134 (2009) MATHEMATICA BOHEMICA No. 4, 369–378

EXTENDED WEYL TYPE THEOREMS

M. Berkani, Oujda, H. Zariouh, Meknes

(Received August 7, 2008)

Abstract. An operator T acting on a Banach space X possesses property (gw) if σa(T ) \ σ_{SBF}−_+ (T ) = E(T ), where σa(T ) is the approximate point spectrum of T , σ_{SBF}−_+ (T ) is the essential semi-B-Fredholm spectrum of T and E(T ) is the set of all isolated eigenvalues of T. In this paper we introduce and study two new properties (b) and (gb) in connection with Weyl type theorems, which are analogous respectively to Browder’s theorem and generalized Browder’s theorem.

Among other, we prove that if T is a bounded linear operator acting on a Banach space X, then property (gw) holds for T if and only if property (gb) holds for T and E(T ) = Π(T ), where Π(T ) is the set of all poles of the resolvent of T.

Keywords: B-Fredholm operator, Browder’s theorem, generalized Browder’s theorem, property (b), property (gb)

MSC 2000 : 47A53, 47A10, 47A11

1. Introduction

Throughout this paper, X will denote an infinite-dimensional complex Banach space, L(X) the Banach algebra of all bounded linear operators acting on X. For T ∈ L(X), let T^∗, N(T ), R(T ), σ(T ) and σ_a(T ) denote respectively the adjoint, the null space, the range, the spectrum and the approximate point spectrum of T. Let α(T ) and β(T ) be the nullity and the deficiency of T defined by α(T ) = dim N(T ) and β(T ) = codim R(T ). Recall that an operator T ∈ L(X) is called upper semi-Fredholm if α(T ) < ∞ and R(T ) is closed, while T ∈ L(X) is called lower semi- Fredholm if β(T ) < ∞. Let SF_+(X) and SF_−(X) denote the class of all upper semi- Fredholm operators and the class of all lower semi-Fredholm operators, respectively. If T ∈ L(X) is either an upper or a lower semi-Fredholm operator, then T is called a

The first author was supported by Protars D11/16 and PGR-UMP.

semi-Fredholm operator, and the index of T is defined by ind(T ) = α(T ) − β(T ). If both α(T ) and β(T ) are finite, then T is called a Fredholm operator. Let F (X) denote the class of all Fredholm operators. Define SF^−_+(X) = {T ∈ SF_+(X): ind(T ) � 0}. The class of Weyl operators is defined by W (X) = {T ∈ F (X): ind(T ) = 0}. The classes of operators defined above generate the following spectra: The Weyl spectrum is defined by σ_W(T ) = {λ ∈ C: T − λI ∉ W (X)}, while the Weyl essential approximate spectrum is defined by σ_{SF}−_+ (T ) = {λ ∈ C: T − λI ∉ SF^−_+(X)}.

Following Coburn [10], we say that Weyl’s theorem holds for T ∈ L(X) if σ(T ) \ σ_W(T ) = E^0(T ), where E^0(T ) = {λ ∈ iso σ(T ): 0 < α(T − λI) < ∞}. Here and elsewhere in this paper, for A ⊂ C, isoA is the set of isolated points of A. According to Rakocevic [14], an operator T ∈ L(X) is said to satisfy a-Weyl’s theorem if σ_a(T ) \ σ_{SF}−_+ (T ) = E^0_a(T ), where E^0_a(T ) = {λ ∈ iso σ_a(T ): 0 < α(T − λI) < ∞}.

For T ∈ L(X) and a nonnegative integer n define T_n to be the restriction of T to R(T^n) viewed as a map from R(T^n) into R(T^n) (in particular, T_0 = T ). If for some integer n the range space R(T^n) is closed and T_n is an upper (a lower) semi- Fredholm operator, then T is called an upper (a lower) semi-B-Fredholm operator. In this case the index of T is defined as the index of the semi-B-Fredholm operator T_n, see [9]. Moreover, if T_n is a Fredholm operator, then T is called a B-Fredholm operator. A semi-B-Fredholm operator is an upper or a lower semi-B-Fredholm operator. An operator T is said to be a B-Weyl operator [5, Definition 1.1] if it is a B-Fredholm operator of index zero. The B-Weyl spectrum σ_{BW}(T ) of T is defined by σ_{BW}(T ) = {λ ∈ C: T − λI is not a B-Weyl operator}.

Recall that the ascent a(T ) of an operator T is defined by a(T ) = inf{n ∈ N: N(T^n) = N(T^{n+1})}, and the descent δ(T ) of T is defined by δ(T ) = inf{n ∈ N: R(T^n) = R(T^{n+1})} with inf ∅ = ∞. An operator T ∈ L(X) is called Drazin invertible if it has a finite ascent and descent. The Drazin spectrum σ_D(T ) of an operator T is defined by σ_D(T ) = {λ ∈ C: T − λI is not Drazin invertible}.

Define also the set LD(X) by LD(X) = {T ∈ L(X): a(T ) < ∞ and R(T^{a(T )+1}) is closed} and σ_{LD}(T ) = {λ ∈ C: T − λI ∉ LD(X)}. Following [8], an operator T ∈ L(X) is said to be left Drazin invertible if T ∈ LD(X). We say that λ ∈ σ_a(T ) is a left pole of T if T − λI ∈ LD(X), and that λ ∈ σ_a(T ) is a left pole of T of finite rank if λ is a left pole of T and α(T − λI) < ∞. Let Π_a(T ) denotes the set of all left poles of T and let Π^0_a(T ) denotes the set of all left poles of T of finite rank. From [8, Theorem 2.8] it follows that if T ∈ L(X) is left Drazin invertible, then T is an upper semi-B-Fredholm operator of index less than or equal to 0.

Let Π(T ) be the set of all poles of the resolvent of T and let Π^0(T ) be the set of all poles of the resolvent of T of finite rank, that is Π^0(T ) = {λ ∈ Π(T )}: α(T − λI) < ∞}. According to [12], a complex number λ is a pole of the resolvent of T if and only if 0 < max (a(T − λI), δ(T − λI)) < ∞. Moreover, if this is true then a(T − λI) = δ(T − λI). According also to [12], the space R((T − λI)^{a(T −λI)+1}) is closed for each λ ∈ Π(T ). Hence we have always Π(T ) ⊂ Π_a(T ) and Π^0(T ) ⊂ Π^0_a(T ).

We say that Browder’s theorem holds for T ∈ L(X) if σ(T ) \ σ_W(T ) = Π^0(T ), and that a-Browder’s theorem holds for T ∈ L(X) if σ_a(T ) \ σ_{SF}−_+ (T ) = Π^0_a(T ). Following [5], we say that generalized Weyl’s theorem holds for T ∈ L(X) if σ(T ) \ σ_{BW}(T ) = E(T ), where E(T ) = {λ ∈ iso σ(T ): 0 < α(T − λI)} is the set of all isolated eigenvalues of T , and that generalized Browder’s theorem holds for T ∈ L(X) if σ(T ) \ σ_{BW}(T ) = Π(T ). It is proved in [2, Theorem 2.1] that generalized Browder’s theorem is equivalent to Browder’s theorem. In [8, Theorem 3.9], it is shown that an operator satisfying generalized Weyl’s theorem satisfies also Weyl’s theorem, but the converse does not hold in general. Nonetheless and under the assumption E(T ) = Π(T ), it is proved in [6, Theorem 2.9] that generalized Weyl’s theorem is equivalent to Weyl’s theorem.

Let SBF_+(X) be the class of all upper semi-B-Fredholm operators, SBF^−_+(X) = {T ∈ SBF_+(X): ind(T ) � 0}. The upper B-Weyl spectrum of T is defined by σ_{SBF}−_+ (T ) = {λ ∈ C: T −λI /∈ SBF^−_+(X)}. We say that generalized a-Weyl’s theorem holds for T ∈ L(X) if σ_a(T ) \ σ_{SBF}−_+ (T ) = E_a(T ), where E_a(T ) = {λ ∈ iso σ_a(T ): 0 < α(T − λI)} is the set of all eigenvalues of T which are isolated in σ_a(T ) and that T ∈ L(X) obeys generalized a-Browder’s theorem if σ_a(T ) \ σ_{SBF}−_+ (T ) = Π_a(T ). It is proved in [2, Theorem 2.2] that generalized a-Browder’s theorem is equivalent to a-Browder’s theorem, and it is known from [8, Theorem 3.11] that an operator satisfying generalized a-Weyl’s theorem satisfies a-Weyl’s theorem, but the converse does not hold in general and under the assumption E_a(T ) = Π_a(T ) it is proved in [6, Theorem 2.10] that generalized a-Weyl’s theorem is equivalent to a-Weyl’s theorem.

Following [15], we say that T ∈ L(X) possesses property (w) if σ_a(T ) \ σ_{SF}−_+ (T ) = E^0(T ). The property (w) has been studied in [3], [14]. In [3, Theorem 2.8], it is shown that property (w) implies Weyl’s theorem, but the converse is not true in general.

We say that T ∈ L(X) possesses property (gw) if σ_a(T )\σ_{SBF}−_+ (T ) = E(T ). Property (gw) has been introduced and studied in [1]. Property (gw) extends property (w) to the context of B-Fredholm theory, and it is proved in [1] that an operator possessing property (gw) possesses property (w) but the converse is not true in general.

In this paper we define and study two new properties (b) and (gb) (see Definition 2.1) in connection with Weyl type theorems [8], which play roles analogous to Browder’s theorem and generalized Browder’s theorem, respectively. We prove in Theorem 2.3 that an operator possessing property (gb) possesses property (b) but the converse is not true in general as shown by Example 2.4, however, under the assumption that Π_a(T ) = Π(T ) we prove in Theorem 2.10 that the two properties are equivalent.

We show also in Theorem 2.15 that an operator possessing property (gw) possesses property (gb) and in Theorem 2.13 we show that an operator possessing property (w) possesses property (b), but the converses of those theorems are not true in general. Conditions for the equivalence of properties (gw) and (gb), and properties (w) and (b), are given in Theorem 2.15 and Theorem 2.13, respectively. Precisely we prove that property (gw) holds for T ∈ L(X) if and only if property (gb) holds for T and E(T ) = Π(T ), and that property (w) holds for T ∈ L(X) if and only if property (b) holds for T and E_0(T ) = Π_0(T ).

We prove also that an operator T ∈ L(X) possessing property (gb) satisfies generalized Browder’s theorem, and an operator T ∈ L(X) possessing property (b) satisfies Browder’s theorem but the converses do not hold in general.

In the last part, as a conclusion, we give a diagram summarizing the different relations between Weyl type theorems, extending a similar diagram given in [8].

2. Properties (b) and (gb)

For T ∈ L(X), let Δ^g (T ) = σ(T ) \ σ_{BW}(T ), Δ_a(T ) = σ_a(T ) \ σ_{SF}−_+ (T ) and Δ^g_a(T ) = σ_a(T ) \ σ_{SBF}−_+ (T ).

Definition 2.1. A bounded linear operator T ∈ L(X) is said to possess property (b) if Δ_a(T ) = Π^0(T ), and is said to possess property (gb) if Δ^g_a(T ) = Π(T ).

Lemma 2.2. Let T ∈ L(X) be an upper semi-B-Fredholm operator. If α(T ) < ∞, then T is an upper semi-Fredholm operator.

P r o o f. Since T ∈ SBF_+(X), there exists an integer n such that R(T^n) is closed and T_n : R(T^n) → R(T^n) is an upper semi-Fredholm operator. Since α(T ) < ∞, it follows from [16, Lemma 3.3] that α(T^n) < ∞. As we know that R(T^n) is closed, hence T^n is an upper semi-Fredholm operator. Thus T is also an upper semi- Fredholm operator. □

Theorem 2.3. Let T ∈ L(X). If T possesses property (gb), then T possesses property (b).

P r o o f. Suppose that T possesses property (gb), then Δ^g_a(T ) = Π(T ). If λ ∈ Δ_a(T ), then λ ∈ Δ^g_a(T ) = Π(T ). Hence λ is a pole of the resolvent of T . Since T − λI ∈ SF_+(X), hence α(T − λI) is finite, so λ ∈ Π^0(T ).

Conversely, if λ ∈ Π^0(T ) then λ is a pole of the resolvent of T and α(T − λI) < ∞.

Since T possesses property (gb), we have λ ∈ Δ^g_a(T ), hence T − λI ∈ SBF_+(X) and ind(T − λI) � 0. Since α(T − λI) < ∞ we conclude from Lemma 2.2 that T − λI ∈ SF_+(X). Thus λ ∈ σ_a(T ) \ σ_{SF}−_+ (T ). Finally, we have Δ_a(T ) = Π^0(T ), and T possesses property (b). □

The converse of Theorem 2.3 does not hold in general as shown by the following example:

E x a m p l e 2.4. Let T ∈ L(ℓ^2(N)) be the unilateral right shift. It is known from [13, Theorem 3.1] that σ(T ) = D is the closed unit disc in C, σ_a(T ) = C(0, 1) is the unit circle of C and T has empty eigenvalues set. Moreover, σ_{SF}−_+ (T ) = C(0, 1) and Π(T ) = ∅. Define S on the Banach space X = ℓ^2(N) ⊕ ℓ^2(N) by S = 0 ⊕ T . Then N(S) = ℓ^2(N) ⊕ {0}, σ_{SF}−_+ (S) = σ_a(S) = {0} ∪ C(0, 1), σ_{SBF}−_+ (S) = C(0, 1), Π_a(S) = {0} and Π(S) = Π^0(S) = ∅. Hence σ_a(S) \ σ_{SF}−_+ (S) = Π^0(S) and σ_a(S) \ σ_{SBF}−_+ (S) = {0} ≠ Π(S). Consequently, S possesses property (b) but does not possess property (gb).

Theorem 2.5. Let T ∈ L(X). If T possesses property (b), then T satisfies a-Browder’s theorem. In particular, T satisfies Browder’s theorem.

P r o o f. Suppose that property (b) holds for T . Since Π^0(T ) ⊂ Π^0_a(T ), then Δ_a(T ) ⊂ Π^0_a(T ). Conversely if λ ∈ Π^0_a(T ), then λ is an isolated point of σ_a(T ), see [8, Remark 2.7]. By [8, Theorem 2.8], we have λ ∉ σ_{SF}−_+ (T ). Consequently λ ∈ Δ_a(T ). Hence Δ_a(T ) = Π^0_a(T ) and T satisfies a-Browder’s theorem. From [11, Theorem 3.9], it follows that T satisfies Browder’s theorem. □

The converse of Theorem 2.5 is not true as shown by the following example [3, example 2.14]:

E x a m p l e 2.6. Let T ∈ L(ℓ^2(N)) be the unilateral right shift and S ∈ L(ℓ^2(N)) the operator defined by S(ξ_1, ξ_2, ξ_3, . . .) = (0, ξ_2, ξ_3, ξ_4, . . .).

Consider the operator R = T ⊕ S, then σ(R) = D(0, 1) is the closed unit disc in C, iso σ(R) = ∅ and σ_a(R) = C(0, 1) ∪ {0}, where C(0, 1) is the unit circle of C, and σ_{SF}−_+ (R) = C(0, 1) . This implies that σ_a(R) \ σ_{SF}−_+ (R) = {0}, Π^0(R) = ∅ and E^0_a(R) = {0}. Hence R satisfies a-Weyl’s theorem. It follows from [8, Corollary 3.5] that R satisfies a-Browder’s theorem and so it satisfies also Browder’s theorem, but R does not possess property (b) because σ_a(R) \ σ_{SF}−_+ (R) ≠ Π^0(R).

However, from Theorem 2.5 we have immediately the following result:

Corollary 2.7. Let T ∈ L(X). Then T possesses property (b) if and only if T satisfies a-Browder’s theorem and Π^0(T ) = Π^0_a(T ).

Corollary 2.8. Let T ∈ L(X). If T possesses property (gb), then T satisfies generalized a-Browder’s theorem. In particular, T satisfies generalized Browder’s theorem.

P r o o f. Assume that T possesses property (gb). From Theorem 2.3, T possesses property (b), and by Theorem 2.5, T satisfies a-Browder’s theorem. Since a-Browder’s theorem is equivalent to generalized a-Browder’s theorem, see [2, Theorem 2.2], T satisfies generalized a-Browder’s theorem, too. Hence, T satisfies generalized Browder’s theorem by [8, Theorem 3.8]. □ The converse of the preceding corollary does not hold in general. Indeed, if we consider the operator R defined in Example 2.6, then σ_{SBF}−_+ (R) = C(0, 1) , E_a(R) = {0} and Π(R) = ∅. This implies that σ_a(R) \ σ_{SBF}−_+ (R) = E_a(R) and R satisfies generalized a-Weyl’s theorem. By [8, Corollary 3.3], R satisfies generalized a-Browder’s theorem and so R satisfies generalized Browder’s theorem. But R does not possess property (gb) because σ_a(R) \ σ_{SBF}−_+ (R) ≠ Π(R).

However, we have the following result:

Corollary 2.9. Let T ∈ L(X). Then T possesses property (gb) if and only if T satisfies generalized a-Browder’s theorem and Π(T ) = Π_a(T ).

P r o o f. Assume that property (gb) holds for T , i.e. Δ^g_a(T ) = Π(T ). Then by Corollary 2.8, T satisfies generalized a-Browder’s theorem, i.e. Δ^g_a(T ) = Π_a(T ). Hence Π(T ) = Π_a(T ).

Conversely, assume that T satisfies generalized a-Browder’s theorem and Π(T ) = Π_a(T ), then Δ^g_a(T ) = Π_a(T ) and Π(T ) = Π_a(T ), which implies that Δ^g_a(T ) = Π(T ) and T possesses property (gb). □

Theorem 2.10. Let T ∈ L(X). The following statements are equivalent: (i) T possesses property (gb);

(ii) T possesses property (b) and Π(T ) = Π_a(T ).

P r o o f. Assume that property (gb) holds for T , then property (b) holds for T and Π(T ) = Π_a(T ).

Conversely, assume that property (b) holds for T and Π(T ) = Π_a(T ). From Corollary 2.7, T satisfies a-Browder’s theorem. As we know from [2, Theorem 2.2] that a-Browder’s theorem is equivalent to generalized a-Browder’s theorem, it follows that T satisfies generalized a-Browder’s theorem. Hence we have Δ^g_a(T ) = Π_a(T ). As by assumption Π_a(T ) = Π(T ), we have Δ^g_a(T ) = Π(T ). Therefore T possesses property (gb). □ In the next theorem we give a characterization of operators possssing property (b).

Theorem 2.11. Let T ∈ L(X). Then T possesses property (b) if and only if (i) T satisfies Browder’s theorem; (ii) ind(T − λI) = 0 for all λ ∈ Δ_a(T ).

P r o o f. Suppose that T possesses property (b). Then by Theorem 2.5, T satisfies Browder’s theorem, that is σ(T ) \ σ_W(T ) = Π^0(T ). Let λ ∈ Δ_a(T ), then λ ∈ Π^0(T ), so λ ∈ σ(T ) \ σ_W(T ). Therefore T − λI is a Weyl operator.

Conversely, assume that T satisfies Browder’s theorem and ind(T − λI) = 0 for all λ ∈ Δ_a(T ). If λ ∈ Δ_a(T ), then T − λI is upper semi-Fredholm such that ind(T − λI) = 0. Hence T − λI is a Weyl operator. Since T satisfies Browder’s theorem, we have λ ∈ Π^0(T ). On the other hand, if λ ∈ Π^0(T ), then T − λI is a Weyl operator and λ ∈ σ_a(T ), so λ ∈ Δ_a(T ). Consequently, Δ_a(T ) = Π^0(T ) and T possesses property (b). □

In the next theorem we prove a similar characterization for the property (gb).

Theorem 2.12. Let T ∈ L(X). Then T possesses property (gb) if and only if (i) T satisfies generalized Browder’s theorem; (ii) ind(T − λI) = 0 for all λ ∈ Δ^g_a(T ).

P r o o f. Suppose that T possesses property (gb), then by Corollary 2.8, T satisfies generalized Browder’s theorem.

If λ ∈ Δ^g_a(T ), as T possesses property (gb), then λ ∈ Π(T ). Thus λ is isolated in σ(T ). From [7, Theorem 4.2] it follows that T − λI is a B-Fredholm operator and ind(T −λI) = 0. Conversely, assume that generalized Browder’s theorem holds for T and ind(T − λI) = 0 for all λ ∈ Δ^g_a(T ). If λ ∈ Δ^g_a(T ), then T − λI is an upper semi- B-Fredholm operator such that ind(T − λI) = 0. Hence λ ∈ Δ^g(T ). Since T satisfies generalized Browder’s theorem, we have λ ∈ Π(T ). On the other hand, if λ ∈ Π(T ), then T − λI is a B-Weyl operator and so λ ∈ Δ^g_a(T ). Finally, Δ^g_a(T ) = Π(T ) and T possesses property (gb). □

Now we give conditions for the equivalence of property (b) and property (w).

Theorem 2.13. Let T ∈ L(X). Then the following statements are equivalent: (i) T possesses property (w);

(ii) T possesses property (b) and E^0(T ) = Π^0(T ); (iii) T possesses property (b) and E^0(T ) = Π^0_a(T ).

P r o o f. (i) ⇒ (ii) Suppose that T possesses property (w). Then by [3, Theorem 2.9], T satisfies Weyl’s theorem and ind(T − λI) = 0 for all λ ∈ Δ_a(T ). Consequently, by virtue of [4, Corollary 5] T satisfies Browder’s theorem and ind(T −λI) =

0 for all λ ∈ Δ_a(T ). From Theorem 2.11 it follows that T possesses property (b). As T satisfies Weyl’s theorem, we conclude that E^0(T ) = Π^0(T ).

(ii) ⇒ (iii) Follows directly from Corollary 2.7.

(iii) ⇒ (i) Assume that T possesses property (b) and E^0(T ) = Π^0_a(T ). Then from Corollary 2.7 we have Π^0(T ) = Π^0_a(T ). Hence Δ_a(T ) = E^0(T ), and so T possesses property (w). □

From Theorem 2.13, if T ∈ L(X) possesses property (w), then T possesses property (b). But the converse is not true in general as shown by the following example:

E x a m p l e 2.14. Let T ∈ L(ℓ^2(N)) be defined by T (x_1, x_2, x_3, . . .) = (^1_2 x_2,^1_3 x_3, 1 4 x_4, . . .).

Then property (b) holds for T because σ_a(T ) = σ_{SF}−_+ (T ) = {0} and Π^0(T ) = ∅, while property (w) does not hold for T because E^0(T ) = {0}.

Similarly to Theorem 2.13, we give conditions for the equivalence of property (gb) and property (gw).

Theorem 2.15. Let T ∈ L(X). Then the following assertions are equivalent: (i) T possesses property (gw);

(ii) T possesses property (gb) and E(T ) = Π(T ); (iii) T possesses property (gb) and E(T ) = Π_a(T ).

P r o o f. (i) ⇒ (ii) Suppose that T possesses property (gw). Then by [1, Theorem 2.4], T satisfies generalized Weyl’s theorem and ind(T − λI) = 0 for all λ ∈ Δ^g_a(T ). Consequently, by [5, Corollary 2.6] T satisfies generalized Browder’s theorem and ind(T − λI) = 0 for all λ ∈ Δ^g_a(T ). Theorem 2.12, implies that T possesses property (gb). As T satisfies generalized Weyl’s theorem, E(T ) = Π(T ).

(ii) ⇒ (iii) Follows directly from Corollary 2.9.

(iii) ⇒ (i) Assume that T possesses property (gb) and E(T ) = Π_a(T ). Then from Corollary 2.9 we have Π(T ) = Π_a(T ). Hence Δ^g_a(T ) = E(T ), and so T possesses property (gw). □

From Theorem 2.15, if T ∈ L(X) possesses property (gw), then T possesses property (gb). But the converse does not hold in general as shown by the following example [8, Example 3.12]:

E x a m p l e 2.16. Let Q be defined for each x = (ξ_i) ∈ ℓ^1 by

Q(ξ_1, ξ_2, ξ_3, . . . , ξ_k, . . .) = (0, α_1ξ_1, α_2ξ_2, . . . , α_{k−1}ξ_{k−1}, . . .),

where (α_i) is a sequence of complex numbers such that 0 < |α_i| � 1 and^∞ ∑ i=1 |α_i| < ∞.

Define T on X = ℓ^1 ⊕ ℓ^1 by T = Q ⊕ 0. Then σ(T ) = σ_a(T ) = {0}, E(T ) = {0}. It follows from [8, Example 3.12] that R(T^n) is not closed for any n ∈ N. This implies that σ_{SBF}−_+ (T ) = {0} and Π(T ) = ∅. We then have σ_a(T ) \ σ_{SBF}−_+ (T ) ≠ E(T ), σ_a(T ) \ σ_{SBF}−_+ (T ) = Π(T ). Hence T possesses property (gb), but T does not possess property (gw).

3. Conclusion

In this last part, we give a summary of the known Weyl type theorems as in [8], including the properties introduced in [15], [1] and in this paper. We use the abbreviations gaW, aW, gW, W, (gw) and (w) to signify that an operator T ∈ L(X) obeys generalized a-Weyl’s theorem, a-Weyl’s theorem, generalized Weyl’s theorem, Weyl’s theorem, property (gw) and property (w). Similarly, the abbreviations gaB, aB, gB, B, (gb) and (b) have analogous meaning with respect to Browder’s theorem or the new properties introduced in this paper.

The following table summarizes the meaning of various theorems and properties.

gaW σ_a(T ) \ σ_{SBF}−_+ (T ) = E_a(T ) gaB σ_a(T ) \ σ_{SBF}−_+ (T ) = Π_a(T ) aW σ_a(T ) \ σ_{SF}−_+ (T ) = E^0_a(T ) aB σ_a(T ) \ σ_{SF}−_+ (T ) = Π^0_a(T ) gW σ(T ) \ σ_{BW}(T ) = E(T ) gB σ(T ) \ σ_{BW}(T ) = Π(T ) W σ(T ) \ σ_W(T ) = E^0(T ) B σ(T ) \ σ_W(T ) = Π^0(T ) (gw) σ_a(T ) \ σ_{SBF}−_+ (T ) = E(T ) (gb) σ_a(T ) \ σ_{SBF}−_+ (T ) = Π(T ) (w) σ_a(T ) \ σ_{SF}−_+ (T ) = E^0(T ) (b) σ_a(T ) \ σ_{SF}−_+ (T ) = Π^0(T )

Table

In the following diagram, which extends the similar diagram presented in [8], arrows signify implications between various Weyl type theorems, Browder type theorems, property (gw) and property (gb). The numbers near the arrows are references to the results in the present paper (numbers without brackets) or to the bibliography therein (the numbers in square brackets).

gW gaB

gw [1] � 2.15 �

[1] � gb 2.8 � 2.8 � 2.3 � gB [8] � gW [8]� [8] � gaW [8] �^{[8]} � [8] � gaB^{[8]} � � [2] � gB� [2] � w_{2.13} � [3] � b_{2.5} � 2.5 � B W [4] � aW

[14]

�_{[8]} � aB_{[11]} � B

W aB

A c k n o w l e d g m e n t. The authors would like to thank the referee for his valuable comments.

References

[1] M. Amouch, M. Berkani: On the property (gw). Mediterr. J. Math. 5 (2008), 371–378. [2] M. Amouch, H. Zguitti: On the equivalence of Browder’s and generalized Browder’s theorem. Glasgow Math. J. 48 (2006), 179–185.

[3] P. Aiena, P. Peña: Variation on Weyl’s theorem. J. Math. Anal. Appl. 324 (2006), 566–579.

[4] B. A. Barnes: Riesz points and Weyl’s theorem. Integral Equations Oper. Theory 34 (1999), 187–196.

[5] M. Berkani: B-Weyl spectrum and poles of the resolvent. J. Math. Anal. Applications 272 (2002), 596–603.

[6] M. Berkani: On the equivalence of Weyl theorem and generalized Weyl theorem. Acta Mathematica Sinica, English series 23 (2007), 103–110.

[7] M. Berkani: Index of B-Fredholm operators and generalization of a Weyl theorem. Proc.

Amer. Math. Soc. 130 (2002), 1717–1723.

[8] M. Berkani, J. J. Koliha: Weyl type theorems for bounded linear operators. Acta Sci.

Math. (Szeged) 69 (2003), 359–376.

[9] M. Berkani, M. Sarih: On semi B-Fredholm operators. Glasgow Math. J. 43 (2001), 457–465.

[10] L. A. Coburn: Weyl’s theorem for nonnormal operators. Michigan Math. J. 13 (1966), 285–288.

[11] S. V. Djordjević, Y. M. Han: Browder’s theorems and spectral continuity. Glasgow Math.

J. 42 (2000), 479–486.

[12] H. Heuser: Functionl Analysis. John Wiley, New York, 1982. [13] H. Radjavi, P. Rosenthal: Invariant Subspaces. Springer, Berlin, 1973. [14] V. Rakočević: Operators obeying a-Weyl’s theorem. Rev. Roumaine Math. Pures Appl.

34 (1989), 915–919.

[15] V. Rakočević: On a class of operators. Mat. Vesnik. 37 (1985), 423–426. [16] A. E. Taylor: Theorems on ascent, descent, nullity and defect of linear operators. Math.

Ann. 163 (1966), 18–49.

Authors’ addresses: Mohammed Berkani, Department of Mathematics, Science Faculty of Oujda, University Mohammed I, Team EQUITOMI, SFO, Laboratory MATSI, EST, e-mail: berkanimo@aim.com; Hassan Zariouh, Department of Mathematics, Science Faculty of Meknes, University Moulay Ismail, e-mail: h.zariouh@yahoo.fr.