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Abstract

We investigate the pointwise asymptotic behavior of solutions to the stationary
Navier-Stokes equation in R™ (n > 3). We show the existence of a unique solution
{u, p} such that |Viu(z)| = O(Jz|*="77) and |V*p(x)| = O(|z| ™ %) (j,k=0,1,...)
as |x| — oo, assuming the smallness of the external force and the rapid decay of its
derivatives. The solution {u,p} decays more rapidly than the Stokes fundamental
solution.

1 Introduction

We study decay properties of solutions to the stationary Navier-Stokes equation in R"
with n > 3:

—Au+u-Vu+Vp=div FF inR",

(1.1) divu=0 in R",
u(z) =0 as |z| — oc.
Here u = (uy,--- ,u,) and p denote, respectively, the unknown velocity and pressure

of a viscous incompressible fluid, while F = (Fij)lffj:l is a given tensor with div F' =
(32421 0, Fj)_, denoting the external force.

It is well known that for every F € L?(R") there exists at least one weak solution u
to (1.1) with finite Dirichlet integral ([9, 3]). Decay properties of the weak solution in
9, 3] are still open problems in spite of their importance in the study of, for instance,
uniqueness and stability. In this paper we are especially interested in the pointwise decay
at infinity of solutions to (1.1). Frehse-Ruzicka[2] proved, in the case n = 3, that (1.1)
possesses a weak solution u decaying like |z|~'™ (0 < § < 1) without restricting the size of
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the external force with compact support. Novotny-Padula[13] and Borchers-Miyakawal[l]
established the existence of a unique solution u such that

(1.2) u(z)| = O(jz™"),  [Vu(z)] = O(lz|'™) as |z| — o0,

assuming that both " and VF are small in an appropriate sense, see also [5]. The decay
rates (1.2) coincide with those of the Stokes fundamental solution and thus look natural.
In three-dimensional exterior problems, (1.2) are optimal decay rates in the sense that
solutions which decay as |z| — oo more rapidly than (1.2) exist only under a special
situation ([6, 1, 7]), however, this is not the case with the whole space problem (1.1).
Miyakawa[11] constructed a unique solution {u,p} of (1.1) satisfying

[Viu(z)] = O(l['™"7) (j=0,1,2), [V*p(2)]=O(|z|™"7") (k=0,1)

as |z| — oo, under stronger conditions on the smallness and decay of I’ and its derivatives
than [13, 1]. The solution in [11] decays more rapidly than the Stokes fundamental
solution, and it is not known whether its decay rate is optimal.

In this paper, we slightly extend the result of [11]. We shall show that if F" is sufficiently
small in a sense and V/F decays rapidly at infinity for all j = 0,1,...,m (m > 1), then
there exists a unique solution {u, p} of (1.1) such that

Viu(@)| = O(l=[""7)  (j=0,1,...,m),

as |x| — oo. Our result can describe the decay rates of higher derivatives of the solution
and the case m > 3 is not covered by [11]. It should be emphasized that in our result we
assume the smallness of only F', while, as far as the author checked, the size of VF' as
well as F is restricted in the proof of [11, Theorem 1.1 (i)] although it is not mentioned
in the paper. Furthermore, we allow F' and its derivatives to decay more slowly than [11],
see Remark 2.2 below.

The proof is based on the analysis of the representation formula of solutions via the
Stokes fundamental solution. The existence of a solution u decaying like |z|'™™ can be
obtained in the same way as [11] and thus we mainly study the decay rates of its deriva-
tives. In order to obtain the decay property (1.3) without assuming the smallness of V/F'
( > 1), we use the important property of the Stokes fundamental solution that its second
derivative is the Calderén-Zygmund kernel ([14]). With this property and basic estimates
for the fundamental solution in hand, we show slow decay estimates for derivatives of u
and then employ the bootstrap argument to get the desired decay property (1.3).

2 Main result

Before stating our result, we introduce some function spaces. In what follows, we adopt
the same symbols for vector and scalar function spaces as long as there is no confusion.
For 1 < g < oo, we denote by LI(R™) the usual Lebesgue space with norm || - ||,. Let
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Cg%(R™) be the set of smooth solenoidal vector fields with compact support in R™ and

we define the homogeneous Sobolev space H&,U(Rn) by the completion of C§% (R™) in the
norm ||V - ||o. For g > 0 we introduce the space X, defined by

X, 1= {u € L*(®"); sup (|| + 1)*|u(z)| < oo}
reR”™

with norm
ullx, = Seulgl(lﬂ + 1)*u(x)].

It is easy to check that X, C X, if pp < p;. Furthermore, for f € X, and g € X, we
have fg € X,,,1,,. We also need some notation for derivatives. Let us set D;u(z) := 0,,u.
By a = (ay,...,a,) we denote a multiindex of order |a| = a3 + - -+ + «,, and D%u(x) :=
Dt .- Do,

Recall the Stokes fundamental solution £ = (E;;);—; and Q = (Q;)j=; with compo-
nents

" 2w, \n—2 || T wplzn
Here w,, is the surface area of the unit sphere in R”. We consider (1.1) in the form of the
integral equation

(2.1) u(w)= | VE(z—y)(F ~u@u)(y) dy

where u ® u = (w;u;)7,—,. Note that, under suitable decay conditions on u and F’, a

solution u of (2.1) can be written as
u(z) = / E(zx —y)(div F —u - Vu)(y) dy.
The associated pressure p, uniquely determined up to addition of constants, is given by
p(z) = . Q(z —vy) - (div F —u - Vu)(y) dy.

The main result of this paper is stated in the following theorem.

Theorem 2.1. Let m be a positive integer and 0 < § < 1. Suppose

(2.2) FeX,s and V'Fe X, ; foralj=1,....,m.

If F is sufficiently small in X, 5, then (2.1) admits a solution u € X,,_1 such that
(2.3) Viue X, 14j forallj=1,...,m,

and

V™ Hy e V(R N LYR™)  for 1 < g < oo,

where LY (R™) is the weak-L' space. The solution u is unique in the class of solutions
v € X, with Vv € X,, to (2.1). Furthermore, the associated pressure p satisfies

(2.4) Ve Xpyr forallk=0,...,m—1.



Remark 2.1. The natural class of F' seems to be the space X,,. However, the proof of
Theorem 2.1 does not work if we have only F' € X,,, since the case u = n is not contained
in Lemma 3.1 below. We introduced the constant 0 < § < 1 and assumed F € X,, 5 so
that Lemma 3.1 is applicable and F' is integrable in R".

Remark 2.2. Our classes of F' and its derivatives in (2.2) are larger than those in [11].
Indeed, Miyakawa[l1] assumed V/F € Xy, 24, (j = 0,1,2) and we note that X, o C
Xn+5 and X2n72+k C Xn+k (k =1, 2)

Remark 2.3. The fast decay property of the solution in Theorem 2.1 enables us to apply
some uniqueness criteria such as [4, 10, 8, 12], and the uniqueness holds in larger classes of
solutions, see the proof of Theorem 2.1 below. (The results of [4, 10, 8, 12] are concerned
with the exterior problems, however, they are still valid for the whole space problem
(1.1).) In particular, as a consequence of Theorem 2.1 and [4, 10], we can deduce that if
F satisfies (2.2) and is sufficiently small in X, then every weak solution u € H&J(R”)
with the energy inequality | Vu||3 < — [, F'- Vudz of (1.1) in the sense of [9, 3] satisfies
|Viu(z)] = O(Jz|'™™7) as |z| = oo for all j =0,1,...,m.

3 Proof of Theorem 2.1

We begin with the estimates of weakly singular integrals. The estimates below must be
more or less well-known, however, we give the proof for the reader’s convenience. In what
follows, we denote by C' various constants and note, in particular, that all constants C
appearing in this paper are independent of x € R".

Lemma 3.1. Let 0 < A < n and p > 0 with A+ p > n. There exist constants C' > 0
depending only on n, X\ and p such that

/ dy < C(lz| + )" if0 < p <n,
e [z —yPMyl+ D 7 | O]+ 1) if 1> n.

Proof. We first consider the case 0 < u < n. If |x| > 1/5, by [4, II, Lemma 7.2] we have

d
/ - Y < C|x|n—>\—u < 6/\+u—n0(|x| + 1)71—)\—;1.
e |7 —yMlyl + 1#

For 0 < |z| < 1/5, we write

L=
g |7 —y[M[y| + 1)~

_/ dy +/ dy
oyl< ettt [z =y (yl + )F - Jpystan [z =y M|y + 1)#
= Il + ]2.



Since |z — y| < (Jz| + 1)/2 implies (|z| —1)/2 < |y| < (3|xz| +1)/2 and since A < n, we
obtain

(3) WS e Y S a1
: 1 < — —— < |z :
(el + D7 Jyp_yctoies To — g

For 0 < |z| < 1/5 and |z —y| > (|z| + 1)/2 there holds
] + [yl = [z —y[ > (Je] + 1)/2 > 3[z],

so that |y|/2 > |z| and

IZSQ)‘/ Ad—ygg/\/ /\L
oy lezt [y (y] + 1 N ERE

By the assumptions on A and p, the integral on the right-hand side converges. Thus

6 Ap—n
(3.2) L<C< (5) O(Ja| + 1)PAn,

The desired estimate for 0 < |z| < 1/5 follows from (3.1) and (3.2).
Next, we assume g > n. Since the estimate (3.1) for I; is valid for all z € R", we have
only to estimate I5. The assumption p > n leads us to

A
L < 2_A/ Ay
(2] + DA Jjpmyps iz (Jy] + 1)*

22 dy
S A
(lzl + 1) Jrn (lyl + 1)
< C(ja] + 1)
Therefore, we deduce

dy - - Y

<Ci(lz|+ )" F 4+ (|| +1 <C(|z|+ 1)~
| < C Al 1 (el + 17 < Ol + 1)

The proof is complete. O

In order to show the decay property (2.3) of a solution u € X,,_1 to (2.1), we need
slow decay estimates for the derivatives. Following the argument due to Miyakawa [11,
Theorem 1.1 (iii)], we prove the slow decay property in the next lemma. The property of
the Stokes fundamental solution that V2F is the Calderén-Zygmund kernel ([14]) plays a
crucial role to get information on the class of V/u (j > 1) without assuming the smallness
of VIF.

Lemma 3.2. Let m be a positive integer and 0 < 6 < 1. Suppose F' € X, .5 and
u € X,,_1 is a solution of (2.1). If VIF € X,,us for all j = 1,...,m, then Viu € X,,_;
forallj=1,...,m.



Proof. We prove by induction on m. The case m = 1 follows from the argument below,
by letting m = 0 formally, and thus we omit the proof for m = 1. Assume, in addition
to VIF € X,,5 for all j = 1,...,m, that V""'F € X,.s and V/u € X,_; for all
j = 1,...,m. We observe that V"*'y € L>®(R"). Let a be any multiindex of order
m + 1. Since m + 1 > 2, there holds a; > 1 for some 1 < ¢ < n and, without loss of
generality, we may assume a; > 1. Put @ = (1,0,...,0) and we write

D%u(z) = . DOVE(x —y)D* %(F —u®u)(y) dy.

Since V2 is the Calderén-Zygmund kernel and D* %(F —u ®@u) € X, 14, we see D%u €
LY(R") for all 1 < ¢ < oo. This implies u ® D% € L"(R") for all 1 < r < oo. For
1 < ¢ < n we also write

D;D%u(z) = . D,VE(xz —y)DY(F —u®u)(y) dy

and the same argument as above yields D;D%u € LI(R") for all 1 < ¢ < co. The index i
and the multiindex o of order m + 1 are arbitrary, and we thus deduce V™ +lu, V"2
L1(R™) for all 1 < ¢ < co. Therefore, it follows from the Gagliardo-Nirenberg inequality
that

V™ oo < CIIV™ ullp ([0 2ul 2/

for n < r < oc.
Since V™" ly € L®(R") and |[VE(z — y)| < Clx — y|' ™", by Lemma 3.1 we see

D%u(x) = /n VE(z —y)D*(F —u®u)(y)dy

C m
< e vm—i—lF + vﬁu vm—‘rl—éu
L ,m_y,n1(| [+ 3 9|

/=1

+ IUHV’"HUI> (y) dy

</ C V™ Ex, +§: |Vl x,_,
T Jre lz—ylmt L (Jy 4 1) (Jyl + 1)t

(=1
V"l ullx IV ]l |
(lyl+ 1Dt (ly[ + 1)t
< C{(l=l+ 1) + (o + 1)* 7"}

< CO(|z| +1)>,

The multiindex o of order m + 1 is arbitrary and we thus obtain V"*lu € X,_,. We
repeat the calculation above using V"™l € X,,_,, instead of V" ly € L®(R"), to get
V™l € X,—1 for n > 4. In the case n = 3, we use |u||[V"™u| € X3 C X5/ in the
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calculation above to obtain V"™u € X3/5. Hence |u||[V™ ™ u| € X7/, and repeating the
calculation once again yields V™*u € X,. This completes the induction on m and, as a
conclusion, we derive

Viue X,_; forallj=1,...,m,

under the assumption of the lemma. O
Now we give the proof of Theorem 2.1.

Proof of Theorem 2.1. The existence of a solution v € X,,_; to (2.1) is proved essentially
in [11]. The proof is based on the estimate

for v € X,,_1, which follows from Lemma 3.1. Here the constant C' depends only on n
and . Then the typical argument via the contraction mapping principle yields a solution
u € X, 1 to (2.1) provided that F' is sufficiently small in X, s, see [11, Theorem 1.1
(1)] for details. We note that uniqueness of the solution v € X,,_; in the class of small
solutions in X, ; is also shown in [11, Theorem 1.1 (i)].

We prove by induction on m the decay property (2.3) of the solution v € X,,_; obtained
above. We can check that the case m = 1 follows from the argument below, by letting
m = 0 formally, and thus we omit the proof for m = 1. Assume, in addition to (2.2), that
V™HIE € Xpimy1 and Viu € X, 14 for all j = 1,...,m. According to Lemma 3.2, we
have V™ly € X,,_1. Let o be any multiindex of order m + 1. We write

VE(x —y)(F —v®wv)(y)dy

R

< CUIFNxs + 005, )

Xn—l

D%u(z) = VE(x —y)D*(F —u®u)(y)dy

]Rn

|z[+1
2

_ / o VB 0D (F —u0)(0)dy

+/ VE(z —y)D*(F —u®u)(y)dy
|z—y|> 2Lt

= [3 + I4.



Since V™*ly € X,,_1, we have

O m — m -
| 1] S/I i —|x = <|V o +Z|V5u’|v 1ty
Toy|< T =1

+ |u||Vm+1u|) (y) dy

m m ¢
S / C - ||v +1FHXn+m_1§_1 + Z ||v U||Xn:11+le
o—yl< bt |z =yl (Jyl+ Dt (fy[ 4+ 1)t

(3.3) M1 m
IV ull el [Vl |
(ly[ + 1)rtm=* (ly[ +1)2=2
dy
SC/ (v :=min{n +m +1,2n — 2})
S P T Y SV

C dy
< —
(|JZ| + 1)7 |z— y|<IngJrl |JZ - y|n

< O(|z| + 1)
Concerning the estimate for I, we integrate I, by parts for m + 1 times to get
|Ia] < Iy + Lo,

where

Qy:/ V™2 E(w = y)[|[(F —u @ u)(y)| dy,
|o—y|> 125

m+1
I — KE o m+1—€F
a= X[ LIV m(w |
m+1—¢ .
+ > |v2u||vm+1—f—2u|>(y) ds,.
=0
Recalling that [V/E(x —y)| < Clz — y|> ™7, we obtain
¢ / 1F1]x lull%,
-[ S — n+é + n—1 dy
(3.4) " uﬂ+nmm|xW>H{um+MM6 (Jy] + 1)
<C(lz|+1)" ™



Since |z — y| = (Jz| + 1)/2 implies (Jz| —1)/2 < |y| < (3|z| 4+ 1)/2, we see

m+1 m+175F
s / c {nv [E—

\:‘:C‘T-H |.1' _ y|n72+€ (‘yl + 1>n+m+1ff

P
m+1—£ i m41—f—i
+ +Z ||V uHXn—1+'L Vv - uHXnﬁ»mfoi ds
(35) =0 (|y| —I— 1)2n_1+m_z Y
m—+1
< C 1 2—n—~ 1 —n—m—l—l—[/ dS
< ;(IOCH )7 (|2 + 1) ooyt

< C(Ja] + 1),
Here we have used F' € X,,,5 C X,,. Hence
(3.6) || < C(|z]+ 1),

Sincey=n+m+1ifn>m+3and y=2n—2if n < m+ 3, it follows from (3.3) and
(3.6) that

|D%u(z)] < C{(Jz| +1)" + (lz] + 1)}
- Clz]+ D)™™ ifn>m+ 3,
— ] O(lz| + 1> ifn <m+3.

The multiindex o of order m + 1 is arbitrary, and we thus obtain V"*'u € X,,,,, for
n>m+ 3 and V™" u € Xy,_3 for n < m + 3. Hence the induction on m is completed if
n > m+ 3. For n < m+ 3, in view of the estimates above, we have already obtained the
desired estimate (3.6) for I, and it suffices to estimate I3 again using V" lu € X5, 3,
instead of V™"*y € X,,_y, to get more rapid decay of D*u (and thus V™). Starting
from V™l € X,,_1, we repeat this procedure for ¢ times to deduce

m—+1

Clz]+ 1) ™ if n > + 2,
IDou(a)] < t

C(jz| + 1) if g < +2.

We choose £ = m~+1 to obtain | D*u(x)| < C(|z|4+1)7""™ for all n > 3 and any multiindex
a of order m + 1. Therefore

V™ € Xy for allm > 3.
This completes the induction on m and we conclude that
Viue X, 14, forallj=1,... m.

Furthermore, from this conclusion and the property that V2E is the Calderén-Zygmund
kernel, we can deduce that V™ ly € LL>°(R™) N LY(R") for 1 < ¢ < oo.
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Next, we prove the decay property (2.4) of the associated pressure p. Let 0 < k < m—1
and let 8 be any multiindex of order k. By the integration by parts, we see

Dﬂp(x) = Q(x—y)-Dﬁ(diVF—u~Vu)(y)dy§ Is + I + I,
]Rn

where

k+1
I :=/ el 4+ |Q(z — y)| <|V"“+1FI +Z IVZUHV’““‘KUI) (y) dy,
|z —y|< 2Lt

2 /=0

- / VHQ — y)||(F — u® u)(y)] dy.
|m—y|>|w‘+1

2

K k—t
=3 / V'Q — )| (IVHFI +3 |viu||vk-‘-iu|) (v)dS,
=0

_lol+1
T—yl="5— i=0

Recalling that [V/Q(z — y)| < Clz —y|* "7 and Viu € X,,_14; (j = 0,1,...,m), we
estimate I5, I and I in the same way as (3.3), (3.4) and (3.5), respectively, to get

I <C(z|+1)™" Ig<C(z|+1)™" I, <Oz +1)"F

Consequently, we obtain |DPp(z)| < C(|z| + 1)™"* for any multiindex 8 with |3| = k.
Therefore
VFpe X, forallk=0,...,m—1.

Finally, we prove the uniqueness of the solution u obtained above in the class of
solutions v € X,,_1 with Vv € X,, to (2.1). We verify that u is a weak solution of (1.1)
and can satisfy the smallness condition in [4, 10]. Indeed, the pair {u, p} obtained above
satisfies (1.1),, in the sense of distributions and the class of u implies u € H&}U(R”).
Thus, we see that

(Vu, Vo) + (u-Vu,p) = —(F,Vy) forall p € Cg,(R").

Here (-, -) denotes the inner product in L?(R™). Hence u is a weak solution of (1.1) in the
sense of [9, 3]. Furthermore, in view of the construction of the solution u, we can check
that the estimate ||ul|x, , < C||F|x,,, holds for some constant C' depending only on n
and §. Since this implies

lullx, < ClIFx

n+4é

with the same constant C, the solution u can satisfy the smallness condition in [4, 10]
provided that F'is sufficiently small in X, ;5. Therefore, we can apply the result of [4, 10]
to deduce, by restricting the size of F' in X, 45, that the solution u obtained above is
unique in the class of weak solutions w € H&U(R") of (1.1) with the energy inequality
Vw3 < —(F, Vw).

Let v € X,,_; with Vv € X,, be a solution of (2.1). As we just saw above, v is a weak
solution of (1.1). It is known that every weak solution w € H&U(Rn) with w € L*(R")
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fulfills the energy equality ||[Vwl|]3 = —(F,Vw) (see [4, IX, Theorem 2.1 and Remark
2.3]). Clearly, v € L*(R") and thus v satisfies the energy equality. Consequently, if F is
sufficiently small in X,,;s, then the argument above yields u = v. The proof of Theorem
2.1 is complete. O
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