ) · n

]a
− dS

)1
a

≤
(∫

Γ2

[
(u∗(t) · n)− + (φ · n)−

]a dS
)1
a

≤
(∫

Γ2

(u∗(t) · n)a− dS
)1
a

+
(∫

Γ2

(φ · n)a− dS
)1
a

≤
(∫

Γ2

(u∗(t) · n)a− dS
)1
a

+ C(a) ‖φ‖1,2 ≤
(∫

Γ2

(u∗(t) · n)a− dS
)1
a

+ C(a) ε1.

Since the first term on the right hand side is strongly less thanc
1/a
2 , the whole right hand side is less than or

equal toc1/a
2 if ε1 is sufficiently small. Henceφ ∈K1.

Statement b) is an easy consequence of a). �

1.4. A formal derivation of the variational inequality. Suppose thatu, θ andp is a “smooth” solution
of the problem (1.2)–(1.4), (1.6), (1.9)–(1.11). Letw be a “smooth” function from[0, T ] toK1. Writing u,
respectivelyθ, in the formu = u∗+v, respectivelyθ = θ∗+ϑ, wherev(t) ∈ V 1 andϑ(t) ∈ X1 for t ∈ (0, T ),
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multiplying equation (1.2) byw − v, integrating overΩ × (0, T ) and applying the boundary conditions (1.6)
and (1.9), we obtain∫ T

0

∫
Ω
∂t(u∗ + v) · (w − v) dxdt+

∫ T

0

∫
Ω

(u∗ + v) · ∇(u∗ + v) · (w − v) dxdt

+
∫ T

0

∫
Ω
ν∇(u∗ + v) · ∇(w − v) dxdt

=
∫ T

0

∫
Ω

[1− α(θ∗ + ϑ− θref)]f · (w − v) dxdt+
∫ T

0

∫
Γ2

F · (w − v) dS dt. (1.14)

The first term on the left hand side satisfies∫ T

0

∫
Ω
∂t(u∗ + v) · (w − v) dxdt

=
∫ T

0

∫
Ω
∂t(u∗ +w) · (w − v) dxdt+

∫ T

0

∫
Ω
∂t(v −w) · (w − v) dxdt

=
∫ T

0

∫
Ω
∂t(u∗ +w) · (w − v) dxdt− 1

2
‖w(T )− v(T )‖22 +

1
2
‖w(0)− v0‖22

≤
∫ T

0

∫
Ω
∂t(u∗ +w) · (w − v) dxdt+

1
2
‖w(0)− v0‖22, (1.15)

wherev0 := u0 − u∗(0). From now on, we considerw ∈ K (0, T ). Recall that∂tu∗ is supposed to be in
L2
(
0, T ; W−1,2(Ω)

)
. This implies that∂t(u∗ + w) is in L2(0, T ; V −1). Thus, we can write the integral of

∂t(u∗ +w) · (w − v) in Ω as the duality〈∂t(u∗ +w),w − v〉. Substituting from (1.15) to (1.14), we obtain∫ T

0

〈
∂t(u∗ +w),w − v

〉
dxdt+

∫ T

0

∫
Ω

(u∗ + v) · ∇(u∗ + v) · (w − v) dxdt

+
∫ T

0

∫
Ω
ν∇(u∗ + v) · ∇(w − v) dxdt ≥

∫ T

0

∫
Ω

[1− α(θ∗ + ϑ− θref)]f · (w − v) dxdt

+
∫ T

0

∫
Γ2

F · (w − v) dS dt− 1
2
‖w(0)− v0‖22. (1.16)

The fact that (1.16) is an inequality, and not an equation, gives us a freedom to impose an additional condition
on the solutionu: we requirev(t) ≡ u(t)− u∗(t) to be inK1 for a.a.t ∈ (0, T ).

The weak form of equation (1.3) can be derived in a usual way: we writeθ in the formθ = θ∗+ϑ, multiply
equation (1.3) by a test functionψ ∈ C∞

(
[0, T ]; X1

)
such thatψ(T ) = 0, integrate inΩ × (0, T ), apply the

integration by parts, apply the boundary condition (1.10) and write〈g, ψ〉 instead of
∫

Ω gψ dx. We get

−
∫ T

0

∫
Ω

(θ∗ + ϑ) ∂tψ dxdt+
∫ T

0

∫
Ω

(u∗ + v) · ∇(θ∗ + ϑ)ψ dxdt+ β

∫ T

0

∫
Ω
∇(θ∗ + ϑ) · ∇ψ dxdt

=
∫ T

0

∫
Γ2

Gψ dS dt+
∫ T

0
〈g, ψ〉 dt+

∫
Ω

(θ∗(0) + ϑ0)ψ(0) dx, (1.17)

whereϑ0 := θ0 − θ∗(0). The functionsv andϑ are from now on considered to be the new unknowns.

1.5. The initial–boundary value problem(P). Given

a) u∗ andθ∗, satisfying (1.7) and (1.8),

b) u0 ∈ L2(Ω) such thatdivu0 = 0 in Ω in the sense of distributions,θ0 ∈ L2(Ω),

c) f ∈ L
4r1

6−r1
(
0, T ; Ls1(Ω)

)
for somer1 ands1 such thatr−1

1 + s−1
1 = 5

6 and2 ≤ r1 < 6,
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d) F ∈ L2
(
0, T ; L4/3(Γ2)

)
, g ∈ L2(0, T ; X−1) and G ∈ L2

(
0, T ; L4/3(Γ2)

)
.

We look forv andϑ such thatv ∈ L∞(0, T ; H) ∩ L2(0, T ; K1), ϑ ∈ L∞
(
0, T ; L2(Ω)

)
∩ L2(0, T ; X1)

and the inequality (1.16) and the equation (1.17) are satisfied for all test functionsw ∈ K (0, T ) andψ ∈
C∞

(
[0, T ]; X1

)
such thatψ(T ) = 0.

The assumptions on functionf in item c) imply that the first integral on the right hand side of (1.16)
converges. Similarly, the assumptions onF , g andG in item d) guarantee the convergence of the second
integral on the right hand side of (1.16) and the corresponding integrals in (1.17). If(v, ϑ) is a solution of
problem(P) then, by analogy with the theory of the Navier–Stokes equations, a distributionp in Ω × (0, T )
is said to be anassociated pressureif u ≡ u∗ + v, θ ≡ θ∗ + ϑ andp satisfy equation (1.2) in the sense of
distributions inΩ× (0, T ).

As it is usual in the theory of weak solutions of partial differential equations, one can show that if all the
given data and the solution(v, ϑ) are sufficiently smooth and integrable, thenu ≡ u∗ + v andθ ≡ θ∗ + ϑ
satisfy equations (1.3) and (1.4), boundary conditions (1.6) and (1.10) and initial conditions (1.11) in a strong
sense inΩ× (0, T ) or onΓ1 × (0, T ) or onΓ2 × (0, T ) or in Ω×{0}. It is, however, not clear at the first sight
whether the variational inequality (1.16) in some sense involves the momentum equation (1.2) and in which
sense problem (P) also involves the boundary condition (1.9). The next two lemmas concern these questions.

Lemma 2. Let (v, ϑ) be a solution of problem (P). Let∂tv be, in addition, inL2(0, T ; V −1) andp be a given
function fromL1(0, T ). Then an associated pressurep exists as a function fromL1

(
0, T ; L2(Ω)

)
, such that∫

Ω p(t) dS = p(t) a.e. in(0, T ).

Proof. Consider functionw in (1.16) in the formw = v + χ(t)φ, whereχ ∈ C1
(
[0, T ]), χ(0) = χ(T ) = 0

andφ ∈W 1,2
0,σ(Ω) (the space of all divergence–free functions fromW 1,2(Ω) with the zero trace on∂Ω). Then

(1.16) yields ∫ T

0

〈
∂t(u+ χ(t)φ), χ(t)φ

〉
dt+

∫ T

0
χ(t)

∫
Ω

[
u · ∇u · φ+ ν∇u · ∇φ

]
dxdt

≥
∫ T

0
χ(t)

∫
Ω

[1− α(θ − θref)]f · φ dxdt. (1.18)

Since ∫ T

0

〈
∂t(u+ χ(t)φ), χ(t)φ

〉
dt =

∫ T

0
χ(t) 〈∂tu,φ〉 dx,

(1.18) takes the form∫ T

0
χ(t) 〈∂tu,φ〉 dt+

∫ T

0
χ(t)

∫
Ω

[
u · ∇u · φ+ ν∇u · ∇φ

]
dxdt

≥
∫ T

0
χ(t)

∫
Ω

[1− α(θ − θref)]f · φ dxdt. (1.19)

Considering (1.19) with function−φ instead ofφ, we observe that (1.19) holds as an equation. Moreover, as it
holds for allχ ∈ C1

[
0, T ]

)
such thatχ(0) = χ(T ) = 0, we deduce that the equation

〈∂tu,φ〉+
∫

Ω

[
u · ∇u · φ+ ν∇u · ∇φ

]
dx =

∫
Ω

[1− α(θ − θref)]f · φ dx

holds at a.a. pointst ∈ (0, T ). Integrating with respect to time from0 to t, we get∫
Ω

[u(t)− u0] · φ dx+
∫ t

0

∫
Ω

[
u · ∇u · φ+ ν∇u · ∇φ

]
dxdτ =

∫ t

0

∫
Ω

[1− α(θ − θref)]f · φ dxdτ.
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Put

Ft(ψ) :=
∫

Ω
[u(t)− u0] ·ψ dx+

∫ t

0

∫
Ω

{
u · ∇u ·ψ + ν∇u · ∇ψ − [1− α(θ − θref)]f ·ψ

}
dxdτ.

Ft is a bounded linear functional onW 1,2
0 (Ω), that vanishes onW 1,2

0,σ(Ω). Thus, due to [8, Corollary III.5.1],
there existsP (t) ∈ L2(Ω) such thatFt(ψ) =

∫
Ω P (t) divψ dx. Substituting here forFt, differentiating this

identity with respect tot (in the sense of distributions) in(0, T ) and denotingp := ∂tP , we deduce thatu, θ
andp satisfy equation (1.2) in the sense of distributions inΩ× (0, T ).

It follows from the assumptions (1.7) and (1.8) (on functionsu∗ andθ∗) and the definition of the solu-
tion (v, ϑ) (which includes the information on the integrability ofv andϑ) that∆u ∈ L2

(
0, T ; W−1,2

0 (Ω)
)

(whereW−1,2
0 (Ω) is the dual toW 1,2

0 (Ω)), u · ∇u ∈ L4/3
(
0, T ; W−1,2

0 (Ω)
)

and[1 − α(θ − θref)]f are in

L1
(
0, T ; W−1,2

0 (Ω)
)
. The distributional derivative∂tv is supposed to be inL2(0, T ; V −1), which implies

that∂tu ≡ ∂t(u∗+ v) is inL2
(
0, T ; W−1,2

0 (Ω)
)
. Consequently,∇p (the distributional gradient ofp) belongs

toL1
(
0, T ; W−1,2

0 (Ω)
)

andp can be therefore chosen so that it belongs toL1
(
0, T ; L2(Ω)

)
. Sincep is unique

up to an additive function oft, this function can be chosen so thatp satisfies the condition
∫

Ω p(t) dS = p(t)
a.e. in(0, T ). �

Lemma 3. a) Let(v, ϑ) be a solution of problem (P) and let all the terms∂tu, u · ∇u, ∆u and
[1− α(θ − θref)]f (whereu ≡ u∗ + v andθ ≡ θ∗ + ϑ) belong toL2

(
0, T ; L2(Ω)

)
. Then the associated

pressurep exists as a function fromL2
(
0, T ; W 1,2(Ω)

)
and the inequality∫ T

0

∫
Γ2

(
ν
∂u

∂n
− pn− F

)
· (q − v) dS dt ≥ 0 (1.20)

holds for allq ∈ L2(0, T ; K1).
b) If, in addition to the assumptions in item a),v(t) lies uniformly in the interior ofK1 in the sense that there

existsε2 > 0 such thatv(t) + φ ∈ K1 for all φ from theε2–neighborhood of0 in V 1 and a.a.t ∈ (0, T )
then the boundary condition (1.9) is satisfied point-wise a.e. inΓ2 × (0, T ).

Proof. a) An associated pressurep exists due to Lemma 2. It follows from equation (1.2) and the assumptions
in item a) that∇p ∈ L2

(
0, T ; L2(Ω)

)
. Writing u instead ofu∗ + v andθ instead ofθ∗ + ϑ in (1.16) and

expressing the first integral in (1.16) by means of the identities∫ T

0

〈
∂t(u∗ +w),w − v

〉
dt =

∫ T

0

〈
∂t(u∗ + v),w − v

〉
dt+

∫ T

0

〈
∂t(w − v),w − v

〉
dt

=
∫ T

0

∫
Ω
∂tu · (w − v) dxdt+

1
2
‖w(T )− v(T )‖22 −

1
2
‖w(0)− v0‖22,

we obtain∫ T

0

∫
Ω
∂tu · (w − v) dxdt+

∫ T

0

∫
Ω
u · ∇u · (w − v) dxdt

+
∫ T

0

∫
Ω
ν∇u · ∇(w − v) dxdt−

∫ T

0

∫
Ω

[1− α(θ − θref)]f · (w − v) dxdt

≥
∫ T

0

∫
Γ2

F · (w − v) dS dt− 1
2
‖w(T )− v(T )‖22. (1.21)

Let q be at first a function from the same class asw, i.e. q ∈ L2(0, T ; K1), ∂tq ∈ L2(0, T ; V −1). Let
ξ ∈ (0, 1). If we usew in (1.21) in the formw = ξq + (1 − ξ)v, divide the inequality byξ and consider
ξ → 0+, we get∫ T

0

∫
Ω
∂tu · (q − v) dxdt+

∫ T

0

∫
Ω
u · ∇u · (q − v) dxdt
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+
∫ T

0

∫
Ω
ν∇u · ∇(q − v) dxdt−

∫ T

0

∫
Ω

[1− α(θ − θref)]f · (q − v) dxdt

≥
∫ T

0

∫
Γ2

F · (q − v) dS dt.

Applying the integration by parts to the third integral on the left hand side, we obtain∫ T

0

∫
Ω

{
∂tu− ν∆u+ u · ∇u−

[
1− α(θ − θref)

]
f
}
· (q − v) dxdt+

∫ T

0

∫
Γ2

ν
∂u

∂n
· (q − v) dS dt

−
∫ T

0

∫
Γ2

F · (q − v) dS dt ≥ 0,

−
∫ T

0

∫
Ω
∇p · (q − v) dxdt+

∫ T

0

∫
Γ2

ν
∂u

∂n
· (q − v) dS dt−

∫ T

0

∫
Γ2

F · (q − v) dS dt ≥ 0.

Integrating by parts in the first integral, we get (1.20). Since the set of functionsq ∈ L2(0, T ; K1), such that
∂tq ∈ L2(0, T ; V −1), is dense inL2(0, T ; K1), (1.20) holds for allq ∈ L2(0, T ; K1).

b) Leth ∈ L2(0, T ; V 1) such that∂th ∈ L2(0, T ; V −1). Then there existsδ > 0 such that bothq = v + δh
andq = v − δh are admissible test functions in (1.20). Using these test functions and dividing (1.20) byδ, we
obtain the equation ∫ T

0

∫
Γ2

(
ν
∂u

∂n
− pn− F

)
· h dS dt = 0.

Sinceν∂u/∂n − pn − F ∈ L2
(
0, T ; L4/3(Γ2)

)
and the set of traces of the functionsh on Γ2 is dense in

L2
(
0, T ; L4(Γ2)

)
, we deduce that condition (1.9) holds a.e. inΓ2 × (0, T ). �

2 Approximations and their estimates

2.1. Auxiliary notions and considerations.Let us chooseκ ∈ R such thatκ > 3
2−2/a and 1

2 +1/a < κ < 1.
Denote byV κ a closure ofV in W κ,2(Ω), which is the interpolation space[L2(Ω),W 1,2(Ω)]κ. ThenV 1 is
compactly imbedded toV κ and there exists a continuous operator of traces fromV κ to L4/(3−2κ)(∂Ω). Par-
ticularly, due to the choice ofκ, the operator of traces maps continuouslyV κ toLa(Γ2) and toL2a/(a−1)(Γ2).
DefineKκ to be the set of all functionsφ ∈ V κ that satisfy inequality (1.13). By analogy withK1, setKκ

is convex and closed inV κ. Denote byP1 (respectivelyPκ) the projector inV 1 (respectively inV κ), which
assigns to each element ofV 1 (respectively inV κ) the nearest element inK1 (respectively inKκ). Due to
the convexity ofK1 (respectivelyKκ), P1 (respectivelyPκ) is a continuous mapping ofV 1 (respectivelyV κ)
into itself.

We denote by( . , . )1,2 the scalar product inW 1,2(Ω). Forφ ∈ V 1, we putΨ(φ) := φ− P1(φ).

Lemma 4. OperatorΨ is monotone and satisfies the inequalities(
Ψ(φ),φ

)
1,2
≥ ‖Ψ(φ)‖21,2 ,

(
Ψ(φ),φ

)
1,2
≥ ε1 ‖Ψ(φ)‖1,2 (2.1)

for all φ ∈ V 1, whereε1 is the number given by Lemma 1.

Proof. If φ1, φ2 ∈ V 1 then, due to the convexity ofK1, ‖P1(φ1)− P1(φ1)‖1,2 ≤ ‖φ1 − φ2‖1,2. Hence(
Ψ(φ1)−Ψ(φ2),φ1 − φ2

)
1,2

= ‖φ1 − φ1‖21,2 −
(
P1(φ1)− P1(φ2),φ1 − φ2

)
1,2

≥ ‖φ1 − φ2‖21,2 − ‖P1(φ1)− P1(φ2)‖1,2 ‖φ1 − φ2‖1,2 ≥ 0.

8



This proves the monotonicity ofΨ. Furthermore,(
Ψ(φ),φ

)
1,2

=
(
φ− P1(φ),φ− P1(φ)

)
1,2

+
(
φ− P1(φ), P1(φ)

)
1,2

≥
(
φ− P1(φ),φ− P1(φ)

)
1,2

= ‖Ψ(φ)‖21,2.

(We have used the inequality
(
φ− P1(φ), P1(φ)

)
1,2
≥ 0, which holds becauseK1 is convex.) Obviously, the

second inequality in (2.1) holds ifΨ(φ) = 0. Thus, assume thatΨ(φ) 6= 0 and puth := ε1 Ψ(φ)/‖Ψ(φ)‖1,2.
Then(

Ψ(φ),φ
)

1,2
=
(
φ− P1(φ),φ− P1(φ)

)
1,2

+
(
φ− P1(φ), P1(φ)− h

)
1,2

+
(
φ− P1(φ),h

)
1,2
.

The first term on the right hand side is nonnegative. The second term is also nonnegative, becauseh ∈K1 and
K1 is convex. Thus, substituting forh, we get

(
Ψ(φ),φ

)
1,2
≥ ε1

(
Ψ(φ),

Ψ(φ)
‖Ψ(φ)‖1,2

)
1,2

= ε1 ‖Ψ(φ)‖1,2. �

PutV 2 := V 1 ∩W 2,2(Ω). V 2 is a Hilbert space with the scalar product( . , . )2,2, identical with the scalar
product inW 2,2(Ω). Let e1, e2 . . . be a basis inV 2, orthonormal inH. It follows from the density ofV 2 in
H and from the continuous imbeddingV 2 ↪→↪→ H that the functionse1, e2, . . . also form a basis inH. Let
ζ1, ζ2, . . . be a basis inW 2,2(Ω).

1.2. Construction of approximations. Let n ∈ N. We look for the coefficientsa(n)
k , b

(n)
k ∈ C1([0, T ]),

(k = 1, 2, . . . , n) such that the functions

v(n) :=
n∑
k=1

a
(n)
k ek, ϑ(n) :=

n∑
k=1

b
(n)
k ζk (2.2)

satisfy the initial conditions

v(n)(0) =
n∑
k=1

(
v0, ek

)
2
ek, ϑ(n)(0) =

n∑
k=1

(
ϑ0, ζk

)
2
ζk (2.3)

(where( . , . )2 denotes the scalar product inL2(Ω) or inL2(Ω)) and the integral equations∫
Ω

[
∂tv

(n) + (u∗ + Pκ(v(n))) · ∇(u∗ + v(n))
]
· ek dx+ ν

∫
Ω
∇(u∗ + v(n)) : ∇ek dx+ 〈∂tu∗, ek〉

−
∫

Ω
[1− α(θ∗ + ϑ(n) − θref)]f · ek dx+ n

(
Ψ(v(n)), ek

)
1,2

=
∫

Γ2

F · ek dS, (2.4)∫
Ω

[
∂tϑ

(n) + (u∗ + Pκ(v(n))) · ∇(θ∗ + ϑ(n))
]
ζk dx+ β

∫
Ω
∇(θ∗ + ϑ(n)) · ∇ζk dx+ 〈∂tθ∗, ζk〉

= 〈g, ζk〉+
∫

Γ2

Gζk dS (2.5)

hold for allk = 1, . . . , n. Substituting here from (2.2), we obtain a system of2n ordinary differential equations
for the unknown coefficientsa(n)

k , b
(n)
k (k = 1, . . . , n). The system is completed by the initial conditions

a
(n)
k (0) =

(
v0, ek

)
2
, b

(n)
k (0) =

(
ϑ0, ζk

)
2
. (2.6)

The local solvability of the system follows from Caratheodory’s theorem. In order to prove the global solvability
on the time interval(0, T ), we derive global estimates ofa(n)

k andb(n)
k (k = 1, . . . , n).
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2.3. A priori estimates. Multiplying the k–th equation in (2.4) bya(n)
k and summing overk from 1 to n, we

obtain

1
2

d
dt
‖v(n)‖22 + ν ‖∇v(n)‖22 + n

(
Ψ(v(n)), v(n)

)
1,2

= −
∫

Ω
(u∗ + Pκ(v(n))) · ∇(u∗ + v(n)) · v(n) dx

− ν
∫

Ω
∇u∗ : ∇v(n) dx−

〈
∂tu
∗,v(n)

〉
+
∫

Ω
[1− α(θ∗ + ϑ(n) − θref)]f · v(n) dx+

∫
Γ2

F · v(n) dS. (2.7)

Similarly, multiplying thek–th equation in (2.5) byb(n)
k and summing fork = 1, . . . , n, we get

1
2

d
dt

∥∥ϑ(n)
∥∥2

2
+ β ‖∇ϑ(n)‖22 = −

∫
Ω
Pκ(u∗ + v(n)) · ∇(θ∗ + ϑ(n))ϑ(n) dx

−β
∫

Ω
∇θ∗ · ∇ϑ(n) dx− 〈∂tθ∗, ϑ(n)〉+ 〈g, ϑ(n)〉+

∫
Γ2

Gϑ(n) dS. (2.8)

The first integral on the right hand side of (2.7) equals

−
∫

Ω
(u∗ + Pκ(v(n))) · ∇v(n) · v(n) dx−

∫
Ω

(u∗ + Pκ(v(n))) · ∇u∗ · v(n) dx

= −1
2

∫
Γ2

(u∗ + Pκ(v(n)))
)
· n |v(n)|2 dS −

∫
Ω

(u∗ + Pκ(v(n)))
)
· ∇u∗ · v(n) dx

≤ 1
2

(∫
Γ2

[
(u∗ + Pκ(v(n))) · n

]a
− dS

)1
a
(∫

Γ2

|v(n)|
2a
a−1 dS

)a−1
a

−
∫

Ω
(u∗ + Pκ(v(n))) · ∇u∗ · v(n) dx

≤ 1
2
c

1/a
2 C‖v(n)‖2κ,2 +

∥∥u∗ + Pκ(v(n))
∥∥
r2
‖∇u∗‖2 ‖v(n)‖s2 ,

wherer−1
2 + s−1

2 = 1
2 . If r2 is chosen so that3 < r2 < 6/(3 − 2κ) (which is< 6) thenV κ ↪→↪→ Lr2(Ω)

andV 1 ↪→↪→ Ls2(Ω). Moreover, using also the inequalities‖u∗ + Pκ(v(n))‖r2 ≤ ‖u∗‖r2 + ‖v(n)‖r2 ≤
C + ‖v(n)‖r2 , we observe that the right hand side of the last inequality is

≤ δ ‖∇v(n)‖22 + C(δ) ‖v(n)‖22 + C ‖v(n)‖s2 + C ‖v(n)‖r2 ‖v(n)‖s2 .

Interpolating the norms‖v(n)‖r2 and‖v(n)‖s2 between‖v(n)‖2 and‖∇v(n)‖2, we further obtain:

. . . ≤ 3δ ‖∇v(n)‖22 + C(δ) ‖v(n)‖22 + C(δ). (2.9)

The second term on the right hand side of (2.7) satisfies∣∣∣∣ν ∫
Ω
∇u∗ : ∇v(n) dx

∣∣∣∣ ≤ δ ‖∇v(n)‖22 + C(δ) ‖∇u∗‖22. (2.10)

The third term on the right hand side of (2.7) can be estimated by means of (1.5) and (1.7) as follows:∣∣〈∂tu∗,v(n)
〉∣∣ ≤ ‖∂tu∗‖−1,2 ‖v(n)‖1,2 ≤ δ ‖∇v(n)‖22 + C(δ) ‖∂tu∗‖22. (2.11)

The fourth term on the right hand side of (2.7) can be estimated by means of the assumptions on the integrability
of functionf , Young’s inequality, the continuous imbedding ofW 1,2(Ω) toL6(Ω) and Friedrichs’ inequality:∣∣∣∣∫

Ω
[1− α(θ∗ + ϑ(n) − θref)]f · v(n) dx

∣∣∣∣ ≤ ‖1− α(θ∗ + ϑ(n) − θref)‖r1 ‖f‖s1 ‖v(n)‖6

≤ ‖1− α(θ∗ + ϑ(n) − θref)‖
6−r1
2r1

2 ‖1− α(θ∗ + ϑ(n) − θref)‖
3r1−6

2r1
6 ‖f‖s1 ‖v(n)‖6

≤ C ‖1− α(θ∗ + ϑ(n) − θref)‖
6−r1
2r1

2 ‖1− α(θ∗ + ϑ(n) − θref)‖
3r1−6

2r1
1,2 ‖f‖s1 ‖v(n)‖6
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≤ C ‖1− α(θ∗ + ϑ(n) − θref)‖
6−r1
2r1

2

(
‖∇ϑ(n)‖

3r1−6
2r1

2 + ‖1− α(θ∗ − θref)‖
3r1−6

2r1
1,2

)
‖f‖s1 ‖∇v(n)‖2

≤ δ ‖∇v(n)‖22 + δ ‖∇ϑ(n)‖22 + C(δ) + C(δ) ‖1− α(θ∗ + ϑ(n) − θref)‖22 ‖f‖
4r1

6−r1
s1 . (2.12)

Finally, the last term on the right hand side of (2.7) can be estimated by means of the continuity of the operator
of traces fromW 1,2(Ω) toL4(∂Ω) and Friedrich’s inequality:∣∣∣∣∫

Γ2

F · v(n) dS
∣∣∣∣ ≤ ‖F ‖4/3; Γ2

‖v(n)‖4; Γ2 ≤ C ‖F ‖4/3; Γ2
‖v(n)‖1,2 ≤ C ‖F ‖4/3; Γ2

‖∇v(n)‖2

≤ δ ‖∇v(n)‖22 + C(δ) ‖F ‖24/3; Γ2
. (2.13)

Substituting now from (2.10)–(2.13) to (2.7), we obtain

1
2

d
dt
‖v(n)‖22 + ν ‖∇v(n)‖22 + n

(
Ψ(u∗ + v(n)), v(n)

)
1,2
≤ 7δ ‖∇v(n)‖22 + δc3 ‖∇ϑ(n)‖22

+ C(δ) ‖v(n)‖22 + C(δ) ‖1− α(θ∗ + ϑ(n) − θref)‖22 ‖f‖
4r1

6−r1
s1 + C(δ) ‖∇u∗‖22

+ C(δ) ‖θ∗‖21,2 + C(δ) + C(δ) ‖F ‖24/3; Γ2
. (2.14)

The first term on the right hand side of (2.8) can be estimated by analogy with (2.9):

−
∫

Ω

[
(u∗ + Pκ(v(n))) · ∇(θ∗ + ϑ(n))

]
ϑ(n) dx

= −
∫

Ω

[
(u∗ + Pκ(v(n))) · ∇ϑ(n)

]
ϑ(n) dx−

∫
Ω

[
(u∗ + Pκ(v(n))) · ∇θ∗

]
ϑ(n) dx

= −1
2

∫
Γ2

(u∗ + Pκ(v(n))) · n |ϑ(n)|2 dS −
∫

Ω

[
(u∗ + Pκ(v(n))) · ∇θ∗

]
ϑ(n) dx

≤ 1
2

(∫
Γ2

[
(u∗ + Pκ(v(n))) · n

]a
− dS

)1
a
(∫

Γ2

|ϑ(n)|
2a
a−1 dS

)a−1
a

−
∫

Ω

[
(u∗ + Pκ(v(n))) · ∇θ∗

]
ϑ(n) dx

≤ 1
2
c

1/a
2 C‖ϑ(n)‖2κ,2 +

∥∥u∗ + Pκ(v(n))
∥∥
r2
‖∇θ∗‖2 ‖ϑ(n)‖s2

≤ 1
2
c

1/a
2 C‖ϑ(n)‖2κ,2 + C

∥∥u∗ + Pκ(v(n))
∥∥
r2
‖∇θ∗‖2 ‖ϑ(n)‖s2

≤ δ ‖∇ϑ(n)‖22 + C(δ) ‖ϑ(n)‖22 + C
(
‖u∗‖r2 + ‖v(n)‖r2

)
‖∇θ∗‖2 ‖ϑ(n)‖s2

≤ δ ‖∇ϑ(n)‖22 + C(δ) ‖ϑ(n)‖22 + C ‖ϑ(n)‖s2 + C ‖v(n)‖r2 ‖ϑ(n)‖s2

≤ 3δ ‖∇ϑ(n)‖22 + δ ‖∇v(n)‖22 + C(δ) ‖ϑ(n)‖22 + C(δ) ‖v(n)‖22 + C(δ). (2.15)

The estimates of the second, third and fourth term on the right hand side of (2.8) are standard:∣∣∣∣β ∫
Ω
∇θ∗ · ∇ϑ(n) dx

∣∣∣∣ ≤ δ ‖∇ϑ(n)‖22 + C(δ) ‖∇θ∗‖22, (2.16)∣∣〈g, ϑ(n)〉
∣∣ ≤ ‖g‖−1,2 ‖ϑ(n)‖1,2 ≤ C ‖g‖−1,2 ‖∇ϑ(n)‖2 ≤ ‖∇ϑ(n)‖22 + C(δ) ‖g‖2−1,2, (2.17)∣∣∣∣∫

Γ2

Gϑ(n) dS
∣∣∣∣ ≤ ‖G‖4/3; Γ2

‖ϑ(n)‖4; Γ2 ≤ C ‖G‖4/3; Γ2
‖ϑ(n)‖1,2 ≤ C ‖G‖4/3; Γ2

‖∇ϑ(n)‖2

≤ δ ‖∇ϑ(n)‖22 + C(δ) ‖G‖24/3; Γ2
. (2.18)

Substituting from (2.15)–(2.18) to (2.8), we obtain

1
2

d
dt

∥∥ϑ(n)
∥∥2

2
+ β ‖∇ϑ(n)‖22 ≤ 5δ ‖∇ϑ(n)‖22 + δ ‖∇v(n)‖22 + C(δ) ‖ϑ(n)‖22 + C(δ) ‖v(n)‖22
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+C(δ) ‖∇θ∗‖22 + C(δ) ‖g‖2−1,2 + C(δ) ‖G‖24/3; Γ2
. (2.19)

Choosingδ > 0 so small that8δ ≤ 1
2ν and (5 + c3)δ ≤ 1

2β, summing (2.14) and (2.19), and using the
assumptions (1.7) and (1.8) onu∗ andθ∗, we get

1
2

d
dt
(
‖v(n)‖22 + ‖ϑ(n)‖22

)
+
ν

2
‖∇v(n)‖22 +

β

2
‖∇ϑ(n)‖22 + n

(
Ψ(v(n)), v(n)

)
1,2

≤ C ‖v(n)‖22 + C
(
1 + ‖f‖

4r1
6−r1
s1

)
‖ϑ(n)‖22 + C

(
1 + ‖f‖

4r1
6−r1
s1

)
+ C(δ) ‖F ‖24/3; Γ2

+ C(δ) ‖g‖2−1,2 + C(δ) ‖G‖24/3; Γ2
+ C(δ). (2.20)

Integrating finally this inequality on the time interval(0, T ), we derive the estimates

‖v(n)(t)‖2 + ‖ϑ(n)(t)‖2 ≤ c4 for all t ∈ (0, T ) andn ∈ N, (2.21)∫ T

0

(
‖∇v(n)‖22 + ‖∇ϑ(n)‖22

)
dt ≤ c5 for all n ∈ N, (2.22)∫ T

0
n
(
Ψ(v(n)), v(n)

)
1,2

dt ≤ c6 for all n ∈ N. (2.23)

The upper boundsc4, c5 and c6 depend on the functionsu∗, θ∗, f , g, F , G, v0 and θ0 and also on the
coefficientsν andβ and on the constantsc1 in Friedrichs’ inequality (1.5) andc2 in the definition of the convex
setK1 (see (1.13)). They are, however, independent ofn. Note that the inequalities (2.1) and (2.23) yield∫ T

0
n ‖Ψ(v(n))‖21,2 dt ≤ c6,

∫ T

0
n ‖Ψ(v(n))‖1,2 dt ≤ c6

ε1
. (2.24)

2.4. Existence of approximations.Estimates (2.21) imply that
n∑
k=1

(
a

(n)
k

2
(t) + b

(n)
k

2
(t)
)
≤ c4 for all t ∈ (0, T ) andn ∈ N.

From this, one can deduce that the system of ordinary differential equations for the unknownsa
(n)
k andb(n)

k

(k = 1, . . . , n) (which we obtain if we substitutev(n) andϑ(n) in the forms (2.3) to (2.4) and (2.5)) is uniquely
solvable on the whole time interval(0, T ). Consequently, functionsv(n) andϑ(n) (defined by formulas (2.3))
also exist on the whole interval(0, T ) and satisfy estimates (2.21)–(2.23).

2.5. An estimate of a fractional derivative. In order to pass to the limit forn → ∞ in weak forms of (2.4)
and (2.5), we also need an information on a strong convergence of the sequence{v(n)}. For this purpose, we
derive an estimate of a fractional derivative ofv(n) with respect tot. Chooser ∈ (0, 1

2) and put

Hr :=
{
v ∈ L2(0, T ; V 1); |τ |r v̂(τ) ∈ L2

(
−∞,∞; V −2(Ω)

)}
,

‖v‖2Hr :=
∫ T

0
‖v(t)‖21,2 dt+

∫ ∞
−∞
|τ |2r ‖v̂(τ)‖2−2,2 dτ,

whereV −2 denotes the dual space toV 2 andv̂ is the Fourier transform ofv in variablet. (In order to calculate
the Fourier transform, we extendv(t) by zero fort ∈ (−∞, 0)∪(T,∞).) Recall thatV 2 := V 1∩W 2,2(Ω). We
denote by‖ . ‖−2,2 the norm inV −2. Our next objective is to show that the sequence{v(n)} is bounded inHr.
Leth ∈ V 2. Then there exist coefficientsα1, α2, . . . such thath =

∑∞
k=1 αk ek. Denoteh(n) :=

∑n
k=1 αk ek.

Multiplying equation (2.4) byh(n) and applying the Fourier transform, we get∫ T

0
e−2πiτt

∫
Ω

[
∂tv

(n) + (u∗ + Pκ(v(n))) · ∇(u∗ + v(n))
]
· h(n) dxdt

12



+ ν

∫ T

0
e−2πiτt

∫
Ω
∇(u∗ + v(n)) : ∇h(n) dxdt+

∫ T

0
〈∂tu∗,h(n)〉 dt

−
∫ T

0
e−2πiτt

∫
Ω

[1− α(θ∗ + ϑ(n) − θref)]f · h(n) dxdt+ n

∫ T

0
e−2πiτt

(
Ψ(v(n)), h(n)

)
1,2

dt

=
∫ T

0
e−2πiτt

∫
Γ2

F · h(n) dS dt. (2.25)

Applying the integration by parts to the first term on the left hand side, we get∫ T

0
e−2πiτt

∫
Ω
∂tv

(n) · h(n) dxdt

= e−2πiτT

∫
Ω
v(n)(T ) · h(n) dx−

∫
Ω
v(n)(0) · h(n) dx+ 2πiτ

∫
Ω
v̂(n)(τ) · h(n) dx. (2.26)

(Here,v̂(n) denotes the Fourier transform ofv(n).) We claim that there existsc7 > 0 such that all other terms
in (2.25) can be estimated (in the absolute value) byc7 ‖h(n)‖2,2. We show it on the example of the last term
on the left hand side of (2.25):∣∣∣∣n ∫ T

0
e−2πiτt

(
Ψ(v(n)), h(n)

)
1,2

dt
∣∣∣∣ ≤ C n ‖h(n)‖1,2

∫ T

0
‖Ψ(v(n))‖1,2 dt

≤ C ‖h(n)‖2,2
n

ε1

∫ T

0

(
Ψ(v(n)), v(n)

)
1,2

dt ≤ C

ε1
‖h(n)‖2,2 c6.

(We have used (2.1) and (2.23).) The other terms in (2.25) can be treated similarly, and this also holds on the
first two terms on the right hand side of (2.26). Thus, the last term on the right hand side of (2.26) satisfies∣∣∣∣2πiτ

∫
Ω
v̂(n)(τ) · h(n) dx

∣∣∣∣ =
∣∣∣∣2πiτ

∫
Ω
v̂(n)(τ) · hdx

∣∣∣∣ ≤ c7 ‖h(n)‖2,2.

There existsc8 > 0, independent ofn andh, such that‖h(n)‖2,2 ≤ c8 ‖h‖2,2. This simple inequality can
be proven by means of the Banach–Steinhaus theorem: denote byP (n) the projector inV 2, that assigns to
eachh ∈ V 2 the functionh(n). Since the sequence{P (n)h} is bounded inV 2 for eachh ∈ V 2, {P (n)} is a
bounded sequence inL(V 2) (the space of bounded linear operators inV 2). Consequently,‖P (n)h‖2,2 is less
than or equal toC ‖h‖2,2, whereC is independent ofn. The inequality

∣∣2πiτ
(
v̂(n)(τ), h

)
2

∣∣ ≤ c7c8 ‖h‖2,2
(for all h ∈ V 2) implies that‖v̂(n)(τ)‖−2,2 ≤ c7c8/2π|τ |. Thus, there existsc9 > 0, independent ofn, such
that

‖v(n)‖2Hr =
∫ T

0
‖v(n)(t)‖21,2 dt+

(∫ −1

−∞
+
∫ 1

−1
+
∫ ∞

1

)
|τ |2r ‖v̂(n)(τ)‖2−2,2 dτ

≤ C + C

(∫ −1

−∞
+
∫ ∞

1

)
|τ |2r−2 dτ +

∫ 1

−1
‖v̂(n)(τ)‖2−2,2 dτ

≤ C +
∫ ∞
−∞
‖v̂(n)(τ)‖22 dτ ≤ C +

∫ T

0
‖v(n)(t)‖22 dt ≤ c9. (2.27)

3 The limit procedure for n→∞

3.1. Convergence of the approximations. It follows from (2.21), (2.22) and (2.27) that there existv ∈
L∞(0, T ; H) ∩Hr, ϑ ∈ L∞

(
0, T ; L2(Ω)

)
∩ L2(0, T ; X1) and subsequences of{v(n)} and{ϑ(n)} (which

we again denote by{v(n)} and{ϑ(n)}) such that

v(n) −→ v weakly inHr and weakly–∗ in L∞(0, T ; H), (3.1)

13



ϑ(n) −→ ϑ weakly inL2(0, T ; X1) and weakly–∗ in L∞
(
0, T ; L2(Ω)

)
. (3.2)

Due to the compact imbeddingHr ↪→↪→ L2(0, T ; V κ) (see e.g. [14, Chap. I.5.2]), we also have

v(n) −→ v strongly inL2(0, T ; V κ). (3.3)

The convergence (3.3) further yields

v(n) −→ v strongly inL2(0, T ; H), (3.4)

v(n) −→ v strongly inL2
(
0, T ; La(Γ2)

)
, (3.5)

v(n) −→ v strongly inL2
(
0, T ; L2a/(a−1)(Γ2)

)
. (3.6)

(Recall that numbera has been introduced in subsection 1.3.) The first inequality in (2.24) implies that

Ψ(v(n)) −→ 0 strongly inL2(0, T ; W 1,2(Ω))
)
. (3.7)

3.2. The inclusionv(t) ∈K1. Due to the monotonicity of operatorΨ inW 1,2, we have∫ T

0

(
Ψ(v(n))−Ψ(z), v(n) − z

)
1,2

dt ≥ 0 (3.8)

for all n ∈ N andz ∈ V 1. Using (3.1) and (3.7), we get

lim
n→∞

∫ T

0

(
Ψ(v(n)), v(n) − z

)
1,2

dt = 0,

lim
n→∞

∫ T

0

(
Ψ(z), v(n)

)
1,2

dt =
∫ T

0

(
Ψ(z), v

)
1,2

dt.

Thus, passing to the limit forn→∞ in (3.8), we obtain
∫ T

0

(
Ψ(z), v−z

)
1,2

dt ≤ 0. Putz = v−ξΨ(v) where

ξ > 0. Dividing the inequality byξ and passing to the limit forξ → 0+, we get
∫ T

0

(
Ψ(v),Ψ(v)

)
1,2

dt ≤ 0,

which means thatΨ(v(t)) = 0 for a.a.t ∈ (0, T ). This implies thatv(t) ∈K1 for a.a.t ∈ (0, T ).

3.3. Passage to the limit (forn → ∞) in equation (2.4) for w in the classK m(0, T ). Recall that the
functionsek (k = 1, 2, . . . ) form a basis inV 2, orthonormal inH. Form ∈ N, we denote byW m(0, T ) the
set of functionsw ∈ W (0, T ) that have a finite expansionw(t) =

∑m
k=1 µk(t)ek, and we putK m(0, T ) :=

W m(0, T ) ∩ L2(0, T ; K1).
We want to show that the functionsu ≡ u∗+v andθ ≡ θ∗+ϑ satisfy the inequality (1.16) and the equation

(1.17). Assume at first that the test functionw in (1.16) is chosen from setK m(0, T ) andn > m. Recall that

v(n) has the expansion (2.2). Let us multiply equation (2.4) byµk − a
(n)
k if k ≤ m and by−a(n)

k if m < k ≤ n
and sum the equations fork = 1, . . . , n. We obtain∫

Ω

[
∂tv

(n) + (u∗ + Pκ(v(n))) · ∇(u∗ + v(n))
]
· (w − v(n)) dx+ ν

∫
Ω
∇(u∗ + v(n)) : ∇(w − v(n)) dx

+ 〈∂tu∗,w − v(n)〉 −
∫

Ω
[1− α(θ∗ + ϑ(n) − θref)]f · (w − v(n)) dx+ n

(
Ψ(v(n)),w − v(n)

)
1,2

=
∫

Γ2

F · (w − v(n)) dS. (3.9)

Further, we integrate this equation with respect to time on(0, T ). The two terms that contain the derivatives
with respect tot yield∫ T

0

∫
Ω

[
∂tv

(n) · (w − v(n)) + 〈∂tu∗,w − v(n)〉
]

dxdt
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=
∫

Ω

〈
∂tu
∗ + ∂tw,w − v(n)

〉
dt−

∫ T

0

∫
Ω

(∂tw − ∂tv(n)) · (w − v(n)) dxdt

=
∫

Ω

〈
∂tu
∗ + ∂tw,w − v(n)

〉
dt− 1

2

∥∥w(T )− v(n)(T )
∥∥2

2
+

1
2

∥∥w(0)− v(n)(0)
∥∥2

2

≤
∫

Ω

〈
∂tu
∗ + ∂tw,w − v(n)

〉
dt+

1
2

∥∥w(0)− v(n)(0)
∥∥2

2
. (3.10)

The integral ofn
(
Ψ(v(n)),w − v(n)

)
1,2

can estimated by means of the monotonicity of operatorΨ and the
identityΨ(w)(t)) = 0 as follows:∫ T

0
n
(
Ψ(v(n)),w − v(n)

)
1,2

dt = −n
∫ T

0

(
Ψ(w)−Ψ(v(n)),w − v(n)

)
1,2

dt ≤ 0. (3.11)

Thus, (3.9), (3.10) and (3.11) yield∫ T

0

〈
∂tu
∗ + ∂tw,w − v(n)

〉
dt+

∫ T

0

∫
Ω

(u∗ + Pκ(v(n))) · ∇(u∗ + v(n)) · (w − v(n)) dxdt

+ ν

∫ T

0

∫
Ω
∇(u∗ + v(n)) : ∇(w − v(n)) dxdt−

∫ T

0

∫
Ω

[1− α(θ∗ + ϑ(n) − θref)]f · (w − v(n)) dxdt

−
∫ T

0

∫
Γ2

F · (w − v(n)) dS dt ≥ −1
2

∥∥w(0)− v(n)(0)
∥∥2

2
. (3.12)

The next step is the passage to the limit forn → ∞ in (3.12). Here, we apply all types of convergence (3.1)–
(3.7). Since the limit passage in some terms is the same or analogous to the proof of the global in time existence
of weak solutions of the Navier–Stokes equations with the no slip boundary condition (see e.g. [7]) or [14], we
focus only on the two “most difficult” nonlinear terms: a) the inequality

lim inf
n→∞

(
−ν
∫ T

0

∫
Ω
∇v(n) : ∇v(n) dxdt

)
≤ −ν

∫ T

0

∫
Ω
∇v : ∇v dxdt (3.13)

holds due to (3.1). b) The second integral on the left hand side of (3.12) can be treated as follows:∫ T

0

∫
Ω

(u∗ + Pκ(v(n))) · ∇(u∗ + v(n)) · (w − v(n)) dxdt

=
∫ T

0

∫
Ω

(u∗ + Pκ(v(n))) · ∇(u∗ + v(n)) · (u∗ +w) dxdt

−
∫ T

0

∫
Ω

(u∗ + Pκ(v(n))) · ∇(u∗ + v(n)) · (u∗ + v(n)) dxdt

=
∫ T

0

∫
Ω

(u∗ + Pκ(v(n))) · ∇(u∗ + v(n)) · (u∗ +w) dxdt

− 1
2

∫ T

0

∫
Γ1

(u∗ · n) |u∗|2 dS dt− 1
2

∫ T

0

∫
Γ2

[(
u∗ + Pκ(v(n))

)
· n
]
|u∗ + v(n)|2 dS dt

Due to (3.5) and (3.6),∫
Γ2

[
(u∗ + Pκ(v(n))) · n

]
|u∗ + v(n)|2 dS −→

∫
Γ2

[
(u∗ + v) · n

]
|u∗ + v|2 dS

at a.a. pointst ∈ (0, T ). Thus, applying Fatou’s lemma on the interval(0, T ), we get

lim inf
n→∞

(
−1

2

∫ T

0

∫
Γ2

[
(u∗ + Pκ(v(n))) · n

]
|u∗ + v(n)|2 dS dt

)
15



≤ −1
2

∫ T

0

∫
Γ2

[(u∗ + v) · n
]
|u∗ + v|2 dS dt.

The convergence (3.3) and the properties of projectorPκ imply thatPκ(v(n)) → v in L2(0, T ; V κ). Hence
Pκ(v(n))→ v in L2

(
0, T ; L4(Ω)

)
, too. Consequently,

(
u∗+Pκ(v(n))

)
⊗ (u∗+w)→ (u∗+ v)⊗ (u∗+w)

(for n→∞) in L2
(
0, T ; L2(Ω)3×3

)
. This and (3.1) yield∫ T

0

∫
Ω

(u∗ + Pκ(v(n))) · ∇(u∗ + v(n)) · (u∗ +w) dxdt

−→
∫ T

0

∫
Ω

(u∗ + v) · ∇(u∗ + v) · (u∗ +w) dxdt

for n→∞. Thus, we have

lim inf
n→∞

∫ T

0

∫
Ω

(u∗ + Pκ(v(n))) · ∇(u∗ + v(n)) · (w − v(n)) dxdt

≤ −1
2

∫ T

0

∫
Γ1

(u∗ · n) |u∗|2 dS dt− 1
2

∫ T

0

∫
Γ2

[(u∗ + v) · n
]
|u∗ + v|2 dS dt

+
∫ T

0

∫
Ω

(u∗ + v) · ∇(u∗ + v) · (u∗ +w) dxdt

=
∫ T

0

∫
Ω

(u∗ + v) · ∇(u∗ + v) · (w − v) dxdt. (3.14)

The limit passage in all other terms in (3.12) is simpler than (3.13) and (3.14). Thus,v andϑ satisfy inequality
(1.16) for all test functionsw ∈ K m(0, T ). Sincem was an arbitrary number fromN, v andϑ satisfy (1.16)
for allw ∈

⋃∞
m=1 K m(0, T ).

3.4. The validity of equation (1.16) forw ∈ K (0, T ). We still need to show that (1.16) is satisfied for all
w ∈ K (0, T ). For this purpose, it is sufficient to show that

⋃∞
m=1 K m(0, T ) is dense inK (0, T ) in the norm

||| . |||. Obviously,
⋃∞
m=1 W m(0, T ) is dense inW (0, T ). SetK (0, T ) is closed inW (0, T ), with the property

that K (0, T ) is equal to the closure of its interior. Hence
(⋃∞

m=1 W m(0, T )
)
∩ K (0, T ) (which coincides

with
⋃∞
m=1 K m(0, T )) is dense inW (0, T ) ∩K (0, T ) (which coincides withK (0, T )).

3.5. Passage to the limit (forn→∞) in equation (2.5). The way one can obtain equation (1.17) from (2.5)
is standard and we do not therefore describe it here. We only mention that by analogy with the test functionw
in (1.16), we at first consider the test functionψ in (1.17) in a finite–dimensional subspace ofC∞

(
[0, T ]; X1

)
,

and use (3.1), (3.2), (3.4) to show that the limit functionsv andϑ satisfy (1.17). Then we use similar arguments
as in subsection 3.4 and show that (1.17) holds forψ in the whole class of test functions considered in the
definition of problem (P) in subsection 1.5, i.e. for allψ ∈ C∞

(
[0, T ]; X1

)
such thatψ(T ) = 0.

We have proven the theorem:

Theorem 1. There exists a solutionv, ϑ of problem (P).
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[13] P. Kǔcera: Basic properties of the non-steady Navier–Stokes equations with mixed boundary conditions
ina bounded domain.Ann. Univ. Ferrara55 (2009), 289–308.
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Karlovo ńam. 13, 121 35 Praha 2
Czech Republic
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