Lower bounds on eigenvalues of linear elliptic
operators

Tomas Vejchodsky (vejchod@math.cas.cz)

Institute of Mathematics
Czech Academy of Sciences

Joint work with I. Sebestova (University of Concepcién, Chile)

Supported by Neuron Fund for Support of Science, project no. 24/2016

SNA 2017, Ostrava, January 30—-February 3, 2017



Outline

Model problem

—Au,- = )\,'U,' in Q
u=20 on 0f

Lower bounds on eigenvalues:
[PV
» Classical Weinstein's and Kato's lower bounds

» Weinstein's and Kato's bounds in weak setting

» Numerical examples



Lower bounds on eigenvalues @

Old problem:
Temple 1928, Weinstein 1937, Kato 1949, Lehmann 1949, 1950,

Many results: M.G. Armentano, G. Barrenechea, H. Behnke,
C. Carstensen, R.G. Duran, D. Galistl, J. Gedicke, F. Goerisch,
L. Grubigi¢, Jun Hu, J.R. Kuttler, Y.A. Kuznetsov, Fubiao Lin,
Qun Lin, Xuefeng Liu, M. Plum, S.I. Repin, V.G. Sigillito,
Hehu Xie, Yidu Yang, Zhimin Zhang, ... many others



Weinstein's bounds @

Eigenvalue problem: Find u; € D(A) \ {0} and \; € R:
Auj = A\juj

Setting:
» V ... Hilbert space
» A:D(A) — V linear, symmetric operator
» {u;j} form ON basis in V
»0< A < <3<



Weinstein's bounds
Eigenvalue problem: Find u; € D(A) \ {0} and \; € R:

Auj = A\juj

Theorem 1 (Weinstein 1937):
> Let u, € D(A)\ {0} and A, € R be arbitrary.
> Let & = ||Aus — M|/ us]|-

An—1+ An An + Anp1

Let — < <
> Let 5 <A < 5

Then Ay — e < A\,.

for some n.



Kato's bound

Theorem 2 (Kato 1949):
» Llet 1 <n<s.
» Let u,; € D(A) and A\ € R, i=n,...,s, satisfy

(Augis vi) = Asiftniy vie) Vi € Vi gl = 1,

where Vi =span{u,;, i=n,...,s}.
> Letg; = HAU*J - /\*7,'U*7,'H.
» Let Asm1 < A5 < v < Aoy

S 2
Then Aup — 3 — 1 < A,.

i=n




Weak form @

Eigenvalue problem: Find u; € V'\ {0} and \; € R:
a(uj,v) = \ib(uj,v) YveV.

Setting:
» V is a Hilbert space

v

a(-,-) is a symmetric, continuous, V-elliptic bilinear form
b(-,-) is a symmetric, continuous, positive semidefinite bilinear form
{u;} form ON basis in V, i.e. b(u;, uj) = dj
O< M <A< A3< -
Example:
» a(u,v) = (Vu,Vv)
» b(u,v) = (u,v)

v

v

v



Weinstein's bound in the weak form @

Theorem 3:
» Let u, € V\ {0} and A\, € R be arbitrary.
> Let w € V be given by

a(w,v) = a(us, v) — Aib(us,v) Vv e V.

> Let ||wll, <n.

> Let V >\n71)\n < )\* < vV )\n)\nJrl

Then

1 2
ln < Xn, where Uy = —— [ —n+ /0> + 4\ |ul? ) .
4|u g



Kato's bound in the weak form @

Theorem 4:
» let 0 < n<s.
» Let u,; € Vand A\, ; €R, i =n,...,s, satisfy

a(u*,,-, V*) = )\*,,-b(u*,,-, V*) Vv € Vi, |u*7,-\b =1,

where V, =span{u,;, i =n,...,s}.

> Let w; € V,i=n,...,s, be given by

a(wi,v) = a(u.i,v) — A ib(usj,v) VveV.

> Let ||wj|jl, <mjforalli=n,...,s.
> Let \s_1 < )\*75 <v< )\5+1.
Then

-1
S 2
/]’l.
L, <A here L, =Aupn |1 A —_ .
P e ( v ’”,-:nAz,,-@A*,,-))



Complementary upper bound on the residual @

Theorem 5:
» Let V = H}(Q), a(u, v) = (Vu, Vv), and b(u,v) = (u, V).
> Let u, € V and A, € R be arbitrary.
> Let w € V satisfy

a(w,v) = a(ux, v) — Aub(us,v) Vv e V.

> Let g € H(div,Q) be such that —divq = A, us.
Then
Vw2 <1 = IVus — qll2(q)-

[Synge 1957], [Haslinger, Hlavacek 1976], [K¥izek, Hlavatek 1984,
[Neittaanmaki, Repin 2004], [Braess 2007], ...



Flux reconstruction @

» FEM eigenpairs: Ay, € R, up, € Vi, ||Uh’n”L2(Q) =1,n=1,...,s
» Flux reconstruction: qp, = Z Az,n [Braess, Schéberl 2006]
ZGNh
» Local mixed FEM: q,, € W,, d;,, € P;(T2)
(qz,nawh)wz - (dz,nydiv Wh)wz = (d}zvuh,mwh)wz \V/Wh S Wz
—(divaz,n, h)w, = (rzns Ph)w, Veon € P1(T2)

where

v

w is the patch of elements around vertex z € NV,

T, is the set of elements in w,

W, = {wp, € H(div,w,) : wy|x € RT1(K) VK € T,

and  wp-n,, =0on ety
. {vh € Pi(T;) : [, vadx =0} for z € Njy\ 0Q
Pi(T2) = \
P1(T;) forz e N,NoQ
Iz,n = Ah,nwzuh,n — Vi) - vUh,n

v

v

v

v



Flux reconstruction @

» FEM eigenpairs: Ay, € R, up, € Vi, ||Uh’n”L2(Q) =1,n=1,...,s

» Flux reconstruction: qp, = Z Az,n [Braess, Schéberl 2006]
ZGNh
Local mixed FEM: q,., € W,, d; , € P;(7;)

v

(qz,nawh)wz - (dz,mdiv Wh)w, = (djzvuh,n’wh)wz Yw, € W,
*(div qz,na(ph)wz = (rz,mSDh)wz Von € Pf(’n)

v

Error estimator: 0, = [[Vupn — annll12(0)

2
Weinstein's bound: ¢,, = (—nn +4/n2+ 4/\h,n> /4

provided Ap , < \/ApAps1.

S

-1
2
Kato's bound: L, = App (1 + vApp E 77'))

v

v

NG i(v = A
provided Aps < v < Agyp.

i=n



Example: Dumbbell — convergence @
—Au; = A\ju;  in Q = dumbbell
u=20 on 00

Adaptively refined meshes:




Example: Dumbbell — convergence

enclosure size

Spectrum:
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Example: Dumbbell — convergence

enclosure size

Spectrum:
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Example: Dumbbell — convergence

enclosure size
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Conclusions

v

Good for general symmetric elliptic second-order operators.

v

Mixed boundary conditions (e.g. Steklov problem).

v

Standard conforming finite element technology.

v

Natural for adaptive mesh refinement.

v

A priori information on spectrum needed.
Combination of both Weinstein's and Kato’s bound is useful.

v

v

Homotopy method enables a guaranteed choice of v.
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