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UNIVERSAL ACTIONS OF LOCALLY FINITE GROUPS
ON METRIC AND BANACH SPACES BY ISOMETRIES

MICHAL DOUCHA

ABSTRACT. We construct a universal action of a countable locally
finite group on a separable metric space by isometries. This single
action contains all actions of all countable locally finite groups on
all separable metric spaces as subactions. The main ingredient is
an amalgamation of actions by isometries. We also construct a
universal action of a universal countable torsion abelian group on
a separable Banach space by linear isometries.

We show that the restriction to locally finite groups in our re-
sults is necessary as analogous results do not hold for infinite non-
locally finite groups.

INTRODUCTION

Groups acting by isometries on metric and Banach spaces are one of
the active areas of research in geometry, group theory and functional
analysis. In this paper, we are interested in amalgamation of group
actions and constructing universal actions. It is well known from the
beginnings of combinatorial group theory that one can construct an
amalgam of two groups over some common subgroup. At least as old is
the amalgamation of metric spaces, or amalgamation of normed vector
spaces. However, to the best of our knowledge, nobody has considered
yet amalgamation of actions of groups on metric or Banach spaces by
isometries. In metric geometry or functional analysis, amalgamation
techniques are often used to construct various universal metric or Ba-
nach spaces (consider for instance the Urysohn universal metric space
[16], or the Gurarij universal Banach space [6]). The well-known Hall’s
universal locally finite group ([7]) is essentially made by amalgamating
finite groups. Here by amalgamating actions of finite groups on finite
metric spaces by isometries we obtain the following result.
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Theorem 0.1. There exists a universal action of the Hall’s locally
finite group G on the Urysohn space U by isometries. That is, for any
action of a countable locally finite group H on a separable metric space
X by isometries, there exists a subgroup H' < G isomorphic to H such

that, after identifying H and H', there is an H-equivariant isometric
embedding of X into U.

The meaning of the theorem is that there is a single action of a
countable locally finite group on a separable metric space by isometries
that captures/contains all actions of all countable locally finite groups
on all separable metric spaces.

One of the main ingredients is the amalgamation of actions and we
have the following general theorem.

Theorem 0.2. Let G1,G2 be two groups (countable or not) with a
common subgroup Gy. Suppose that Gy acts on a metric space X,
and Go acts on Xo, by isometries in both cases. Let Xo be a com-
mon subspace of Xi and X5 such that the restriction of the two ac-
tions on Go and Xy coincide. Then there is an amalgam of the ac-

tion, which is an action of Gy xg, G2 on a metric space with density
max{|G1|, |Gz|, dens(X; ), dens(X3)}.

Following the research of Rosendal in [15] and of Glasner, Kitroser
and Melleray in [4] we investigate the genericity of the universal action
from Theorem 0.1.

Theorem 0.3. The universal action from Theorem 0.1 is weakly generic
in some sense. That is, the set of those actions in the Polish space
IsoU% that are naturally equivalent to the universal one is dense Gy.

We show that the restriction to locally finite groups is essential.

Theorem 0.4. There are no analogously universal actions of infinite
groups that are not locally finite.

Finally, we investigate universal actions on Banach spaces. General
actions by isometries are by affine isometries. Unfortunately, we show
that no universal action by affine isometries can exist, even of finite
groups. Thus we are forced to restrict to actions by linear isometries.
We are not able to show the result for the Hall’s group, so we restrict
ourselves to abelian locally finite groups, i.e. to torsion abelian groups.

Theorem 0.5. There exists a universal action of the group G = @, .y Q/Z
on the Gurarij space G by linear isometries. That is, for any action
of a countable torsion abelian group H on a separable Banach space X
by linear isometries, there exists a subgroup H' < G isomorphic to H



UNIVERSAL ACTIONS 3

such that, after identifying H and H', there is an H -equivariant linear
isometric embedding of X into G.

1. PRELIMINARIES

Let us start with our notational convention. All the group actions in
this paper are by isometries. We usually denote actions by the symbol
‘a: G ~ X', where G is a group and X is a metric space. However,
as it is common, we usualy write ¢ - = instead of a(g, x).

Regarding groups, we are mostly concerned with locally finite ones,
where group is locally finite if every finitely generated subgroup is finite.
Since we shall work solely with countable groups, it is the same as
saying that the group is a direct limit of a sequence of finite groups.

Our constructions of universal objects are based on techniques com-
monly referred as “Fraissé theory”. We refer to Chapter 7 in [8] for
more information about this subject. For a reader unfamiliar with this
method we briefly and informally describe the basics of Fraissé theory
that we use in the paper.

Let K be some countable class of mathematical objects of some type
with some notion of embedding between these objects. Suppose that
direct limits of objects from IC exist. Think of the class of finite groups
for instance. We say it is a Fraissé class if any two objects from
can be embedded into a single object from /C, such a property is called
joint embedding property, and if whenever we have objects A, B,C' € K
such that A embeds into both B and C, witnessed by embeddings ¢z,
resp. ¢, then there exists an object D € K and embeddings pp, resp.
pc of B into D, resp. C into D such that pcoic = pp o ip; i.e we
can do amalgamation with object from K. The latter property is called
amalgamation property. The Fraissé theorem (see Chapter 7 in [8]) then
asserts that there exists a unique object K, called the Fraissé limit of
IC, which is a direct limit of a sequence of objects from K satisfying

e every object A € K embeds into K;

e whenever we have objects A, B € K such that A embeds via p4
into K and via ¢4 into B, then there exists an embedding pp
of B into K such that py = pgota.

The second property is called the extension property and will be used
in our proofs of universality of certain actions. Note that whenever X
is some direct limit of a sequence of objects from IC, then successive
application of the extension property gives an embedding of X into K.

We note that the Fraissé theorem stated above is the only too which
we shall use and its proof is actually much shorter that the discus-
sion on Fraissé theory above and may be left as an exercise. Since
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we are going to work with Fraissé classes which are ‘metric’ we note
that recently a general theory for metric Fraissé classes was developed
independently in [1] and [9]. However, we shall not directly use their
results in our paper.

Example 1 Consider the countable class of all finite graphs. It is
easy to show it has the joint and amalgamation properties, thus by the
Fraissé theorem there exists a Fraissé limit, a certain direct limit of a se-
quence of finite graphs, which is a countable graph commonly known as
the random graph, or the Rado graph. The extension property allows
to show that it contains as a subgraph a copy of every countable graph.

Example 2 Consider now the countable class of all finite abelian
groups. It is again easy to show the joint and amalgamation prop-
erties and one can even show that the Fraissé limit is nothing else than

®n€N @/Z

Example 3 Consider now the countable class of all finite groups, not
necessarily abelian. This is the most important example for us re-
garding the topic of our paper. It is less straightforward, nevertheless
possible to show (see [11]), that this class has the amalgamation prop-
erty, and thus also the joint embedding property. The Fraissé limit is
what is commonly known as the Hall’s universal locally finite group.

Example 4 Consider the countable class of all finitely presented groups.
It is again easy to show the amalgamation property. We are not aware
anyone has considered the Fraissé limit of this class yet.

Example 5 Consider the countable class of all finite metric spaces
with rational distances. The amalgamation and joint embedding is
again straightforward. The Fraissé limit is what is known as the ratio-
nal Urysohn space. Its completion is the Urysohn universal space (see

[16]).

Example 6 As the last example, we present another ‘metric Fraissé
class’ recently discovered by the author in [3]. It is the class of all
finitely generated free abelian groups with a ‘finitely presented ratio-
nal metric’. The completion of its limit gives the metrically universal
abelian separable group. See the paper for details.
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2. UNIVERSAL ACTIONS

Definition 2.1. Let G be a group and X a metric space. A pointed
free action of G on X by isometries is a tuple (G ~ X, (x;);er), where
G ~ X is a free action of G on X by isometries and [ is some index
set for the orbits of the action and (x;);c; is a selector on the orbits,

ie. X =,c; G- and for i # j, x; and x; lie in different orbits.

There is also a natural notion of embedding between two pointed
free actions. Suppose we are given two such actions (H ~ Y, (y;)ier)
and (G ~ X, (z)jes). An embedding of (H ~ Y, (y;)icr) into (G ~
X, (xj)jes) is a pair (¢,v), where ¢ : H — G is a group embedding
and ¢ : Y — X is an isometric embedding such that for any 7,7 € [
and f,h € H we have

dy (f - yis h-y;) = dx (o(f) - ©(wi), o(h) - ¥ (y;))-
In particular, for any ¢ € I there is some j € J such that ¥(y;) = z;,
i.e. 1 sends the distinguished points (y;);cr into the set of distinguished

points (z;)jes-
Theorem 2.2. The pointed free actions can be amalgamated.

Remark 2.3. It means that for any embeddings ¢; : (Go ~ Xo, (%)) jer,) —
(Gi ~ Xi,(z))jer,), for 7 € {1,2}, where we assume that G, <
G, and Gy < Gy, there are a group Gp,Gy < Gz, pointed action
(Gs ~ X3, (%) jer,) and embeddings p; : (G; ~ X, (z5)jer) = (Gs ~
X3, (%)) jery), for j € {1,2}, such that py 0 ¢y = py 0 9.

Proof. Consider such actions from the remark above, i.e. (G; ~ X, (z))jer),
for i € {0,1,2}. We may also suppose that Iy C I;, for i = 1,2, and
that Iy = I N I,. Let G5 be Gy xg, Go, i.e. the free product of
G, and Gy amalgamated over Gy (we refer to [10] for constructions
of amalgamated free products of groups). Let I3 = I; U I, and set
X3 = Ujel3 Gs - j. Clearly, X; C X3, for i« = 1,2. We shall define a
metric on X3 so that the canonical action of G3 on X3 is by isome-
tries and that the inclusion of X; into X3 is isometric (it is obviously
G-equivariant), for ¢ = 1, 2.

We define a structure of a weighted graph on X3 that will help us
define a metric there. That is, we define edges on X3 and then associate
a certain weight function w giving positive real numbers to these edges.
For g,h € G3 and 1, j € I3, the elements ¢ - ; and h - x; are connected
by an edge if and only if

e cither g7'h € G, and 7, € I, then its weight is
w(g-x,h-x;) =dx, (25,9 h - 5);
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e or g 'h € Gy and i, j € I, then analogously its weight is
w(g - xi, h-x5) = dx, (2, g ' h - 1;).

In case that g7'h € Gy and i,j € I, there is no ambiguity in the
definition. Indeed, by assumption, in such a case we have

dXo(xiag_lh : ZE]') - Xm ('xi,g_lh : $j) = dX2(xi7g_lh ) xj)'

It is clear that this graph is connected, so we define the graph metric
d on X3 as follows: for x,y € X3 we set

d(xz,y) = inf{z w(e;) : e1...e, is a path from x to y}.
i=1

In case the groups and the index sets are finite we may replace the
infimum above by minimum. It follows immediately from the definition
that the natural action of G3 on X3 is a weighted graph automorphism,
i.e. it preserves the edges including their weight. It follows that Gg
acts by isometries on X3. We shall check that the canonical embeddings
(inclusions) of X; and X, into X3 are isometric.

We shall check it for both X; and X5. Thus fix some g,h € G and
1,7 € I3 such that either both g,h € G; and both ¢,5 € I, or both
g,h € Gy and both i, j € I,. We need to check that dx,(g - z;h - x;) =
d(g - x;,h - x;), where | € {1,2} depending on whether ¢g,h € Gj,
i,j € I1, or g,h € Gy, 1,5 € Ir. It is clear that dx, (g - z;,h - ;) >
d(g-xi, h-xj), so suppose there is a strict inequality and we shall reach
a contradiction. There is then an edge-path e; ...e, from z = g - z; to
y = h-z;. By induction on n, the length of the path, we shall show
that dx,(g -z, h-z;) <w(er) + ...+ w(e,). The case n = 1 is clear,
so we suppose that n > 2 and we have proved it for all paths of length
strictly less than n between all pairs of elements from X; and all pairs
of elements from Xs.

Now without loss of generality we suppose that g, h € Gy, i,j € I,
the other case is analogous. For 1 <[ < n, let z; = g; - z;, be the start
vertex of e; and z;11 = @41 - ;41 the end vertex. Set h = gl_lng,
for 1 <1 < n. It follows that ghihs...h, = h and each h; belongs
to either Gy or Gy. If all the h;’s belong to G then also all the ;s
belong to I; and the path goes within X; and we can use the triangle
inequalities there. So we suppose that some h;, 1 <[ < n, is from Go;
equivalently, that the path leaves X; at some point. Let 1 <[ < n be
the least index where the path leaves X7, i.e. z; € X3, while 2,1 ¢ Xj.
It follows that ¢; € Iy. Then let [ < I’ < n be the least index such
that the path returns back to Xy, i.e. the least index [ < I’ such that
zp € X;. Again necessarily iy € Iy. If 1 <l or I’ < n, then the subpath
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e; . ..ey_1 between two elements of X7 is strictly shorter than n and thus
by the inductive hypothesis we have dx, (z;, zp) < w(e))+...+w(ey_1).
So we may replace this subpath by a single edge going from z; to z,
hereby again shortening the path, so by the inductive hypothesis we
get dx, (g - xi,h-x5) <wle)) + ... +w(ey,).

Thus we are left with the case [ = 1 and I’ = n. In such a case
we have hy € Gy and h,, € G, i1,02,ip_1,1, € Iy, and also, since n
is the least number [ such that h;...h; € G, we must actually have
hi...h, € Gy. It follows that g and h lie in the same left-coset of G
in Gy, i.e. g7'h € Gy. Tt follows that d(g - x;, h - x;) = d(x;, g~ h - ;).
Thus it suffices to show that

d(x;, g 'h- z;) = dx,(z;, g 'h- x;) = dx, (z;, g h- z;),

where the latter equality is known and we need to show the former. In
other words, we shall thus now, without loss of generality, assume that
g=1,s0h="hy...h, € Gyand z;,h-x; € Xo.
We have two cases:
(1) If n =2, i.e. h = hyhs, then the path ejes is within X, between
two elements from Xy. Therefore, by the triangle inequality in
X,, its length is greater or equal to the path consisting of a
single edge from x; to h - z;, that means we have

w(er) +w(ex) = dx, (w4, hy - 4,) + dx, (hy - 4y, b - 5) >
dx, (w5, h - x5) = dx, (x5, h - ;) = dx, (xi, b - x5),

and we are done.

(2) If n > 2, then the non-trivial subpath es...e,_; is a path of
length strictly less than n between two elements from X, (note
that 2o = hy - 1;, € Xy and also 2, = hh, ! - z;, € X3), thus by
the inductive hypothesis we get that

w(eg) + ... +wle,—1) > dx, (22, 2).
It follows that

n

> “wler) > du, (w1, 2) + dixy (22, 20) + doxy (20, b 7) >
=1

dX2 (l’i, h . l’j) = dXO(l’Z', h . .1'j) = Xm (iL’i, h . .Tj),

and we are again done.
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Remark 2.4. The previous theorem was stated and proved for free ac-
tions. However, the proof can be modified to work for non-free actions
as follows: Replace the metric by a pseudometric so that the action be-
comes free. Then proceed completely analogously working with pseu-
dometrics instead of metrics and at the end make a metric quotient.

In the next theorem we shall restrict our attention to actions of finite
groups on finite metric spaces.

Theorem 2.5. The class of pointed free actions of finite groups on
finite metric spaces has the amalgamation property

Proof. Let us start as in the previous theorem with three pointed ac-
tions (G; ~ X;, (%) er,), for i € {0,1,2} such that Gy < G, Iy C I,
for v = 1,2, Iy = I; N I,. Now the difference is that all the sets are
finite. Let G be now any amalgam group of GG; and G5 over Gy, e.g.
the free product with amalgamation Gy *g, G2. Set I3 = [; U I, and
Xa = U].GIS G -z;. Asin the proof of Theorem 2.2 we define a weighted
graph structure on X¢. That is, for g, h € G and i, j € I3, the elements
g-x; and h - z; are connected by an edge if and only if

e cither g~'h € G, and i, j € I, then its weight is
w(g @i, b 5) = dxy (23,97 - ay);

e or g 'h € Gy and i, j € I, then analogously its weight is
w(g - x,h- ;) = dx, (7,9 h - 1;).

There is no ambiguity when g='h € Gy and i, j € I. We again define
the graph metric as follows: for z,y € Xg we set

dg(z,y) = min{z w(e;) : e1...e, is a path from x to y}.
i=1

Notice that now w assumes only finitely many values, so we may indeed
use the minimum. Again, G acts on Xg by graph automorphisms
preserving the weight function, thus also by isometries. In the proof of
Theorem 2.2 we showed that dg extends dx, and dy, in case G = G*,
G5. We shall now find a finite amalgam G with the same property. First
set G, = Gl *Go GQ.

Set M = max{w(e) : eis an edge in X¢/} and m = min{w(e) :
w(e) # 0 and e is an edge in X¢r}. Set K = [27. Consider the finite
set G1 U Gy as the set of generators of G’ and let A : G’ — [0, 00) be
the corresponding length function, i.e. the distance from the unit in G’
in the Cayley graph of G’ with G; U G5 as the generating set. Since G’
is an amalgam of finite groups, it is residually finite. Thus let G3 be
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a finite group such that there is an onto homomorphism ¢ : G' — G3
which is injective on the ball {g € G' : A(9) < K + 1}. Clearly, G,
and G are subgroups of GG3 with the identified common subgroup Gj.
Thus in particular, G3 is a finite amalgamation of G; and G5 over Gj.
Moreover, we may suppose that G; U G5 generates G3. Let p be the
length function on G3 with respect to these generators. We have that ¢
is isometric with respect to A and p on the ball {g € G : \(g) < K+1}

We now set X3 to be the finite set X¢g, = Ujel3 Gs - x;. We again
consider Xy, X7, Xy to be subsets of X3. We have a metric dx, = dg,
defined using the weight function. What remains to check is that the
canonical inclusions of Xy, resp. X5 into X3 are isometric. We shall do
it for Xy, for X5 it is analogous. So take some g,h € GGy and ,7 € ;.
We must check that dx,(g -z, h-2;) = dx, (g -z, h - x;). Again, it is
clear that dx,(g - xi,h - z;) < dx,(g- x;, h - z;); suppose that there is
a strict inequality. It follows that there is a path e;...e, from g - x;
to h - x; such that )" w(e) < dx, (g -z, h - x;). We claim that the
length of the path n is less or equal to K. Suppose that n > K. Then
since for every 1 <1 < n we have w(e;) > m, we get

Zw(el)2n~m>K~n2M.

=1

However, by assumption dx, (g - z;, h - x;) < M, a contradiction.

Now, it follows that the path e; ... e, lies within the finite set ( J;c, {g €
Gs : p(g) < K + 1} - ;. Since ¢ is isometric with respect to A and p
on the ball {g € G : A(g) < K + 1} it follows that the path e;...e,
from G35 also exists in Xq/, and is, by definition, of the same length.
However, we showed in the proof of Theorem 2.2 that in X its weight
was greater or equal to dx, (g - x;, h - x;). This finishes the proof. [

Let (G, ™~ Xp, (%;)icr, Jnen be an enumeration of all pointed free ac-
tions of finite groups on finite metric spaces with rational distances. It
follows from the previous theorem that it is a Fraissé class. Indeed, it is
clear from the proof that when working with rational spaces the amal-
gam will be rational as well. Moreover, the joint-embedding property is
just a special case of the amalgamation property (note that any two ac-
tions have a common subaction, namely the action of a trivial group on
a one-point space). So it has some Fraissé limit (g : G ~ X, (2;)ier),
where GG is some countably infinite locally finite group, X is a count-
ably infinite rational metric space with countably infinite distinguished
set of points (z;)ie; and o : G ~ X is a free action by isometries.

It follows from the Fraissé theorem that (g : G ~ X, (x;)icr) has
the following extension property:
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Fact 2.6. Let ' < G be a finite subgroup, A C I a finite subset, and
denote by X, the finite metric space |J,cq F - x;. Consider the free
pointed action (F ~ X, (x;)ica). Let (H ~ Y, (y;)jep) be some free
pointed action of a finite group on a finite rational metric space and let
(¢, ¢) is an embedding from (F ~ Xo, (z;)ica) to (H ~ Y, (y;j)jeB).
Then there exists an embedding (1, ¢) from (H ~ Y, (y;)jeB) to (G ~
X, (z:)ier) such that v o =idp and ¢ o ¢ = idy,.

Now let X be the metric completion of X. The action ag : G ~ X
obviously extends to the action o : G ~ X by isometries, which is no
longer free though.

Theorem 2.7. The action o : G ~ X s a universal action of a
countable locally finite group on a separable metric space by isometries.

Remark 2.8. That means that for any countable locally finite group H
and any action 8 : H ~ Y by isometries, where Y is a separable metric
space, there is a subgroup H' < G isomorphic to H and a subspace
Y’ C X isometric to Y such that the restriction of o to H' has Y’ as
an invariant subspace and this restriction is isometric to the action f;
in other words, if we identify H and H’, the isometric embedding of Y
onto Y/’ C X is H-equivariant.

Before we prove the theorem we shall need few notions and lemmas.

Definition 2.9. Let X be a set equipped with two pseudometrics d
and p. We define the distance D(d, p) between these two pseudometrics
as their supremum distance, i.e.

D(d,p) = sup |d(z,y) — p(z,y)|.
z,yeX
Lemma 2.10. Let (H ~ X, (z;)ie1) be a free pointed action by isome-
tries of some finite group H on a finite pseudometric space X =
Uies H - ©; with pseudometric d. Then for any € > 0 there exists a
rational metric p on X such that the free action of H on (X, p) is still
by isometries and D(d,p) < e.

Proof of Lemma 2.10. Enumerate by (d;);<, the distances from (X, d)
in an increasing order. Also, we may suppose that ¢ < min{|k — ] :
k#1kle{d:i<n}U{0}}.

For ¢ < n let p; be an arbitrary rational number from the open
interval (d;+ =82 ¢+ 08y  Now for a pair z,y € X set p(z,y) = 0

n+1’ n+1
if x =y and for x #y € X set

p(z,y) = p; iff d(z,y) = d;.




UNIVERSAL ACTIONS 11

Let us check that p is a rational metric. By definition it is rational.
It is clear that p(x,y) = 0 iff z = y, and that it is symmetric, so we
must just check the triangle inequality. Take a triple x,y,z € X. We
check that p(z, z) < p(x,y)+p(y, z). If either d(x,y) or d(y, z) is bigger
or equal to d(z, z), then the same is true for p(x,y), p(y, 2), p(z, z) by
definition. So we may suppose that d(z,z) > max{d(z,y),d(y,z2)}.
Then by setting d(z, z) = d;, d(x,y) = d; and d(y,z) = di, we have
that ¢ > max{j,k}. We must check that p; < p; + p,. However, we

have
1—1 —7 —k
(n+ i)e <d+ (n—j)e et (n )e
n—+1 n—+1 n—+1
and we are done. O

pi < d; +

< p;j + Pk

Lemma 2.11. Let H; < Hy be two finite groups and I C J two finite
sets. Let d be a metric on X = Uz’e[ Hy - x; and p be a metric on
Y = Uje, Hy-x; O X such that the canonical corresponding actions are
by isometries. Suppose further that D(d,p | X) < e. Then there exists
a metric p on Z, the disjoint union X C UJ;c; Hy- i [[U e, Howj =Y
which is equal to J,c; Ha - x; U Ujej Hy - y; such that

e p extends both d and p on the corresponding subspaces,

o for everyi € I, p(x;,y;) < e,

e the canonical action of Hy on Z is by isometries.

Proof of Lemma 2.11. As before, we define a weighted graph structure
on Z. A pair x,y is connected by an edge if and only if
e cither z,y € X, resp. z,y € Y, in such a case w(z,y) = d(z,y),
resp. w(z,y) = p(z,y);
e or there are 1 € I C J and h € Hy such that + = h - z; and
y = h - y; or vice versa, in such a case we set w(zx,y) = €;
e or v =g-x;,y=h-z;such that i € [ and g~'h € Hy; in such
a case we set w(z,y) = d(z;, g~ ha;).

It is again immediate that the graph is connected, thus it determines
a metric p on Z, and the canonical action of Hy on Z is by isometries.
We need to check that p extends d and p. We check both simultane-
ously.

Fix x, y such that either x,y € X or z,y € Y. Suppose that p(x,y) <
d(z,y) (it is again clear that p(z,y) < d(x,y)), resp. p(z,y) < p(x,y)
depending on where x,y lie. Then there is an edge path e; ...e, such
that w(er) + ...+ w(e,) < d(z,y), resp. w(ey) + ...+ w(e,) < p(z,y).
We shall again prove the claim by induction on the length of the edge
path. The case n = 1 is clear. Suppose we have proved it for all [ <n
and all edge paths of length at most [ between all pairs z,y € X and
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all pairs z,y € Y. We may suppose that there are not two neighboring
edges e; and e;,; such that both of them lie in X or both of them lie
in Y, for otherwise we could contract them into a single edge using
triangle inequality in X, resp. Y.

Suppose first that z,y € X and let v = g -2, and y = h - 2, for
some ¢g,h € H, and i,j € I. Denote by X the set Uies H2 -2 2 X.
Notice that there is no edge between an element z € X and an element
2" € X\ X. Thus we may suppose that e; is an edge between z = g - x;
and g - y; and e, is an edge between h - y; and h - x; = y. Indeed,
otherwise either e; is an edge within X, so we may use the inductive
assumption for the subpath e,,...,e,, or e, is an edge within X and
we may use the inductive assumption for the subpath eq,...,e,_1. It
follows that es,...,e,_1 is an edge path of length strictly less than
n between two elements of Y, thus by inductive assumption we may
suppose that n = 3 and ey is an edge between g - y; and h - y; and we
have

w(g - yish-y;) =plg -y, b yy) = dlg - i h-x) —e.
However, since w(e;) = w(ez) = ¢, we get that
d(z,y) = d(g - xi, h-25) <wle) +w(ez) +wles),

a contradiction.

Suppose now that z,y € ¥ and again let + = g -y, and y = h - y;,
for some g,h € Hy and i,5 € J. As in the paragraph above, we may
without loss of generality assume that e; is an edge between x = g - y;
and g - z; and e, is an edge between h - z; and h - y; = y; thus in
particular ¢,j € I. If both g,h € H; then g-x;,h-2; € X and we are
done by the same argument as in the paragraph above. So suppose that
at least one of g, hisin Hy \ Hy. Say g € Ho \ Hy, ie. g-2; € X\ X.
Since there is no edge between an element from X and an element
from X \ X there exists a minimal [ < n such that es,...,e; 1 is a
path within X \ X and ¢; is an edge between an element from X \ X
and an element from Y. If [ < n then we use the inductive hypothesis,
so suppose that [ = n, i.e. the subpath es, ..., e, 1 is within X \ X.
Note also that there is an edge between elements f -z, and f'- 2y in
X\ X if and only if f~'f’ € H;. It follows that g~'h € H,. Translating
the whole path ey, ..., e, by g~' we does not change the distance (¢g~*
acts as an isometry). Thus we may assume that ¢ = 1 and h € H;.
However, then we are again done by an argument used above. U

Proof of Theorem 2.7. Let H ~ Z be an action of an infinite locally
finite group by isometries on a separable metric space. It is sufficient
to prove the theorem in case Z is countable. Indeed, in the general
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case we would find a countable dense H-invariant subspace Z’. Then
the action on the metric completion of Z’, thus in particular on Z,
is uniquely determined by its behavior on Z’. Since the space X is
complete, we are done.

So assume that both H and Z are countable. Without loss of gen-
erality we assume that Z has infinitely many H-orbits and let (z,,)nen
be a sequence which picks one single element from each orbit, i.e. we
may write the metric space Z as |J, .y H - z, with a pseudometric d.
Also, without loss of generality we shall assume that H is infinite and
write H as Hy < Hy < H3 < ... which is an increasing chain of finite
subgroups of H whose union is H. Moreover, for every n define Z,, to
be the finite pseudometric subspace |J,.,, H, - 2z € Z.

For every n consider the free pointed action (H,, ™~ Z,, (2i)i<n). By
Lemma 2.10 there exists a rational metric p, on Z, such that D(d |
Znypn) < 172771 Tt follows that for every n we have D(pp, ppi1 | Zn) <
1/2". By Lemma 2.11, for every n we can define a rational metric p,
on a disjoint union of Z,, [[ Z,41 = Uign Hn~inUanH H,, -2} which
extends the original metrics and for i < n we have p,(z;, zf) = 1/2".
Now by a successive application of the extension property of (G ~
X, (z;e7) we obtain

e an increasing chain of finite subgroups H; < H, < ... < G such
that H] = H, for i € N, and thus also H' =, H, = H;

e isometric embeddings ¢, : Z,[[ Zns1 < X such that ¢, |
Zpy1 = Gny1 | Znga, for every n;

e for every n, we have that the free actions H,, ~ Z,, and H]
®n|Zy] are isometric.

For every i we have that the sequence (¢,(z;))n>; is Cauchy, since
dx(pn(2i), dns1(2i)) = 1/2™. Let y; € X be the limit of that sequence.
Consider the subset 7' = (J;cy H' - s € X. It follows it is naturally
isometric to Z. Indeed, take any x,y € Z and write them as z = h - z;
and y = g - z; for some h,g € H and i,j € N. Since H and H' < G
are isomorphic, let /', ¢’ be the corresponding elements of H' < G and
consider the elements b’ - y;, ¢’ - y; € Z' C X. Then

d(W'-yi, 9" y;) = imd(D'-dn(2:), g~ 9u(2))) = limdz(h-zi, - 2j) +o(n),

where o(n) € [0,1/2"], so the claim is proved.

Finally, consider the restriction of the action G ~ X on H' ~
Uien #' - vi- It follows from the approximation above that it is iso-
metric to the action H ~ Z, and we are done. [l

Finally, we show that the group G is isomorphic to the Hall’s univer-
sal locally finite group and that the space X is isometric to the rational
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Urysohn space, so the completion X is isometric to the Urysohn univer-
sal space. It is just the use of the extension property of G ~ X, (x;)ier
from Fact 2.6. These are standard arguments, so we omit some details.

For the former it is necessary to show that G has the extension
property. That is, whenever ' < G is some finite subgroup and H > F
is some abstract finite supergroup of F', i.e. a supergroup of F' that
does not in principle lie in G, then we can actually find a copy H’ of
H within G so that it is a supergroup of F' there, i.e. F < H' < G.

So pick some finite subgroup F' < G and some abstract supergroup
H > F. The Fraissé limit G ~ X, (z;);er is a direct limit of a sequence
of some finite actions (G,, ~ X, (%;)icr, Jnen. Take n so that FF < G,
and consider the subaction F' ~ X, (%;)icr,, where X, = {J;c; F - ;.
It is possible to use Lemma 2.11 to extend this action to an action of H
on (J,c; H -x;. Then we use the extension property of G ~ X, (2;)ics
to find the action H ~ (J,; H - ; within the universal one, thus in
particular to find a copy of H within G that is a supergroup of F.

Now for the latter, it is necessary to show that the countable rational
metric space X has the extension property. That is, whenever A C X
is some finite subspace and A C B is finite abstract extension, still a
rational metric space, then we can actually find this extension within
X. So take some finite A C X. As above, find some n so that A C X,,.
By extending the metric by metric amalgamation if necessary we may
assume that A = X,,. Set [;, = U (B\ X,) and X} = U,c;, Gy - .
Clearly, A = X,, € B C X/. By using the technique with defining a
weighted graph structure on X, we can extend the metric from B to
X, so that G, acts on X, by isometries. Then we use the extension
property of G ~ X, (z;);er to get a copy of X/, thus also of B, in X
so that it is an extension of A there.

2.1. No universal actions for non-locally finite groups. We stress
that the universality of GG from the previous theorem does not say that
whenever we have an action of the group G itself on some separable
metric space Z by isometries, then we can find a G-equivariant isomet-
ric embedding of Z into X. What it does say is that we can find a
subgroup G < (G isomorphic to G itself, so that after identification of
G and G’ there is some G-equivariant isometric embedding of Z into
X. This is not a flaw of the proof. The universality in such a strong
sense is not possible for any countably infinite group G, locally finite
or not. That is the content of the following theorem.

Theorem 2.12. Let G be a countably infinite group. Then there is no
such strongly universal action of G on both metric and Banach spaces.
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Proof. Suppose the contrary, first for the metric spaces. That is, sup-
pose there exists a separable metric space X and an action o : G ~ X
by isometries such that for any action § : G ~ Y by isometries on a
separable metric space Y there is a G-equivariant isometric embedding
of Y into X.

Fix some unbounded length function A : G — N and a sequence
(gn)neny € G such that (g,), generate G and 1 < A(¢g1) < A(g2) <
A(gs) < .... That is possible to find for any countably infinite group.

For any z € 2V let X, : {g,, 9, : n € N} — N be defined as follows:

vy )1 ge{gn, g, Aa(n) =0,
Aolo) = {2 g€ {gu g2} A xln) = 1.

Finally, for any € 2V define a length function )\, : G — N as
follows: for any g € G, set

Ao(g) = min{> N,(h;) : g =hy ... hy, (h)]2y € SU{gn,g," : n € N}}.
=1

We claim that A\, extends X, i.e. for every g € {gn,g,' : n € N},
Az(g) = N.(g). It suffices to show that for any n such that z(n) =1 we
have A\;(g,) = 2. Suppose the contrary. Then necessarily \.(g,) = 1,
so by definition g, = g,, or g, = g,,' for m such that z(m) = 0. How-
ever, that is in contradiction with the assumption that 1 < A(g;) <

Now for every z € 2V take the left-invariant metric d, on G induced
by A.. The action of G on itself by left translations is then an ac-
tion of G on (G,d,) by isometries. We claim that there is x € 2N
such that there is no G-equivariant isometric embedding of (G, d,) into
X. Suppose otherwise that for every z € 2V there is a G-equivariant
isometric embedding ¢, of (G,d,) into X. For every z € 2V denote
tz(1g) € X by z,. Then for z # y € 2V we have dx (2., z,) > 1/2, for
if dx(2y,2,) < 1/2 and n € N is such that z(n) # y(n), say z(n) = 1,
y(n) =0, then

1/2 > dx (24, 2y) = dx(gn - 22, Gn - 2y) >

|dX(gn * Ry Z.t) - dX(Z:va Zy) - dX(zyagn : zy)| > 1/27
a contradiction. Thus we get that {2, : z € 2V} C X is a 1/2-separated
uncountable set in X which contradicts the separability of X.

To prove the same for the category of Banach spaces, we can for
example extend the action of G on (G,d,), for every z € 2 to an



16 MICHAL DOUCHA

action of G on the Lipschitz-free Banach space F(G,d,) over (G,d,)
(see [5] and [17] for information about Lipschitz-free Banach spaces).
That is, consider a real vector space Vi with G \ {1} as the free
basis, and 1g as a zero. Define a norm || - ||, on Vi as follows: for
vV =0101 + ...+ Qg set

[Vlle = min{> (B - du(ha, 1) 0 =Y Bilhs — h})}.
i1 i1

Then it is easy to check (and it is a standard fact about Lipschitz-
free spaces) that for any g,h € G, ||g — h||. = d.(g,h). G acts by
(affine) isometries on (V.| - ||2) in the following way: for h € G and
Q191 + ...+ apgn € Vo we set b+ (191 + ... + angn) = (a1hgr + ... +
anhgn) — (a1 + ...+ a, — 1)h. It is easy to check that this gives an
action of G on (Vg, || - ||) by isometries which extends the action of
G on itself by translation. It also extends to an action of G on the
completion W,. Then arguing exactly the same as with the metric
space one can show that it is not possible to embed in a G-equivariant
way all the spaces W,,z € 2V, into a single separable Banach space
with an action of G. U

Second, we show that the universality result for the Hall’s group
from Theorem 2.7 is not beyond the locally finite case. Let us start
with a definition.

Definition 2.13. Let G be a countable group. Say that G' admits a
universal action by isometries if there is an action o : G ~ X on some
separable metric space X such that for any countable group H which is
isomorphic to a subgroup of G and for any action 5 : H ~Y of H on
a separable metric space Y by isometries there is a subgroup H' < G
isomorphic to H and an isometric embedding of Y into X which is,
after identifying H and H', H-equivariant.

With this definition, the statement of Theorem 2.7 says that the
Hall’s group admits a universal action by isometries.

That is the strongest result possible of this type as shown by the
following proposition.

Proposition 2.14. Let G be a countably infinite non-locally finite
group. Then G does not admit a universal action by isometries.

Proof. Suppose there is such an action a : G ~ X on some separable
metric space X. Since G is not locally finite it contains a finitely gen-
erated infinite subgroup H < G. By the proof of Theorem 2.12 there
are continuum many somewhat different left-invariant metrics (d,.),con
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on H. Note that GG contains at most countably many subgroups iso-
morphic to H. By the pigeonhole principle there is one fixed subgroup
H' < @ isomorphic to G and an uncountable subset I C 2N such
that for each x € I there is an H’-equivariant isometric embedding of
(H',d,) into X. We reach a contradiction with separability of X by
the same argument as in the proof of Theorem 2.12. U

3. GENERICITY OF THE ACTION

Let us start with a general discussion. Fix some countable group G.
Let X be some Polish metric space, i.e. a complete separable metric
space. We want to define a space of all actions of G on X by isometries.

We have that Iso(X), the group of all isometries on X with the
pointwise-convergence, or equivalently compact-open, topology is a
Polish group, i.e. a completely metrizable second-countable topological
group. Fixing a countable dense subset {x; : i € N} C X we may define
a compatible complete metric p on Iso(X) as follows: for ¢, € Iso(X)
we set

o) =3 min{dx(¢(3;), ), 1}

i=1

Since every action o : G ~ X by isometries is in unique correspon-
dence with some homomorphism f : G — Iso(X), we may define the
space Actg(X) of all actions of G on X by isometries as the space of
all homomorphisms of G into Iso(X). Acte(X) is a closed subspace of
the product space Iso(X )%, thus a Polish space.

There has been a recent research on investigating which countable
groups admit actions, on certain spaces, which are generic in some
sense. That means, fix a countable group G and a Polish metric space
X. Note that there is a natural equivalence relation on the space
Actg(X), that is of conjugation, where two homomorphisms f,g: G —
Iso(X) are conjugate if there exists an autoisometry ¢ : X — X such
that f = ¢ 'gp. Say that an action f (or rather a homomorphism)
is generic if some element f € Actg(X) has a comeager conjugacy
class. In [15] Rosendal proved that every finitely generated group
with the Ribes-Zalesskii property ([14]), i.e. products of finitely gener-
ated subgroups are closed in the profinite topology of the group, has a
generic action on the rational Urysohn space. More recently, Glasner,
Kitroser and Melleray ([4]) characterized those countable groups that
have generic actions on a countable set with a trivial metric (attaining
just values 1 and 0).
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We prove a genericity result for the universal action from Theorem
2.7. On the one hand we have the result on a much more complicated
space, the Urysohn space, on the other hand we need to somehow
weaken the definition of genericity. In other words, we need to ex-
tend the equivalence relation of being conjugate by also allowing group
automorphisms. Let us state that precisely in the following definition.

Definition 3.1. Let G be a countable group and X a Polish metric
space. Say that two homomorphisms f,g : G — Iso(X) are weakly
equivalent if there exist an autoisometry ¢ : X — X and an automor-
phism v : G — G such that for all x € X and v € G we have

f)r =67 g(¢(v))da.

Moreover, we say that an element f € Actg(X) is weakly generic if
it has a comeager equivalence class in the weak equivalence.

We shall prove the following.

Theorem 3.2. The universal action o ~ U from Theorem 2.7 is
weakly generic.

The rest of this section is devoted to prove the theorem.

We need some notions. When F' and F’ are two isomorphic finite
groups, I and I’ two finite bijective sets and d, resp. d' a metric
on J,c; G - x;, resp. on |J,cp G - yi, we denote by D((G,{x; : i €
I}, d), (G, {y; :i € I'},d')), analogously as in the previous section, the
supremum distance sup; jer g nesr |d(g-2i, h-x5) —d' (g’ -y, B -y;)|, where
g h' € G’ are the images of g,h € G under the given isomorphism
between G and G’ and ', j' € I’ are the images of 7,j € I under the
given bijection between I and I’. Such an isomorphism and a bijection
will be never explicitly mentioned, it should be always clear from the
context. Also, we shall often write D((G,{x; : i € I1}), (G, {y; : i €
I'})), thus suppressing the metrics from the notation; they should also
be clear from the context. The following fact follows from Lemma 2.11,
however we will state it here since it will be used extensively.

Fact 3.3. Suppose we are given two finite isomorphic groups G and G',
finite bijective sets I and I', and metrics d and d' on \J,c; G - x;, resp.
on U,ep G- yi. Suppose moreover that D((G,{z; :i € I}),(G' {y; i €
I'})) < e for some e > 0. Then there exists a metric p on J;e;p G- i
such that
o D(G,{z; :i€1},d),(G,{z; :i € 1},p)) =0, i.e. p extends d;
e D(G,{z; i€ l'},p), (G {y;:i€l'},d))=0;

e for every i € I we have p(x;,xy) < e.
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Remark 3.4. Conversely, notice suppose that a finite group G acts freely
on some metric space Y and let {y; : i € I} and {z; : i € I} be two
finite subsets of Y indexed by the same set such that for every ¢ € I,
dy (yi, z;) < e. Then D((G,{y; :i € I}),(G,{z :1 € 1})) < 2e.

We shall now define a subset of Actg(U). By QU we denote the
rational Urysohn space, a countable dense subset of U. We shall denote
the pointed free rational actions of finite groups by (F,{xz; :€ I}) and
we write (F,{z; :i € I}) < (H,{x; : 1 € I'}) to denote that the former
actions embeds into the latter. To simplify the notation, we always
assume in such a case that I' < H and I C I’. Recall that the class I
of all pointed free rational actions by finite groups is countable.

By D we denote the subset of Acte(U) of all actions G ~ U satisfy-
ing:

foralle > ¢’ >0, forall (F,{z;:ie€l}) <(H,{z;:ie€l'}) € Kand
for every subgroup F’ < G isomorphic to F and all {u; : i € I} C QU
such that
D(G{x;:i€1}), (G {u:iel}) <
there exist a subgroup F’ < H’ < @ isomorphic to H, and points
{u; i € I'} C QU such that

D(H,{x;:iel'}),(H {u:ie€l})) <e.

We shall refer to the property above as D-property. A simple com-
putation shows that the D-property is a G5 condition, i.e. D is a Gy
set. It is non-empty since the universal action from Theorem 2.7 clearly
belongs to ID. Moreover, a standard argument following from the con-
struction of the universal action gives that ID is actually dense, so dense
Gs. We need to show that any two actions from I are weakly equiv-
alent. That is, for actions «a, 5 € D we need to find an automorphism
¢ : G — G and an autoisometry of ¥ : U — U such that for all g € G
and x € U we have

a(g,z) = B(¢(g), ().

We now fix two actions «, € D and show that. Let (z,).en be
some enumeration of QU such that for each iy € N both sets {z; : i >
ip, 1 is odd} and {z; : i > i, is even} are dense in U. Also, write G as
an increasing union G; < Gy < G3 < ... of finite subgroups.

By induction, we shall find for each n € N:

e an increasing sequence of finite groups H; < ... < H, < G
and H| < ... < H] such that for each i < n, H; and H] are
isomorphic by some ¢; and ¢; 2 ¢;_1, and for every odd 7 < n
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we have that G; < H;, and for every even ¢ < n we have that

G; < Hj;
e for each i <n, sequences (u])}_; € QU and (v])j_; € QU such
that

—for each i < and i < j <k <n, d(ul,uf) < 1/27%" and
d(vf,vf) < 1/27+,
— for every odd i < n, u! = z, and for every even i < n,

T __

o D((H,,{ul:i<n}),(H,{v:i<n}) <1/2"

Once the induction is finished, we have that G = |, H, = U,, H,,,
ie ¢ =, ¢n: G — G is an isomorphism. Also we have that for ev-
ery i < n the sequences (u?), and (v]'), are Cauchy in QU, thus they
have some limit u; € U, resp. v; € U. It follows from the inductive
assumption that both {u; : i € N} and {v; : i € N} are dense in U
and that the map sending u; to v; is an isometry which extends to an
autoisometry ¢ of U. By the limit argument we get that the actions «
and [ are weakly equivalent witnessed by ¢ and . Thus we need to

describe the inductive steps to finish the proof.

The first and second step of the induction. Set H; = Gy,
uj = 2. By Lemma 2.10 there exists (Hy,{z;}) € K such that
D((Hi,{ui}), (H1,{z1}) < 1/2. Since 3 satisfies the D-property, there
is a subgroup H; < G isomorphic to H; (via some ¢;) and some v]
which, because of Remark 3.4 we may find in QU, such that D((Hy,{z1}), (Hy,{vi}) <
1/2, thus by triangle inequality D((Hy,{ui}), (H},{vi})) < 1. That
finishes the first step of the induction.
Next, set v} = v} and v2 = 2. Let H) < G be an arbitrary fi-
nite group containing both H| and Gs, e.g. the subgroup generated by
these two groups. Again by Lemma 2.10 there exists (Hj, {x1,22}) € K
such that D((Hj, {v?,v3}), (HS, {x1,22}) < 1/4. By the D-property of
a, Fact 3.3 and also Remark 3.4 we can find H; < Hy < G isomor-
phic to H} (via some ¢, extending ¢;) and u? u2 € QU such that
d(uj,u?) < 1/2 and D((Hy, {u?,u3}), (Hy, {vi,v3})) < 1/2. This fin-
ishes the second step of the induction.

The general odd and even step of the induction. The general
steps are treated analogously as the second step of the induction. So
we only briefly show the general odd n-th step of the induction, i.e. n is
now odd greater than 2. For i < n weset u?! = u}'~ ' and we set u” = z,.
Let H, < G be an arbitrary finite subgroup containing both H,_; and
G,. By Lemma 2.10 there exists (H,,{z1,...,z,}) € K such that
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D((Hp, {u},...,ul'}), (Hn, {z1,...,2,}) < 1/2". By the D-property of
B, Fact 3.3 and also Remark 3.4 we can find H) _; < H] < G isomor-
phic to H,, (via some ¢,, extending ¢,,_1) and v}, ..., v € QU such that

d(v? 1 or) < 1/27 1 foralli < n, and D((H,, {u},...,u"}), (H,, {v7, ...

1/2"~1. That finishes the inductive construction and the whole proof.

4. UNIVERSAL ACTIONS ON BANACH SPACES

In the last section we attempt to find some universal actions by
isometries on Banach spaces.

First, we notice that in the full generality, as for metric spaces, it
is not possible. Recall that by the theorem of Mazur and Ulam (see
e.g. Theorem 14.1 in [2]) every (onto) isometry on a Banach space is
affine, that means it is a linear isometry plus translation. From that,
one can derive that every action o : G ~ X of some group G on a
Banach space X by isometries is determined by an action ay : G ~ X,
which is by linear isometries, and by a cocycle map b : G — X which
determines the corresponding translates. That is, for any ¢ € G and
r € X we have

a(g)z = ag(g)z + b(g).
Conversely, whenever we have an action ag : G ~ X by linear isome-
tries and a map b : G — X satisfying the so-called ‘cocycle condition’,
i.e. for every g, h € G, we have

b(gh) = ao(g)b(h) + b(g),
we can get an action of G on X by affine isometries. We refer the
reader to Chapter 6 of [12] for more information.
We again provide some definitions of universal actions by isometries
on Banach space. Theorem 2.12 excludes again universal actions in a
strong sense, so we modify Definition 2.13 for actions on Banach spaces.

Definition 4.1. Say that G admits a universal action by isometries on
a (universal) separable Banach space X if there is an action o : G ~ X
such that for any countable group H which is isomorphic to a subgroup
of G and for any action 5 : H ~ Y of H on a separable Banach space
Y by isometries there is a subgroup H' < G isomorphic to H and a
linear isometric embedding of Y into X which is, after identifying H
and H’, H-equivariant.

Proposition 4.2. No finite or countable group G admits a universal
action by (affine) isometries on a Banach space X .

Proof. Fix an at most countable group G and suppose that it has a
universal action on a Banach space X. Let b: G — X be the cocycle

n
r n

) <
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associated to this action. The range of b is at most countable, so in
particular the set R = {||b(¢)||x : ¢ € G'} is an at most countable set of
reals. One can easily find an action of some subgroup H < G on some
Banach space Y such that, if we denote by & : H — Y the associated

cocycle, we have that {||b'(h)|ly : h € H} € R. It follows the action
was not universal. O

A similar arguments show that the universality cannot be saved if one
replaces the H-equivariant linear isometric embeddings in the definition
by H-equivariant affine isometric embeddings or linear (14-¢)-isometric
embeddings.

The distinguished point in Banach spaces, the zero, is what causes
problems. If one is satisfied with universality for actions by linear
isometries, the problems disappear. Still the proofs are much more
technical than in the case of plain metric spaces without algebraic
structure. We shall only prove that there is a universal action by
linear isometries on Banach spaces of the group @, . Q/Z. This is
the infinite direct sum of all roots of unity and it is a universal abelian
locally finite group. We replace the Urysohn space from Theorem 2.7
by a similar object in the category of Banach spaces, the Gurarij space.
We refer the reader to [6] for more information about this space. We
shall thus show:

Theorem 4.3. Let G = @, .y Q/Z. There exists a universal action of
G on the Gurarij space X. That is, for any action 8 : H ~Y by linear
isometries, where H is a countable abelian locally finite group and Y
is a separable Banach space, there exists a subgroup H' < G such that,

after identifying H and H', there is an H-equivariant linear isometric
embedding of Y into X.

Let F' be a finite abelian group and I a non-empty finite set. By
F; we denote the finite set F' x I = {z,, : g € F,i € I}. Instead of
Zo;, where ¢« € I and 0 € F'is the group zero, we may just write ;.
Consider now a finite-dimensional real vector space Ep; with F; as a
basis. The canonical action of F' on Fj, where g-xf; = x,s, (resp. the
permutation representation of F' on Fy), extends to a linear action of
F on Ep; (resp. the representation of F'in GL(Ex;)).

Now let W C Ep; be any finite subset satisfying:

e 0 e W;if we W, then —w € W,
o foreveryi #jecl, x;—x; € W;
o foreverytel,ge I, x,, € W;
e foranyge FandweW,g-weW.
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A partial F-norm || - ||" on W is a partial norm on the finite set W
compatible with the action of F'; that is, a function satisfying
o ||w|" =0 iff w=0; (positivity);
o ||aw|]" = |af||w]|” provided that w,cw € W, for a € R; (homo-
geneity)
o Jfwll < X0 il where w = S0, gy w, (wi), € W,
()P, C R; (triangle inequality)
o |wl|' =g wl|, for g € F, w e W. (compatibility with the
action)
Having || - || we define a norm || - || on Er; as the maximal extension
of || - || to the whole Er;. That is, for any x € Ep; we set

ol = min{>_ I8 w2 = 37 B, (w))icn € W.
7j=1 7j=1

It follows by compactness (from the finite-dimensionality) that the min-
imum is indeed attained.

Now it is straightforward to check that || - || is a norm that extends
|| - || and that the action of F' on Ep; with || - || is by linear isometries.
Notice that there are several other equivalent ways how to define || - ||
using || - ||". For instance one can take the closed convex hull of the set
{w/||w|" : w € W} and then consider the Minkowski functional of such
a set. The resulting norm will be || - ||. Another way is to consider the
following set of functions F = {f : F; U {0} = R : f(0) = 0, |f(w)| <
|wl]'}, where f is the unique linear extension of f on Ep;. Then we
have, for every x € Epy, ||7| = sup ez |f(7)].

We shall call such an action of F' on such a finite-dimensional space
finitely presented. 1f the partial norm || - ||’ is defined only on linear
combinations of basis vectors with rational coefficients and it has a
rational range, we shall call such a finitely presented action rational.

Let us have finite-dimensional spaces Ep; and Ey ;, where I, H are
finite abelian groups and I, J finite sets. Suppose there are embeddings
¢: F — Hand v : I < J. Then they naturally induce a linear embed-
ding of Er; into Ey ; which is also, after identifying F and ¢[F] < H,
F-equivariant. If Ep;, resp. Ep ; are equipped with the finitely pre-
sented norm, invariant by the action, and the linear embedding given
by ¢ and 9 is also isometric, we call such a pair (¢,1) an embedding
between two finitely presented actions.

In most cases, unless stated otherwise, we shall implicitly assume
that ¢ and v are just inclusions, so the determined linear (isometric)
embedding is also an inclusion.
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Proposition 4.4. The class of all finitely presented rational actions
has the amalgamation property.

Proof. Assume we are given finite abelian groups Gg, G1, G5. We sup-
pose (without loss of generality) that Gy < G, Gg < Gy and GiNGy =
Gp. Also, we are given finite sets Iy, I1, [5; again we assume that
Iy C I, Iy C I, and I; NI, = Iy. And finally, we have some finitely
presented rational actions of G; on E; = Eg, ;, determined by a partial
norm || - ||} defined on finite W; C E;, for i < 2. Again, we may assume
that Wy, C Wy, Wy C Wy and Wy N Wy = W,. Moreover, we may
suppose that every element w € W; \ Wy, ¢ = 1,2, contains a scalar
multiple of a basis element not from Ej.

The proof is analogous to the proof of Theorem 2.2, though a bit
more technical.

Set G5 to be the free abelian amalgam of GG; and G5 over Gy, i.e.
Gy = Gy ® Go/{(9,—g) : g € Go}. Set [ = I, Ul,. Let E3 be the
vector space Eg, r,. We naturally identify the spaces E;, ¢ < 2, as
subspaces of E3. Set W' = W; U W5 and let W be the ‘closure of W
with respect to the action of Gs, i.e. W is the smallest (finite) set
containing W’ such that for any g € G5 and w € W we have g-w € W.
We define a function || - || on W as the unique function which extends
| - ||, for @ < 2, and satisfying that ||g - w||" = ||w]||, for w € W and
g € (. This definition is correct, for suppose that for some g € Gy,
h € Gy and wy € Wy, wy € Wy we have g - wy = h - wy. It follows
that ¢ — h € Gg, thus g, h € Gy and so wy, wy € Wy. However we have

[y = flwallo = llwallo = [Jwalls.

We need to check that || - || is a partial norm. Once we do that we
again define a norm || - || on Ej3 using || - ||" as follows: for any x € FE
we set

]| = min{> 18l llwyll = & =Y Bw;, (wy)icn € W}
j=1 j=1

It will follow that || - || extends || - |’, thus it also extends || - ||1, resp.
| - ||2, on By C E, resp. Ey C E.

The only condition from the definition of a partial norm which is not
obviously satisfied is the triangle inequality. So suppose that for some
x € Wy (the case © € W, is analogous) there exist wy, ..., w, € W and
NON-ZEro vy, . .., &, € Rsuch that x =Y | ayw; and > Joy|||lw;i]|” <
||z||". We shall reach a contradiction by induction on the size n of the
decomposition of x on elements from W. Suppose first that n = 2, i.e.
r = aqwy + agwy and |ag |[||wy || + |az|||we || < ||z||’. At least one of the
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elements w; and wy, must not lie in W; since otherwise
|| flwi " + ezl lwal]” = [aa|[lwill} + |azllwall} = [lz]l = |2

Similarly, at least one of the elements w; and wy must not lie in Ws.
It is also impossible that one of the elements is from W; \ W, and the
other from Wy \ W, Suppose that wy ¢ W; (recall that we assumed
that every element w € W; \ Wy, i = 1,2, contains a scalar multiple of
a basis element not from Ej).

One of these elements, say w;, must contain a scalar multiple of a
basis element from FEj. Since w; ¢ Wi U Wj it follows that there must
exist ¢ € Gy and w] € Wy such that w; = ¢ - w|. In particular, the
multiples of basis elements from w; that belong to F; are of the form
Tgt+al, Where a € Gy and [ € Iy. Since wy ¢ W, it also must contain
multiples of basis elements of the form x5, where h € G5\ Gy. These
elements must cancel out in wy. Thus it follows that also wsy is of the
form g - w}, where w), € Ws. It follows that ajw)| + apwh = —g-x € Ej.
Thus we have

[zl =11=g-zlh =l —g-zllo = | = g-zll2 < [eallwi I3 + |ez|[lwsl5 <

| [[[wi]|" + [aal[[ws]]" = [aa|[Jwi]|" + || Jw ||” < |||,
a contradiction.

Suppose now that n > 2 and that for every x € W; U W5 and every
non-zero (a;)i <1 C R, (w;)i<y € W such that x = Zigz o;w; and

[ < n we have that
]} > Jall|wi',

i<l
where 7 = 1,2 depending on whether x € Wy or x € Ws.

So fix x € W (the case for W5 being analogous), wy, . .., w, € W and
NON-ZEro vy, . .., &, € Rsuch that x =Y | ayw; and >0 Joy|||lw;i]]” <
||z]|;. Again we may suppose that for some ¢ < n we have w; ¢ Wj.
We claim that we may moreover assume that the element w; contains
a scalar multiple of a basis element from FEj, i.e. some z,;, where
g € Gy and j € [;. Indeed, otherwise we have that for every j < n
we have that either w; € Wy, or w; € Ws, or w; does not contain
scalar multiples of basis elements of Ey. Let J; C {1,...,n} be the
set of indices j < n such that w; € Wy, Jo C {1,...,n} the set of
indices j < n such that w; € W5 and J; C {1,...,n} the set of indices
J < n such that w; does not contain scalar multiples of basis elements
of Ey. We have that {1,...,n} = J; UJyU J;. Then ZjeJl a;w; € By
and Z].EJQUJS a;w; € Ey. If Jp is non-empty, then |J; U J3| < n and
we use the inductive hypothesis to reach the contradiction. Thus we
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may suppose that J; = (. Then z € Ey C E, and we claim that
necessarily there is ¢ € J3 such that w; contains a scalar multiple of
a basis element from Fj, since otherwise ) jess w; =0 and we may
remove these elements from the decomposition of x. However, since
the situation when = € E; and some w; ¢ Wi U W5 contains a scalar
multiple of a basis element from F7, and the situation x € F, and some
w; ¢ W3 UW, contains a scalar multiple of a basis element from E, are
symmetric, we shall treat only the former.
So to repeat, we are now left to the situation where

o xc W,

e x =", s and Y0 Jal[wll < [l

e there is some i < n such that w; ¢ W7 U W, and w; contains a
scalar multiple of a basis element from Fj.

Next, since x € FEq, there is a minimal subset, with respect to in-
clusion, J C {1,...,n} containing {i} such that }_._;caw; € Ej.
Without loss of generality we may assume that J = {1,...,n}. Now
since w; ¢ Wi, however contains basis elements of F;, we get that
there exist g € G; and w’ € Wj such that w; = ¢g - w’. In particular,
every basis element x4 ; from w;, with a non-zero scalar, that belongs
to Ky is of the form x4, where a € Gy and | € I,. We claim that
by the minimality of J, actually for every j € J (= {1,...,n} by our
assumption) there is some w’; € Wy such that w; = g-wj}. Let us prove
it. For any g € G5 and i € I3 and any x € Ej let p,,;(x) be the scalar
coefficient of z,; in x, i.e. for any x € E3 we have

T = E: Pg,ilg,i-

g€eGi€ls

Now since w; ¢ Wi there is some h € Gy \ Gy and k € I such that
Dg+hi(w;) # 0. There must exist some minimal subset {i} C J, C J
such that for every j € Jy we have p,.p x(w;) # 0 and

> pgni(w;) =0.

Jj€Jo
It follows that for each j € Jy we also have that —g - w; € Wy, If
To =D e jw; = x, then Jy = J and we are done. Otherwise there
is some h' € G\ Go and k' € I, such that py.p i (z0) # 0. Then there
again must exist some minimal subset Jy C J; C J such that for every
j c J1 \ J() we have pg+h/7k/(wj) 7é 0 and

Z a;pghr(w;) = 0.

JEN
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It again follows that for each j € J; we still have that —g - w; € Wj.
If 21 := 3, ajw; =, then J; = J and we are done. Otherwise we
continue by the same procedure to obtain some J,,, such that J,, = J
and proving that for every j € J,,, = J we have that —g - w; € Ws.

So now for every j < n denote by wj the element —g - w;. In
particular, w, = w' € Ws. By the argument above, since we have
T =) i, qwj, we have —g -z =} . ojw; € Ey, thus —g -z € Wy,

However, since || - ||5 is a partial norm, we have
2l = llelly = llzllo = lzlly < D laalliwilly = D laalllwill’,
i<n i<n
a contradiction. O

It follows that the class of finitely presented rational actions has some
Fraissé limit which is an action of locally finite abelian group G on a
normed vector space Eg ; with the corresponding extension property.
Let G be the completion of E¢ ;. The action of G by linear isometries

extends to G. We omit the proofs that G = @, .y Q/Z and that G is
isometric to the Gurarij space.

Proof of Theorem 4.3. Let B : H ~ Y be some action of a count-
able torsion group on a separable Banach space by linear isometries.
Without loss of generality, we shall assume that H is infinite and Y is
infinite-dimensional. Also, we claim that without loss of generality we

may assume that there is a countably infinite linearly independent set
{e, : n € N} CY such that

e the linear span of {e, : n € N} is dense in Y,
e {e, :n € N} is closed under the action of H, i.e. for any h € H
and n there is m such that h - e, = ¢,,.

In other words, we suppose that Y has a dense normed subspace on
which H acts freely.

Indeed, fix some countably infinite linearly independent set {e, : n €
N} C Y whose linear span is dense in Y. Consider the set {f; 5 :4,j €
N, h € H} and let F' be a vector space freely spanned by this countable
set. There is a canonical action of H on F' by linear isometries which
is determined by g - fijn = fijg+n- We define a norm on Y & F' such
that

e it extends the norm on Y,
e FisdenseinY,
e the derived action of H on Y @ F is still by isometries.
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Once that is done, the claim is proved. Let V. ={h-e; — fijn: 1,5 €
N, € H} and define a function p: Y UV — R as follows. Set

p(v) = lvlly veY;
/27 veV.

Now we define a norm ||| - ||| on Y & F as follows. We set

l l
(Il = it~ laglp(on) 2 =Y agvr, (e SV UY}
k=1 k=1

It is clearly a pseudonorm and clearly |||z||| = |||k - z||| for every x €
Y & F and h € H. We show that it is a norm and that it extends the
norm on Y. Then we will be done. Suppose first that for some y € Y
we have |||y||| < [|y|ly. Then there exists (ax)r C R and (vg)r SV UY
such that y = 324 oo and Sk Jaxlp(ve) < |lylly. Tt follows that
there must be some v, from V, ie. of the form h-e; — f; ;5. Let
J C {1,...,1} be the set of those indices such that vy, = h-e; — f; ;5 for
all k € J. It is non-empty and since y € Y we have |, _; a, = 0. Thus
we may remove the elements agvy, for k € J, from the decomposition
of y and decrease the sum. Continuing in this fashion we get rid of all
vx’s that belong to V' while decreasing the sum, a contradiction.

Now fix some non-zero w € Y & F and suppose that |||w]|| = 0. We
have that w =y + >, .y pen Qijnlfijn, Where y € Y, (@ijn)ijn € R
and all but finitely many of these coefficients are zero. However, at
least one of them, say «; j, for some 7, j, h, is non-zero since otherwise
w=y €Y and |||y|]|| = ||y|ly > 0. Since |||w||| = 0 there exist (ay)r C
R and (vy)p C€ V UY such that w = S v and Sk Jag|p(v) <
\a; inl/27. Let J C {1,...,(} be the set of those indices k such that
v = h-e;— fijn. It is non-empty and we have Zke] ap = ;. Thus
it follows that

l
> lawlpr) =Y lalp(or) > |ainl /2,
k=1

keJ

a contradiction.

So to repeat, we now may assume that we have an infinite set [
and a linearly independent set {y,; : h € H,i € I}, on which H acts
freely obviously and such that its linear span is dense in Y. We write
H as an increasing union of finite abelian subgroups (H,), such that
H =\, H, and also we write [ as an increasing union of finite subsets
(I,)n such that I = |J, I,. In particular, we consider the increasing
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sequence of finite dimensional subspaces (Y},),, such that Y = |J, Y5,
where Y, is spanned by {yn;: h € Hy,i € I,}.

Next we need to approximate the norm restricted to Y,, by the finitely
presented rational ones.

Lemma 4.5. For every n and every € > 0 there exists a finitely pre-
sented rational norm || - ||5 on'Y,, such that bot the identity map and its
inverse from (Yo, || - |ly) to (Yo, | - |I5) has norm less than 1 + ¢.

The proof is analogous to the proof of Lemma 2.10 and uses a stan-
dard argument from Banach space theory - using local compactness (or
say total boundedness of the unit ball) of the finite-dimensional Y,,. Fol-
lowing the notation from the first section and the approximation there,

when we have two norms || - || and ||-||" on some finite-dimensional space
Z, we denote by D(]|-[],]|-]|") the maximum of the norms [/id;. .-} and
fichy-py, I, where idy .- is the identity map from (Z, |- |]) to (Z, || - ||')

and vice versa.
The following is an exact analogue of Lemma 2.11 for Banach spaces.

Lemma 4.6. Let Hy < H, be finite abelian groups and I C J finite
sets. Suppose we have an Hi-finitely presented rational norm || - ||
on Eg, 1 and an Hy-finitely presented rational norm || - |2 on Em, s
such that D(|| - |1, || - ll2 | Ewy1) < €. Then there exists an Hy-finitely
presented rational norm || - || on Ey, 1 ® Eg, j (which is isomorphic to
B, 111) with basis {x},, :i € I,h € Ho} U{x;y:j € J,h € Ha} such
that

o || - || restricted to the subspace Eg, 1 of the first summand coin-
cides with || - ||1;
o || - || restricted on the second summand coincides with || - ||2;

e for everyi € I and h € Hy we have ||z}, — zip| <.

The proof is analogous to the proof of Lemma 2.11, so we only sketch
it.
Sketch of the proof. Identify the first space Ey, ; with the subspace of
the first summand, i.e. subspace spanned by {z}, : i € I,h € Hi},
and the second space Ep, ; with the second summand, i.e. subspace
spanned by {x;; : i € J,h € Hy}. The norm || - ||; on the first space
is determined by some partial norm || - ||} on some finite W; and the
norm || - ||2 on the second space is determined by some partial norm
| - |5 on some Wy. Extend W; to W] by closing it under the action
of Hy, i.e. W] = Hy-Wj and extends || - ||} on W]. Then let W =
Wi U Wy U{£(2]), —2p) 1@ € I,h € Hy} and define || - || on W so
that it extends || - ||}, on W7, it extends || - ||, on W3 and for every i € I,
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h € Hy, ||2};, — xnl|" = €. The verification that it is a partial norm
is straightforward, easier than in the case of metric spaces in Lemma
2.11. It follows that the norm || - || defined by || - || extends || - ||; and
|| - [|2 and is as desired. O

We now finish the proof of Theorem 4.3. By Lemma 4.5, for every n
we can find an H,-finitely presented rational norm ||-||, on Ep, 5, = Y,,
whose basis we shall denote by {z};;, : h € Hy,,i € I,}, such that
D -5 Il - Iy T Yn) < 1/2" In particular, by triangle inequality, for
every n we have D(||- ||, |- 41 | Ya) < 1/2"*1. So by Lemma 4.6, for
every n we may define an H,,-finitely presented rational norm || - ||,,
on Ey, 1. ®Eu, 10 (2 Hyyr - Y, @ Y,yq) such that it extends the
norms |||/, and ||-||7,,, respectively and for every i € I, and h € Hp 1,
g, — a1 < 1720,

Now as in the proof of Theorem 2.7, by a successive application of
the extension property of (G ~ Eg, ;) we obtain

e an increasing chain of finite subgroups H; < H, < ... < G such
that H] = H, for i € N, and thus also H' =, H, = H;

e linear isometric embeddings ¢, : (En, .1, ®Ew, 1 10i1s |In) =
Eg ; such that ¢, [ (Em,yyreps |- 1n) = Gner T (B s |-
[n+1), for every n;

o for every n, we have that the actions H, ~ Ey, 1, and H,
On|Ef—n1,] are isometric.

Then since for every i € I and h € H, the sequence (z7, ;) is Cauchy in

G = m, we may take the limit z;,; € G. It is readily checked that
after identifying the groups H and H' < @G, the linear operator from Y’
into G, determined by sending y,; € Y to 2;,; € G, is an H-equivariant
linear isometry. U

Finally, let us note here that when one wants to have an action of a
countable locally finite group on a universal Banach space by (general
affine) isometries which is universal with respect to general actions of
locally finite groups on general metric spaces, i.e. for any such an action
we have a corresponding equivariant (not necessarily linear) isometric
embedding, one can again use the Lipschitz-free Banach spaces.

Let F' be the functor which sends a pointed metric space (X,0) to
its Lipschitz-free Banach space F(X). By functoriality, any autoisom-
etry of X which preserves 0 extends to a linear autoisometry of F'(X).
However, even every autoisometry of X extends to an affine autoisom-
etry of F'(X). Indeed, let ¢ : X — X be some autoisometry. In what
follows, we view X as a metric subspace of F(X), i.e. we view every
point z € X as a point in F(X) also. Then the map x — ¢(z) — ¢(0)
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from X to F(X) is an isometric embedding of X into F'(X) which pre-
serves 0, thus extends to a linear isometric embedding from F'(X) into
F(X). It is easy to check that it is actually onto. Composing it with
the translation ‘+-¢(0)’ gives the affine autoisometry that extends ¢.
Moreover, it is easy to check that by the same method every action
of a group G on a pointed metric space (X, 0) by isometries extends to
the action of G on F'(X) by affine isometries; i.e. the cocycle condition
is satisfied. Thus from Theorem 2.7 we get the following corollary. We
refer to Chapter 5 in [13] for information about the Holmes space.

Corollary 4.7. There exists a universal action of the Hall’s group
on the Holmes space F(U), the Lipschitz-free Banach space over the
Urysohn space, which is universal for general actions on general metric
spaces.

4.1. Problems. Although the restriction to locally finite groups is
necessary for our purposes there seems to be much more freedom in
considering the class of metric spaces on which one wish to act. We
considered general metric spaces and general Banach spaces. However,
one may restrict the attention to some special subclasses.

Question 4.8. Does there exist a universal action of a universal locally
finite group on the Hilbert space?

We expect the answer to be negative. On the other hand, the iso-
metric universality for actions on the Hilbert space may not be the
right problem and one could rather consider coarse universality in some
sense.

Next, we assume that the answer to the next question is positive.

Question 4.9. Does there exists a universal action of a universal lo-
cally finite group on a universal Banach space?

Recall that in Theorem 4.3 we only proved the universality for abelian
locally finite groups.
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