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Sobolev embeddings and interpolations

Pavel Krejci

This is a second iteration of a text, which is intended to be an introduction into Sobolev
embeddings and interpolations. The goal is to show the main ideas of the proofs, so that the
reader can derive himself/herself particular formulas in cases that are not explicitly treated in
textbooks. Hence, emphasis is put on methods rather than on a collection of results. Some
additional information can also be found in [1, 2, 3, 4]. Note that in fact, the only tool behind
all the estimates is the elementary Hoélder inequality.
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1 Preliminaries

The word embedding is used in the situation of two Banach spaces U and V', endowed with

respective norms || - ||y and | - ||y, and such that
VU, 1)
AC >0 YoeV: |vllv <Clo|v -

If (1.1) holds, then we say that V' is embedded in U .
The embedding is said to be compact, if every bounded set A C V' is precompact in U , that is,
Ve >0 day,...,a, € A YVac A Fke{l,....n}: |la—a|v<e. (1.2)

The following theorem represents a basic tool in the theory of compact embeddings in function
spaces.
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Theorem 1.1 (Arzela-Ascoli) Let X,Y be Banach spaces and let A C X,B CY be com-
pact sets. Let C(A; B) be the Banach space of all continuous mappings from A into B. Let
K C C(A; B) be an equicontinuous set, that is,

Ve>0 30>0 Vfe K Ve,ye A:|lz—vyllx <d=|fx)— f(y)lly <e.

Then K is compact in C(A;B). Conversely, every relatively compact set in C(A;B) is
equiIcONtINUOUS.

Proof. Let K C C(A; B) be equicontinuous, and let € > 0 be given. We find 4 > 0 such that
for all f € K we have |[f(z) — f(y)|ly < ¢/4 whenever ||z —y|[x < . Since A is compact,
there exist z1,...,x, € A such that for every x € A there exists ¢ € 7 := {1,...,p} such that
|z — z;]|x < §. Furthermore, B is compact, hence there exist yy,...,y, € B such that for
every y € B there exists j € J :={1,...,¢} such that ||y —y;|ly <e/4.

For z € J?, z={z,...,%,}, we now denote

K. = {JeK:Viel: |f(x) -y

13
Y<1P

Set M :={z¢€ J? : K. #0}. The set M is indeed finite and we have K = |J,.; K., hence
we may fix one representative f, € K, for each z € J. For any f € K, and = € A we find z;
such that ||z — x;]|x < J, and estimate

() = @)y < f (@) = fl)lly + 1 () -y,

< €,

v + [Fa(20) = yzlly + [[f2(2) = ()l

which we wanted to prove. Since every finite set of mappings in C(A; B) is equicontinuous,
the fact that that relatively compact sets are equicontinuous follows easily. [ |

2 Admissible domains

We fix an open connected bounded set @ C RY, where N € N is an integer, and denote by (2
its closure and by 02 its boundary. We assume that the following condition holds (see Fig. 1)

(L) There exist § > 0 and m € N, and for each k = 1,...,m there exists an open convex
sets A, C RV~! a Lipschitz continuous function aj; : Ay, — R, and a rotation A, in
RN (represented by an N x N matrix, still denoted by Aj,, such that A ' = AT and
det Ay = 1), such that

) 09 C UL, Ar(Gr),

) Ge={y eRY;y= (" yn), ¥ € Ap,yn € (ar(y) — 0, ax(y’) +0)},
(iii) G, ={y € Gr; yn € (a(y') — 0, ax(¥'))},
) GY={yeGr;yn =a(y)}.
) QN AR(Gr) = AR(GY),
) 0QN AR(Gy) = AR(GY),
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Figure 1. A domain with Lipschitzian boundary.

If (L) (i)—(vi) hold, then we say that Q has Lipschitzian boundary.

As an example, consider the spaces C(£2) of continuous real functions defined on €, endowed
with the norm

Ifllco = sup{|f(2)]; = € Q},

and C'(Q) of continuously differentiable real functions on €, endowed with the norm

;LI:EQ}.

Proposition 2.1 If Q has Lipschitzian boundary, then the space C'(Q) is compactly embedded

in C(£2).

N

[fllea = sup {If(fv)! Y

k=1

L)

Proof. Condition (1.1) is automatically satisfied. Furthermore, let K C C*(Q) be bounded.
Hence, there exists M > 0 such that

N

VieK YoeQ:|f()+>]

k=1

of
oz, ()

<M.

We are thus in the situation of Theorem 1.1 with X =RY Y =R, A=Q, B =[-M, M],
provided we check that K is equicontinuous. Let x,y € € be arbitrarily chosen. We find
a Lipschitz continuous function ¢ : [0,1] — Q and a constant C' > 0 such that £(0) = =,
(1) =y, [¢'(0)] < C|z —y| a.e. (this is possible by the hypotheses on ), and use the chain
rule to estimate

@) =10 = | [ ZsEl) do

/0 (VF(E(0)), () do
< MClz —yl,

where we denote by (-,-) the canonical scalar product in RY. The relative compactness now
follows from Theorem 1.1. [ |
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3 Spaces LP(Q2) and Wr(Q)

Let © C RY be any open set. We denote as usual by LP() the space of measurable functions
u:Q — R, for which the norm |u|,q is finite, where

/p
</|u |pdx) if 1<p<oo,
ulpo = (3.1)

sup ess |u(z)| if p=oc0.
e

The spaces LP(Q2) with the above norms are Banach spaces. We say that v € LP(Q) is a
generalized partial derivative of w € LP()) with respect to z;, i € {1,..., N}, if for every
Lipschitz continuous function ¢ : 2 — R with compact support in €1, that is,

JK=KCcQ VreQ\K: o(x)=0, (3.2)

we have

Gxi

By [4, Chap. 2, Sect. 2.2], condition (3.3) is fulfilled if and only if u is absolutely continuous
along almost all lines parallel to the x;-axis and v coincides with Ju/0z; almost everywhere.

The Sobolev space WP(Q) is defined as the subspace of LP(Q2) of all functions u, which
together with all generalized partial derivatives du/dz; belong to LP(£2). With the norm

/Q u(@) 22 () do = — /Q (@) p(z) dz . (3.3)

, (3.4)
p,Q2

el = ru\pmz o

WLP(Q) is also a Banach space.

The following result is crucial for the proof of embedding theorems, and its proof can be found
in [4, Chap. 2, Sect. 3.6]. We fix an open bounded connected set @ C RY with Lipschitzian
boundary, and an open ball B C RY such that Q C B. We define Wé’p to be the subset of
WHP(RYN) consisting of all functions vanishing outside B. The norms in LP(RY), W1P(RY)

will simply be denoted by |- |,, || - [|1;, respectively.

Theorem 3.1 There exists a linear prolongation operator E, : W1P(Q) — Wflg’p such that for
every u € W'?(Q) we have

(i) Eyu(z) =u(x) fora.e ze;
(i) There exists a constant ¢, > 0 such that for every u € W'?(Q) we have
[Epullip < cpllullipe;
(iii) For every u € W'P(Q) we have

|Epu’p < Cp’“|p,§2?
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4 Some inequalities
This section collects some auxiliary inequalities that are needed in the sequel.

Proposition 4.1 (Young’s inequality) Let f :[0,00) — [0,00) be an absolutely continuous
increasing function, f(0) =0. Then for every x,y > 0 we have (see Fig. 2)

ry < /wa(u)dujt/oyf_l(v)dv, (4.1)

where f~1 is the inverse function to f.

Proof. Substituting v = f(u) we have, with the convention fxf O [ gy if Yy <

that
T y T 1)
/Of(u)du—i—/o f)dv = /O(f(u)—iruf’(u))du—l—/ uf'(u) du
> af(v) +2(y— f(r) = 2y.

|
For 1 < p < 0o, we denote by p’ the conjugate exponent
/ p
= £ 4.2
V= (42)
Reciprocally, p is the conjugate of p’ and we have
1 1 1
-+—-=1, pP-1= —. (4.3)
p v p—1
As an immediate consequence of Proposition 4.1 we obtain, putting f(z) = zP~!, that
1 1
vy < —xf + —yf (4.4)
p p

for every z,y >0 and 1 < p < 00.

Figure 2. Young’s inequality.
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Proposition 4.2 (Hélder’s inequality) Let Q@ C RY be any open set and let 1 < p < oo
be arbitrary. Then for every f € LP(Q) and g € L' (Q) we have

/f z)de < |flpolglya, (4.5)

with the convention 1' = oo, oo =1.

Proof. The case p=1 or p = oo is obvious. For 1 < p < oo we set

f@) G = 9

Fla)= 2220 .
|f|p,Q |g|p’,Q

By (4.4) we have

o @) g
B p T 74P
p|f|p79 p ’g’p’,ﬂ

bl

1 p l x)|P
[F(2)| |G(z)] < ]—)|F(x)| +p,|G( )|

hence
1

/QF(Q:)G(:c)dx < /Q|F(x)]|G(:c)|d:c < %ﬂ? _

which we wanted to prove. [ |

Proposition 4.3 (Minkowski’s inequality) Let X C R", Y C R™ be open sets, and let
f: X xY —[0,00) be a measurable function. Then for every 1 < p < oo we have

(/Y (/Xf(x,y)dac)pdy)l/p < L(/Yfp(x,y)dy)l/pdx. (4.6)

Proof. For y €Y and R > 0 set

_/XfR(x7y)dx, gly) = F*'(y),

where

Fala,y) = {mm{R’f (z.y)} i max{le],lyl} < R,

0 if max{|z|,|y|} > R.
Then

o = oo = [ (o)
e / (/ fr(z,y)d ) /P (/ng,(y) dy)l/p’ .
/X (/Y filewy dy)l K ( /Y F?(y) dy) "
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hence

</YFp(y)dy)1/p < /){(/Yfﬁ(a:,y)dy) dr < / (/fpxy dy) pdx,

and we obtain the result from Fatou’s Lemma letting R tend to 4o0. [ |

Note that replacing X by a finite set {1,...,n}, f(z,y) by fu(y), k=1,...,n, and [, dx
by > r_,, the Minkowski inequality reads

D
k=1

which is nothing but the triangle inequality for the norm |- |,y .

3

< D lly (4.7)
p,Y k=1

The following example shows that the Minkowski inequality cannot be reversed.

Example 4.4 Consider X =Y = (0,1), and f(z,y) = ((z — y)*)fl/p for some p > 1. Then

U U ) ) a) ™ = (53 (Jhe - ”pdw) )" = L,

Jx (fy fP(x,y) dy)l/pdx = fo (fo r—=y )1/pdy = +o0.

Remark 4.5 In the same way we prove that for every 1 < ¢ < p < oo we have

(/Y( qu(w,y)dx>p/qdy>1/p < (/X (pr(x,y)dy>Q/pdx>1/q. (4.8)

We set in this case

Z/Xffé(%y)dw, g(y) = FP/971(y),

and estimate [, F?/4(y)dy similarly as in the proof of Proposition 4.3.
The proof of the Minkowski inequality is related to the so-called reverse Hélder inequality:

/ f@)g(x)de < Clglye YgeIP(Q) = |fla < C. (4.9)

To prove this statement, it suffices to choose g(x) = sign(fr(z))|fr(x)[P~" with fr defined
analogously as in the proof of Proposition 4.3, use the fact that

/|fR |de</f D)dr < Clglya=Clfal"% .

and let R tend to oo.

Proposition 4.6 (Young’s inequality II for convolutions) Let 1 < p,q,r < oo be given
such that

S =14, (4.10)
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For ue LP(RY), ve L"(RY), and z € RY set

wiw) = [ uw)ota =y,

Then w € LY(RY) and
[wly < fulp [v]- (4.11)

Proof. The case ¢ = oo follows immediately from Hoélder’s inequality. Hence, assume that ¢ <
oo, and set a = 1r/q € (0,1]. To make the use of the Minkowski inequality more transparent,
we write [\ dx, [, dy instead of [oy dx, [,y dy. Then, using the fact that 1 —a =r/p’ and

that
[ wte=vray = [ 1wy
Y Y
for a.e. x € X, we obtain

e = (U )"
- </x (/y u(y)| [o(z = y)|* [o(z —y)['™* dy>q da:) :

" ( [ ([ i) dx)l/q ([ 1re-a)”

1/p

s (/Y ([ bwr e - as)” dy> e
N I

= |u|p V], .

[ vyt =)y

We devote the next section to the Hardy-Littlewood inequality, the proof of which is quite in-
volved and requires a certain number of auxiliary steps. The proof we give here is a modification
of the one from [2].

9 Hardy-Littlewood inequality

We state the Hardy-Littlewood inequality in the following form.

Proposition 5.1 Let 1 < p,q,r < oo be such that %—i—%—l—% = 2. Then there exists a constant
H,. > 0 such that for every f € LP(R), g € LY(R) we have

[ 1@l —ui " dedy < Hylfly ol (1)
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An explicit estimate for H,, will be given in (5.18) below.

We first fix an even locally integrable function h : R — [0,00), which is non-decreasing in
(—00,0) and non-increasing in (0, +00), and establish the following easy result.

Lemma 5.2 For a,b >0 and r,s € R set

b+s
Oap(T, 8) / /b y) dy dx . (5.2)
—a+r +s

Then for all r,s € R we have Opq,/0r > 0, Opap/0s < 0 for r < s, Opa/0r <0, Opa/0s >
0 fOT r>s, Soab<7n7 T) = (pab(oa O) :

Proof. We obviously have @up(r, s) = @ap(r — 5,0) = 0ap(0,s — ) for all r, s, hence it suffices
to prove that Oggu,/0r(r,0) <0 for 7 > 0, 0pe/0s(0,s) <0 for s > 0. We have

b

ag:b(r,O) _ /_b(h(a~|—r—y)—h(—a+r—y))dy

_ /_b(h(a+r—|—y)—h(—a—|—'r—y))dy

a+b
_ / (h(r + 2) — h(r — 2)) d=

—b

a+b

= / (h(r+z) —h(r—=z))dz.
la—b]

For a.e. z > 0 we have h(r + z) < h(r — z), and the assertion follows. The argument for

Opap/0s(0, s) is identical. ]

The idea of the proof of Proposition 5.1 is based on approximations of the functions f and
g by step functions, and for each step function we use a rearrangement formula which will be
proved by induction (see Fig. 3). The induction step is carried out in the following way.

Lemma 5.3 Let h be as in Lemma 5.2, and let m,n € NU {0} be given. Let aq,...,a,,
bo, .-, bm, Tos- .. Tn, S0,...,5m be sequences such that a; > 0, b; >0 for all i =0,...,n,
J=0,....m,and r;—r;_1 > a;+ai_1, $;—8j—1 > bj+bj_y foralli=1,....,n, j=1,...,m

() If 74y — rig—1 = @iy + ajo—1 for some ig € {1,...,n}, then there exist a >0 and rf € R
fori=0,...,n—1 such that v} —r} > a+a, foralli=1,...,n—1, and

—_

1 n

i=D i, > ar, (17,57) = DD Pag, (i, 55) - (5.3)

=0 i=0 j=0 i=0 j=0

3
|
3

[0

I
=)
I\
=)

(i) If sj, — Sjo—1 = bj, +bjo—1 for some jo € {1,...,m}, then there erist b} >0 and s; € R

Jor j=0,....,m —1 such that s; — sj_ >b*—|—b*1f07"allj—1 m—1, and
m—1 m n m—1
b; ij, Pagb (Ti, 5) ZZ@GZ (i, 85) - (5.4)
7=0 j= =0 j=0 =0 j=0
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Proof. We prove only part (i), the rest is similar. If r;, —r;,_1 = a;, +a;,—1, then ri, _1+a;, 1 =
ri, — @i, , hence for every j we have

_ * )
Soaio—lbj (Tio—h 8]) + (;Daiobj (Tim Sj) - Qpag‘o_lbj (Tio—h S]) s
where
* — _( . . 4+ 4 ) * =a; + a:
7aio—l - 2 Q4 ip—1 Tig Tig—1) aio—l = Q4 Aj5—1 -
We now set
Tf:ri,a;‘:ai fOTi:O,...,i0—27 T;k:ri—laa::ai—l fori:i(),...,n—]..

Then (5.3) is automatically fulfilled by construction. It remains to check that
1

* * * — . —_— — . —_— . . . —_— . —_— . — .
Tio T Tig—1 — G5y — Qyy 1 = Tig+1 2(a10 jp—1 + Tiy + Tm—l) Ajg+1 — Gy — Ajp—1

= Tigl = Tig — Gig+1 — Qi + 5(7"1'0 = Tig—1 = iy — Ajg—1) > 0,

* * * * _
Tio—1 — Tig—2 — Qjp1 — Qjy_o = 5(%‘0 — Qig—1 F Tig + Tig—1) — Tig—2 — —Qiy — Qig—1 — Qjg—2
1
= Tig—1 = Tip—2 — Qig—1 — Gjg—2 — 5(7}'0 = Tig—1 — iy — ig—1)
> 0,
and the proof is complete. [ |
Lemma 5.4 Let h be as in Lemma 5.2, and let ag, ..., 0y, boy.- . bm, Tos---3Tn, S05---,Sm
be as in Lemma 5.5. Set
n m
A = E a; , B = E b;
i=0 §=0
Then
n m
S = E Pasb,; (15,55) < ¢ap(0,0)
i=0 j7=0

Proof. We proceed by induction over N = n+ m. For N = 0 we have @, (70, 50) =
Caobe (T0 — 50,0) < Qage (0,0) by Lemma 5.2. Suppose now that the statement is proven for
some N > 0, and consider n,m such that n +m = N + 1. We will assume for definiteness
that

Tn 2 Sm

(the opposite case is fully analogous). We distinguish two cases:

(i) n=0. Then we set §; = S+ Sy — Sm—1— b — b1 > s; for j=0,....m—1, 5, = sp,.
Then 5; — 5,1 =s; —s;_ for j=1,....m—1, 5, — 8,1 = by, + bp,_1. By Lemma
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5.2 we have @ugp,(70,5;) < Pagp, (10, 5;) for all j =0,...,m. By Lemma 5.3 there exist

*
80y, 5m_1 and bg,...,0r ; such that
m—1 m m—1
*
bj E b] 5 (;anb* To, S E Qpaob TO> S]) .
=0 =0 §=0

We have m — 1 = N, and the induction hypothesis yields

Z Soaobj (7“0, Sj) S Spaob; (TOa S;k) S @AB(Oa 0) .

3

<.
Il
o

n > 0. Set
n = maX{Smarn—l + ay, +an—1} S Tn

T o= T for i=0,...,n—1.

By Lemma 5.2, we have

Pab; (Tiy85) = S

U
I
Ms

Il
=)

=0 j

If #, = r,_1 +a, + a,_1, then S < ©ap(0,0) by Lemma 5.3 and by the induction
hypothesis similarly as in case (i). If 7, = s, > 7,1 + a5, + a1, then set

Sm = maX{Sm—l + bm + bm—la Tp—1 4 Qn + an—l} < Sm,
§j = Sj forj:(),...,m—l,
Tn = Sm,
o= Ty for 1=0,....n—1,
with the convention s_; = —o0, b_; = by if m = 0. We have
n—1m-—1 n—1 m—1
s = D Caty (P 55) + Y Caibn (Fis 5m) + Y Pant; (5ms55) + Panbn (Sms 5m)
i=0 j=0 i=0 j=0
Lemma 5.2 n-lm-1 n—1 m—1
< Z Payp, (i, 55) + Z Paibm (Tis Sm) + Z Panb; (8ms 87) + Panb (Sms 5m)
i=0 j=0 i=0 j=0

By construction, we have either s,, = 5,,_1 + b, + by,_1 Or 7, = Tp_1 + a,, + a_1, and
the assertion follows again from Lemma 5.3 and the induction hypothesis.
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L\
bj—l-Sj
—bj+8j
bj_1+s;-1
—bj_1+sj-1
>
—aj—1+7Ti—1 aj—1+7ri—1 —ai+r; ai+r; —aj+1+7ri+1 aip1+Tiv1 T

Figure 3. Illustration to Lemmas 5.3, 5.4.

Corollary 5.5 Let h be as in Lemma 5.2, and let {(a;,5;);1 = 0,...,n}, {(v;,6;); ) =
0,...,m}, be two systems of intervals such that (v, Bi, )Ny, Biy) =0, (”yjl, 8 )N (V4,5 05,) =0
for all iy #1i3 €4{0,...,n}, j1 #jo €40,...,m}. Set

n m

A_%Z(ﬁi—ozi), B_%Z(éj—%-)-

i=0 Jj=0
Then

>3 [0 [ et < g,

Proof. We change the ordering of the intervals (ay, 3;), (7;,6d;) in such a way that ;1 < a;,

djo1 < foralli=1,...,n, 7=1,...,m, and set

r; = %(OémLﬁi)a a; = %(@—Oﬁ),

sio= s(u+d), b = 36—
for i = 0, Lo, j = O, e, We have ri—ri1—a;—a;—1 = O‘i_ﬁi—l Z 0, Sj_sj—l_bj_bj—l =
'Yj_(sj—l > 0, o = —a;+r;, 51 =a;+r;, Vi = —bj+8j, 6]‘ = bj+8j7 and Lemma 5.4 Completes
the proof. [ |

The next step consists in a rearrangement formula we summarize in Lemma 5.6 below. We fix
K,L € N and for sequences

—o<ayg<a << ap <400, 0:f0§f1

IN

SfKa
—00 <by<b < <bp <400, O=g<qg <---<ygr,
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consider step functions f, g of the form

K
f(z) = Zfz X(ag(i)_l,ag() ng 1) X(ar-1,az) ({L’)
1=1

i (5.5)
9W) = )G Xtbaiy o) = Zga—l(J)X(bJ,l,bJ)(y)
=1 J=1

for x,y € R, where x,; is the characteristic function of a set M C R, and o : {1,..., K} —
{1,....,K}, o:{1,...,L} — {1,..., L} are some permutations of indices.

We now define
Fk:fk:_fk—l for ]{:1,,K (56)

Then f; = 22:1 Fy, for all i, and we have

K i K K
- Z Z Fi X(ag)-1.a,0) () = Z Fy Z X (01,00 () - (5.7)
i=1 k=1 k=1 i=k
We further introduce for £ =1,..., K the numbers
1 X
D) Z Qi) = Goli)-1) axy1 =0, (5.8)
i=k

and for x € R put
ZFk X(—ak ak) Zfz aj,—aj lJ[af, . z)(x) . (59>

Similarly, we put

Gg:ge—gg_l for gzl,,L (510)
Then
L L L
9ly) = Z Z GEXbyiy-1b0) W) = Z G Z X(by(g)-1,b0) (Y) - (5.11)
Jj=1{=1 (=1 =
As before, we introduce for ¢ =1,..., L the numbers
1 &
b, = ) Z(ba(j) - ba(j)—l) ) bp41 =0, (5.12)
j=¢

and for y € R put
L
) = Y Gexipapy Zg] b bt ol ) (Y) - (5.13)
=1

We now prove the following crucial inequality.
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Lemma 5.6 Let f,g be as in (5.5), and let f*,g* be given by (5.9), (5.13), respectively. Let
h be as in Lemma 5.2. Then we have |f|, = |f*lp, lg9lq = |g*|q forallp>1, ¢>1, and

] t@ara=wayar < [[ r@gwie-pada. G

Proof. The fact that the LP norms of f and f* coincide, follows immediately from (5.5) and
(5.9), taking into account the fact that for all i we have ayu) — ape)-1 = 2(aj — aj,). The
same argument works for g and g¢*, indeed.

We further have by (5.7), (5.11) that
KL K Lo (o b6
/ f@) gz —y)dyde = Y > FGeY Z/ / W —y)dydr. (5.15)
R? k=1 (=1 i—k j=t Y @e@)—1 Y bo(j)—1
By Corollary 5.5, we have for every k and ¢ that
K Lo raw  fbog) a; b
ZZ / h(x —y)dydx < / / h(z —y)dydx,
i=k j=t Y %(i)-1 Vb ()1 —ag J—by
and (5.14) follows from (5.9), (5.13), and (5.15). ]

We are now ready to pass to the proof of Proposition 5.1.

Proof of Proposition 5.1. We restrict ourselves to the case that f and ¢ are non-negative step
functions of the form (5.5). The general case then follows from the density of step functions in
LP(R), LY(R). By Lemma 5.6 we have

[ s@swie—idedy < [ Fa@gale =y a6
For y € R set
Py) = [ F@)le =yl do.
R

The function f* is even, nondecreasing in (—o0,0) and nonincreasing in (0,4o00), hence

||
e > / (FOPde > 2a|(f(x)? VreR. (5.17)

||

Choosing a = p/q’, we thus obtain for every y € R that

F) < [ (@) 2l o =yl do

o 1T | f|1/d / (@) 2] | — V" de
R

o1 | f|1/d / P )P/ e e — 1 e
R
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We now use the Minkowski inequality (4.6) to estimate the L? norm of F. We have

/ 1/q
q
|F‘qx S 271+1/r |f|]1;p/Q' / </ (f*(yt))p/ql’trlJrl/T |t - 1|*1/r dt> dy
R R
Minkowski 11 1 , L , 1/q
9—1+1/r |f|p—p/q / /(f*(yt))p|t|_q +q'/r |t _ 1|—q /T dy dt
R R

1/q
_ 2-1—}—1/7’ |f|]1)_p/q / |t|—1+1/7" |t o 1|—1/T (/(f*(yt))p dy) dt
R R

2—1+1/r |f‘p/ w—l/p ‘t . H—l/r dt .
R

By Hoélder’s inequality, Lemma 5.6, and inequality (5.16), the left-hand side of (5.1) is estimated
from above by |g|,|#|, . Hence, (5.1) holds with

H, = 21+1/’"/\t]1/p\t—1\1/’”dt. (5.18)
R

6 Smooth approximation of L? functions

We fix a smooth (C* is enough for our purposes) function ¢ : RY — [0, 00) such that p(x) =0
outside the set B(1) := {z € RY; || < 1}, and

/ p(x)de = 1. (6.1)
B(1)
For u € LP(RY), x € RY | and a parameter o € (0, 1] we set

u(z) = oV /RNsD (x_y> u(y) dy . (6.2)

g

For all ¢ € (0,1], the function u? is continuously differentiable, and we have

W —uP(z)dz = o(2)(u(z — 02) — ulz)) dz
L. Ll

Holder , p/p/
Sd (/ o7 (x) dx) / / lu(z —0z) —u(z)|Pdrdz, (6.3)
B(1) B(1) JRN

u” — u strongly in LP(RY) as o — 0+ (6.4)

p

dx

hence

as a consequence of the Mean Continuity Theorem, see [4, Chap. 2, Sect. 1.2].

In the sequel, we will use the following relation between the L? norm of u’ and LP norm of
u, which follows directly from Proposition 4.6:

Wl < o7 NEPTYDg), ful, Vg >p, (6.5)

where r is as in (4.10).
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7 Sobolev embeddings

We now state and prove the main result of this text.

Theorem 7.1 Let p,q € (1,00) be such that

1 S 1 - 1 1
p-q¢ p N’
and set
1 1
K o= 1—N(———) e (0,1).
p g
Then there exists Cpy, > 0 such that for every u € W'P(RY) and every o € (0,1] we have
[u” —uly < Cpqo™ |Vul,. (7.1)

Proof. Notice first that for every # € RY and o € (0,1) we obtain, integrating by parts, that

2 () = aN/i ("0 (") wtway

— oV /RN <<I> (m ; y) ,VU(y)> dy, (7.2)

where we set ®(&) = {p(€). This yields in particular,

o () )

W) -w@) < [ o
for every 0 < a < 8 < 1. To estimate the difference u” —u® in (7.3) in the space LI(RY), we
make use of the Minkowski and Young II inequalities with 7 as in (4.10), using the notation
Jx. Jy for [on as in Proposition 4.3. More specifically, we have

W’ —ut, < (/X (/ja—N/Y @($;y> |Vu(y)|dydcr)q dx)
e /jaN (/X (/Y o (x;y) IVu(y)ldy>q d:c)l/q do
e /j o (/RN (<1> (%) ‘ dy) " (/RN Vu(z)]? dx) " o

1/r Ié;
< |V, ( /B Je@r dx) /O—Nﬂ/”)da. (7.4)

We have N(1/r —1) =rx — 1, hence
[’ —u®ly < Cpy (8% — ) |[Vul, (7.5)

0
Yy

do (7.3)

1/q

with C,, = |®|,/r. Hence, for every sequence o; — 0+, u” is a Cauchy sequence in LI(RY).
By (6.4), u? converge to u in LP(RY), hence v € LY(RY) and u° converge to u (strongly)
in LY(RY). Letting o tend to 0 and replacing 3 by o, we thus obtain (7.1). n
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Corollary 7.2 Let Q C RY be an open bounded connected set with Lipschitzian boundary, and

let
1 1 1

¢ p N
Then the space WP(Q) is compactly embedded in L(2).

Proof. Assume first ¢ > p, and set u, = E,u, where E, : W'(Q) — Wé’p is the prolongation
operator from Theorem 3.1. By Theorems 3.1 and 7.1, there exist constants C; and C5 such
that for every o € (0,1] we have

ul —uiy < CLo"|[Vu, < Cyo”luflipa- (7.6)
By (6.5) and Theorem 3.1 we have
ufly < Cs0" Huuly < Cy0" ulya, (7.7)
with C5 = |pl|,. Consequently, there exists a constant Cy > 0 such that
ulgo < fudg < Ca (05_1 ulpo + 0" Hqu;p,Q) (7.8)

for all o € (0,1]. According to (1.1), WP(2) is thus embedded in L9(Q2). To see that the
embedding is compact, consider a bounded set M C W'P(Q)) and an arbitrary ¢ > 0. We fix
o > 0 such that, with the notation of Theorem 7.1, we have

Cp 0" V|, < Z Vue M. (7.9)

With this fixed o, every element u? of the set M, = {uZ; u € M} vanishes outside of the set
(1+0)B(1) =: B(1 + o). Moreover, M, is bounded in C'(B(1+ o)), hence, by Proposition
2.1, there exist uq,...,u, € M such that

9

M 4 1,... B(1 : (x) —uj . 1
Vu € ke{l,....n} Vee B(l1+o0): |ul(x)—ui(z) < Tmeas(B(1 £ 0)) (7.10)
We then have, by (7.9), (7.10), and Theorem 7.1, that
s = ufly < Ju — gl + - < = (7.11)

4 2
For k=1,....,n set M ={u € M; |u. —ul, <e/2,and J ={k € {1,...,n}; My # 0}.

For every k € J we fix one representative 4, € M;, so that for every u € My we have
lu — tglq0 < € and M = (J,c; M. The proof is thus complete for ¢ > p. Let now ¢ < p.
Holder’s inequality yields

x

g — ], < (meas(B(1+ )"/ Pluf —wl,,

hence the above argument remains valid. [ |

Corollary 7.3 Let Q C RY be an open bounded connected set with Lipschitzian boundary, and

let p> N . Then the space WP(Q) is compactly embedded in C(RQ).
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Proof. We repeat the argument of the proof of Theorem 7.1 and Corollary 7.2, putting

N
k=1—— € (0,1).
, € (0D

A computation analogous to (7.4) yields for every x € RV that

-l < o o (S0 vuwidvas

Slder B / 1/p 1/p
Hg / oV (/ ’CD <g> ' dy> (/ |Vu,(z)P dx) do
o RN o RN

) v e
< |V (/B( | |D (2)]” dx) / o NP do, (7.12)
1 a

and we proceed as above. [ |

8 Limit cases and counterexamples

Proposition 8.1 Let  Cc RY, N > 2, be an open bounded connected set with Lipschitzian

boundary, and let

11
p N
Q).

(8.1)

N

Then the space WP(Q) is embedded in

Proof. We proceed in principle as in the proof of Theorem 7.1. The main difference is that
the number  is zero here and we have to proceed more carefully. We represent z € RV as
r=(2,xyn), ¥ € R¥"1 and rewrite inequality (7.3) as

B
[P (2! 2n) — u(2, )| §/ O'_N/
a RN

:L./_ / €T _
<I>< Uy, NUyN)‘ \Vu(y',yn)| dy' dyy do .

(8.2)
With r = N/(N — 1), we now repeat the computation from (7.4), restricted to the component
2, to obtain

W’ (-, on) = u®( 2wl

B r B .
S (/ (/ O'N// b ((L’ Yy ,$N yN) ’Vu(y/,yN)‘ dy/ dyN dO’) dl’)
RN-1 a R JRN-1 o o
Tinkowski B o ’ - q 1/q
M kg K // o N (/ (/ o (Q; Yy ’$N yN) |Vu(y',yN)|dy') dx/) do dyy
RJa RN-1 RN-1 o o
< ’ / - ' U 1/p
Yo Sg 1I // U_N (/ )} (Q’ TN yN) dy') (/ |Vu(x’,yN)|”da:’) do dyN
RJa RN-1 o o RN-1

15} _
< // o NN T ) | @ (.7—“{ yN)
RJa g

1/q

do dyy . (8.3)

T
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The function | (-, L4 ) |r vanishes if o < |zy —yn|. Moreover, ® is bounded by a constant

®y > 0. Hence, using the fact that —N + N —1/r = =2+ 1/N, we have

B _
/ o N+HN=1/r | g (_7 TN yN)
o g

We thus have
(-, on) —u® (- o)y < q)OT/‘VU(wyNﬂp\IN—yMWdyN-
R

do < <I>0/ o N de = Dyr ey —yn| V"
r |

TN—yYN|

At this point, we use the Hardy-Littlewood inequality (5.1), with ¢ replaced by ¢’'. Indeed,
1/¢'+1/p+ 1/r = 2. Hence, for every function g € L?(R) we have by Proposition 5.1 that

/Iuﬁ(-,xN)—ua(-,xN)ng(xN)de < Clygly[Vuly
R

with some constant C' > 0, hence, by the reverse Holder inequality (4.9), we have
u? —u, < C|Vul,. (8.4)

Since u? converge strongly to u in LP(RY) and their L? norms are bounded, we conclude that
they converge strongly in LI(RY) as well and the embedding formula follows. u

We now show a few examples to illustrate that the embedding inequalities are (at least quali-
tatively) optimal.

(i) To see that the embedding in Proposition 8.1 is not compact, and that W'?(Q) is not
embedded in L9(Q) if
R 55
g p N’ '
it suffices to fix any open set {2, some xy € 0, find sy > 0 such that z¢ + soB(1) C €2,
and consider the family of functions

us(w) = s ( ‘) se(050), (5.6)

with ¢ asin (6.2). We have

Ou
31:2-

i
axi

p,2

o uslg = sYely Vs €(0,s0),
p

|u5|p,ﬂ = 5|90|p )

where o =1 — N(1/p —1/q). In the case (8.1), we have o = 0. Using the fact that wus
converge to 0 in LP(Q) as s — 0+, we conclude that the family {u,}, having constant
nonzero norm in L9(2), does not contain any convergent subsequence in L?(f2), hence
the embedding is not compact. In the case (8.5), we have a < 0, hence the family {us}
is unbounded in L?(£2) and no embedding takes place.
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(i)

(iii)

9

In another limit case

p=N, (8.7)

the space W'P(Q) is embedded in L>(Q) if and only if p = N = 1, and the embedding
is not compact. For N > 2 it suffices to consider 2 = B(1), and

o ({5

for any 0 < @ < 1 —1/N. Then u is unbounded, but belongs to W'V (B(1)). For
N =1, the embedding of W1(Q) into C(2) (hence L>()) for every bounded interval
Q) is obvious. To see that it is not compact, we may consider for n € N the sequence

-1 1 1
un(g;) _ S - for = € [W, Ei|
0 otherwise.

It is bounded in W1(0,1/7), but sup |u,(z) — u,(x)| = 1 for all m # n, hence it is not
precompact in L*(0,1/7).

The assumption on the Lipschitzian boundary is substantial. We show that there exists
an open simply connected set 2 C R? such that W?(Q) is not embedded in L%() for
any ¢ > p > 1. This set can be defined as (see Fig. 4)

QO = {x:($17$2)€R2;0<x1<170<x2<e—1/x1} '

For any g > p we set
Upy(T) = e2/(pta)rr

Then u,, € WHP(Q), but u,, ¢ LI().
T2
Q

0l "1y
Figure 4. Non-Lipschitzian boundary.

Anisotropic embeddings

In evolution problems, one deals with functions which depend on a space variable x € € and
time t € w, where w C R is an open interval corresponding to the time of the process. For
1 < p,q < oo, we introduce the spaces

1/p
LP(w; L)) = {u € L' (Qxw); Julpgow = (/ [u(- 1)l o dt) < oo} , (9.1)
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with obvious modifications for p = 0o or ¢ = .

We state explicitly one possible embedding result for such spaces, without going into much
detail in the proof, which is fully analogous to the above ones.

Theorem 9.1 Let Q C RY be an open bounded connected set with Lipschitzian boundary, let
w be a bounded open interval, and let WPODPL2 (w; Q) be the space

WPoGPLAL (1, Q) = {u €L xw); % € L (w; L*(Q)),

ou
0@-

eLm@uLmKD)hrizlwn,N}.

If

pp 1 _1
Loy 9.2
pigo ¢ N (9:2)

then the space WPOWPLa (w: Q) is compactly embedded in C(Q x @). If ¢o > max{qo,q1},
D2 Z maX{pprl}; and

1 1 1 1 1 1 1 1 1
T N [CORS
Po P2 N q1 q2 pP1 P2 qo q2

then WPOPLA (: Q1) is compactly embedded in LP?*(w; L?(Q)).

Hint for the proof. Consider as before the extensions to the space Wro®©P1a1(R; RY)  where
the norms | - |, 4.0 are denoted again for simplicity as |- |,,4, ¢ = 0,1. For o € (0,1] and
u € WrowrLa(R: RY) | we define regularizations analogous to (6.2) in the form

o ~N=\ r—YY t—s
- 4
u(z,t) = o !44“{ U,GA)Myﬁw%, (9.4)

where ¢ is a smooth nonnegative function on R¥*!  which vanishes outside B(1) x (—1,1),

and )
/ / o(z,t)dedt = 1.
~1JB)

The number )\ is to be chosen as

1+N(l—i>

q q

A= LJLI (9.5)
Py | D1

Note that A > 0 by (9.3). A computation similar to (7.2)—(7.4) yields

0 B N1 r—y t—s) Ou
5ot (x,t) = —Xo /RN<1>0< Y )as(y,s)dyds

o o

_g_N_’\/ <<I>1 (x — y’ t _/\S) ,Vyu(y,s)> dy ds, (9.6)
RN g o
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where ®o(&,7) = T19(&,7), P1(€,7) = Ep(&,T), hence
WP (z,t) —u®(z,t)| < No(z,t) + Ty (x,t) (9.7)

for 0 < a < <1, where

To(x,t) = [P0V o fon [0 (52, 55) | |32y, s)| dy ds do,

(9.8)
Tiat) = [0 [y fon |01 (552, 52) | [V,u(y. )| dy ds do

Let (9.3) hold. With the intention to use Young’s inequality for convolutions again, we introduce
the numbers rg, sg, 71, $1 by the identities
1 1 1 1 1 1 1 1 1 1 1 1
— =l 4, — =1l ——, —=1——4—, —=1——+—. (9.9
To o G2 So Po P2 71 q g2 S1 P11 P2
We use again the notation [y dz, [, dy for [y dz, [ondy,and [.dt, [cds for [odt, [, ds.
For t € R, we have

Minkowski B v r—y t—s ou q2 1/q2
ol " [ [ ([ o (L) |G| an) ") asas
oun ﬂ . PE—
g / U_N_l/ o, <_’t s) @("8) oo
« S o o} 0s
70 q0
A t—s ou
= / JNHN/TO/ D, <~, 5 ) —(+,s)| dsdo, (9.10)
@ s g T0 88 q0
hence
1/P2
Minkowski ﬁ t — 5 8“ p2
7, < ~N=14N/ro / / P, [ - — (- d dt d
1Zolps.00 > /a o s U . é)8(,8) . S o
Young II ﬁ . au
< / 0_7N71+N/7“0 q)o (.’ _) hetd do
B @ o/ lsoro | Os 10,90
du 7 N—14+N/ro+\
= [Polsyr |52 / g NNt 0 g (9.11)
50,70 | O o
P0,q0

Similarly,

Minkowski B
meol. " e [ (]
« S X Y
Young II ﬁ . t — S
Sg / O_N)\/ (I)l (_7—>\)
(03 S g g r
B
_ / O,N)\JrN/rl/ o, (_7 t —/\3)
a S o

—y t— a2 1/q2
, (x y)a_/\s)' ]Vyu(y,s)]dy) dx) ds do

g

IVyu(-, s)|,, dsdo
1

Vyu(-, s)l,, dsdo, (9.12)

T
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hence

Minkowski B t—s
11120 < / o NN / / P, (" ) )
@ T S o

B

Young II .

< / o NN/ g, (', /\)
o g

B
D1y, IVyul, / g NN g (9.13)

D2 1/p2
IVyu(-,s)l, ds) dt) do
1

|V, ul do

s1,71 p1,q1

Set

1 1\ ! 1 1 1 1 1 11 1 1
k= N(5+— l-—+— )| =——+— - (=== === ).
Do M po p2) \N @ @ o ) \p1 P
Then x > 0 by (9.3), and we have

N A N A
N—l+—4+ 2= N-A+—+ 2 =k—1.
To So 1 S1

Combining (9.7) with (9.8), (9.11), and (9.13) yields

ou

ot

|uﬂ o ua’pz,fp S Cpo,Pl,pzﬂoﬂlﬂz (ﬁ’i - an) < + |v1’u’p1,ﬁh> ’ (914)

Po»q0

and we obtain the result similarly as in Theorem 7.1. [ |

Note that the order of integration in (9.1) cannot be reversed. For p > ¢ we have by Remark
4.5 that L(2; LP(w)) is embedded into LP(w; L(2)), but the opposite inclusion does not
hold, see Example 4.4. On the other hand, denoting

WAaoPOLPL(Q): () = {u c LM xw); % € L*(Q; LP(w)),
ou
81’2‘

€ L1(Q; LP*(w)) for izl,...,N},

we may repeat the computations in (9.10)—(9.13) with reversed order of integration, to check
that conditions (9.2) and (9.3) remain valid for the compact embedding of TW/w0:Poia1-P1((); ()
into C(Q x @) and L%(Q; LP2(w)), respectively. Let us mention one important particular case
which frequently occurs in applications. We omit the proof which is the same as for the other
cases.

Corollary 9.2 If ¢ > max{qo,q1}, and

1/1 1 1 1 /1 1
==t =]>==-=], (9.15)
o \N @ @ P \Q G

then the space W:PoauPL(Q: w) is compactly embedded in L2 (Q; C(w)) .
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Embeddings of function spaces that are “anisotropic” also in the space variables, for example

ou
8@

can be treated in the same way. The regularizations then have to be chosen in the form

— — I —
u’(z,t) = glzm// gp(xl yl,...,xN yN, S> u(y, s)dyds, (9.16)
R JRN

oM OHKN o

€ [P(w; L%(Q)), i=1,...,N,

with suitably chosen exponents puq, ...,y

10 Interpolations

We first recall the following classical interpolation result in LP spaces.

Proposition 10.1 Let Q C RY be an open set (bounded or unbounded), and let 1 < py <
p1 < 0o be given. If u e LPo(Q) N LP(Q), then u € LP(Q) for all p € [po, p1], and we have

1—
po,

[e%

[ulpo < ul .0

olul

for all w e LP(Q2) N LP(QY), where

1 1
_ po_p
o= 1

1

Po p1

Proof. Set ¢ =pi/ap. Then ¢ = py/(1 — a)p, and we may use Holder’s inequality to obtain

1/p
fulpo = ( / |u<x>|<1-a>p|u<w>|apdx)
Q

) 1/pq’ 1/pq
< ( [ @ d:v) ( / |u<x>|apqu)
Q Q

= |ulp,&lulp, o

We now establish an interpolation formula between LP spaces and Sobolev spaces.

Theorem 10.2 Let p,q,s € (1,00) be such that
1 1 1

>1
s q p N’

1 1 1 1
K = 1—N(———), 7_]\7(___).
P g s q

Then there exists Cpys > 0 such that for every uw € WHP(RY) N L*(RY) and every o € (0,1]
we have

and set

lul, < Chys (U_7|u|s + o" |Vu|p) ) (10.1)



embed2.tex, January 11, 2007 25

Proof. The assertion follows from (6.5) and (7.1) provided ¢ > p. In particular, for ¢ = p we
have Kk =1, y=10:= N(1/s —1/p), and

lul, < Cpps (U’WOMS +o ]Vu]p) ) (10.2)
Let now ¢ < p. By Proposition 10.1 we have
July < Jululy

where

This yields
[ul, < Cpp (07 luls + 0% Jul;™ [Vul}) .
We now use inequality (4.4) with p replaced by 1/, and with z = po®|Vuls, y = ul;~%/u,

where we set yu = (1= and obtain
o July™* [Vuly < a0 [Tul, + (1 = a)o™ [u, .
Hence,

|U|P S 20;;)5 (O-_Cwo|u|$ + 0-1+(1_a)70 |VU|P) )

which is precisely (10.1). ]
We conclude this text with the famous Gagliardo-Nirenberg inequality.

Corollary 10.3 (Gagliardo-Nirenberg inequality) Let Q@ C RY be an open bounded con-
nected set with Lipschitzian boundary, and let

1 1_1 1
g > a > }_) - N .
Set L
S q
R
Then there exists a constant K,y > 0 such that for every u € W'P(Q) we have

|U|q,Q < Kpgs (|u|SQ + |u

Proof. As in the proof of Corollary 7.2, we set u, = E,u. By Theorem 10.2, we have
lulq < Cogs (077wl + 0" V) (10.4)

If |Vuil, > |uss, then we set
s, 1/(v+k)
o= )
(lvu*|p)

otherwise we choose o = 1. In both cases we obtain
[talg < 2Chge (Juals + [ua|/OF [V /O (10.5)

We have k/(y+ k) =1—0, v/(v+ k) = o, and the desired result follows from Theorem 3.1.
]

It is in principle possible to derive from (9.14) the corresponding interpolation inequalities also
for anisotropic spaces. The general formulas then become, however, rather complicated and we
omit them here.
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