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Orthogonalization with respect to an inner product

B ∈ Rm,m symmetric positive definite, inner product 〈·, ·〉B

A = (a1, . . . , an) ∈ Rm,n, m ≥ n = rank(A)

B-orthonormal basis of span(A):

Q = (q1, . . . , qn) ∈ Rm,n, QTBQ = In

A = QR, R ∈ Rn,n upper triangular with positive diagonal entries

B1/2A = (B1/2Q)R, κ(B1/2Q) = 1,
κ(R) = κ(B1/2A), but κ(Q) ≤ κ1/2(B)) !

C = ATBA = RTR



Orthogonalization with respect to a symmetric bilinear form

B ∈ Rm,m symmetric indefinite and nonsingular

A = (a1, . . . , an) ∈ Rm,n, m ≥ n = rank(A)

B-orthonormal basis of span(A):

Q = (q1, . . . , qn) ∈ Rm,n, QTBQ = Ω ∈ diag(±1)

A = QR, R ∈ Rn,n upper triangular with positive diagonal

if no principal minor of C vanishes (if C is strongly nonsingular)

C = ATBA = RTΩR

Bunch 1971, Bunch-Parlett 1971

Della Dora 1975, Elsner 1979, Bunse-Gerstner 1981

Slapničar, Veselić, 1999, Slapničar 1999, Singer and Singer 2000, Singer 2006

Higham, J-orthogonal matrices, SIAM Review 2003

Fiedler, Hall, Markham, G-matrices, 2012-2013



Cholesky-like factorization of a symmetric indefinite matrix

Cj = AT
j BAj =

(
Cj−1 c1:j−1,j
cT1:j−1,j cj,j

)
=(

RT
j−1 0

rT1:j−1,j rj,j

)(
Ωj−1 0

0 ωj

)(
Rj−1 r1:j−1,j

0 rj,j

)

r2j,jωj = cj,j − cT1:j−1,jC
−1
j−1c1:j−1,j = sj

C−1j =

(
C−1j−1 + C−1j−1c1:j−1,js

−1
j cT1:j−1,jC

−1
j−1 −C−1j−1c1:j−1,js

−1
j

−s−1j cT1:j−1,jC
−1
j−1 s−1j

)
√

1
‖C−1

j ‖
≤ rj,j =

√
|sj | ≤

√
(‖C−1j−1‖‖Cj‖+ 1)‖Cj‖



The inverse of the triangular factor in Cholesky-like factorization

R−1j =

(
R−1j−1 −C−1j−1c1:j−1,j/

√
|sj |

0 1/
√
|sj |

)

(RT
j Rj)

−1 =

(
(RT

j−1Rj−1)
−1 0

0 0

)
+ ωj

[
C−1j −

(
C−1j−1 0

0 0

)]

‖R−1
j ‖2 ≤ ‖C−1

j ‖+ 2
∑

i=1,...,j−1; ωi+1 6=ωi

‖C−1
i ‖

Cj = RT
j ΩjRj, ‖Rj‖ ≤ ‖Cj‖‖R−1

j ‖



Example with κ(R) ≈ κ1/2(B)

A =

(
1 0
0 1

)
, B =

(
1
√
ε√

ε −ε

)

Q = R−1 =

(
1 −1
0 1√

ε

)
, R = Q−1 =(

1
√
ε

0
√
ε

)
, Ω =

(
1 0
0 −1

)

‖B‖ ≈ 1 + ε and σmin(B) = 2ε

‖R‖ ≈
√

1 + ε, σmin(R) ≈
√
ε, κ(R) = κ(Q) ≈ 1√

ε



Example with κ(R)� κ1/2(B)

A =

(
1 0
0 1

)
, B =

(
ε 1
1 −ε

)

Q = R−1 =

( 1√
ε
− 1√

ε(1+ε2)

0
√
ε√

1+ε2

)
, R = Q−1 =( √

ε 1√
ε

0
√

1+ε2√
ε

)
, Ω =

(
1 0
0 −1

)

‖B‖ = σmin(B) =
√
1 + ε2

‖R‖ ≈
√
2√
ε

, σmin(R) ≈
√
ε√
2

, κ(R) = κ(Q) ≈ 2
ε



Orthogonalization with respect to a skew-symmetric bilinear form

A = (A1, . . . , An) ∈ R2m,2n, m ≥ n, rank(A) = 2n,
Aj ∈ R2m,2, j = 1, . . . , n

J-orthonormal basis of span(A):
Q = (Q1, . . . , Qn) ∈ R2m,2n, Qj ∈ R2m,2, j = 1, . . . , n

J skew-symmetric, J =

(
0 Im
−Im 0

)
∈ R2m,2m

QTJQ =



(
0 1
−1 0

)
. . . (

0 1
−1 0

)
 ∈ R2n,2n



SR decomposition

A = QR
Q semi-symplectic and R upper triangular with positive diagonal

Q = (Q1, . . . , Qn) ∈ R2m,2n, R =

 R1,1 . . . R1,n

. . .
...

Rn,n

 ∈ R2n,2n

if no minor of C with even dimension vanishes

C = ATJA = RTdiag(

(
0 1
−1 0

)
, . . . ,

(
0 1
−1 0

)
)R

Della Dora 1975, Elsner 1979, Bunse-Gerstner 1981

Mehrmann 1979, Bunse-Gerstner and Mehrmann 1986

Benner, Byers, Fassbender, Mehrmann, Watkins 2000



Uniqueness of the Cholesky-like factorization? 2 x 2 case

C = RTJR =

(
r11 0
r12 r22

)(
0 1
−1 0

)(
r11 r12
0 r22

)
=

(
0 r11r22

−r11r22 0

)
=

(
0 ±‖C‖

∓‖C‖ 0

)

How to choose the factor R =

(
r11 r12
0 r22

)
?

Mehrmann 1979, Bunse-Gerstner and Mehrmann 1986

Fassbender 2000, Benner 2003

Salam 2005

Ferng, Lin, Wang 1997

Bhatia 1994, Chang, 1998



Minimization of the condition number of R

κ2(R) =
‖R‖2F+

√
‖R‖4F−4r

2
11r

2
22

‖R‖2F−
√
‖R‖4F−4r

2
11r

2
22

As r11r22 = ±‖C‖ is fixed and κ(R) is an increasing function of ‖R‖F , it is
minimized if r12 = 0 and r11 = ±

√
‖C‖, r22 = ±

√
‖C‖. Then

RTR = ‖C‖
(

1 0
0 1

)
, κ(R) = 1

.

A =


√
ε 1

1 0
0
√
ε

0 0

, ATJA =

(
0 ε
−ε 0

)
, R =

( √
ε 0

0
√
ε

)

Q = AR−1 =


1 1/

√
ε

1/
√
ε 0

0 1
0 0





Orthogonal factor Q?

r11 = ‖a1‖ =
√

1 + ε, q1 = 1√
1+ε


√
ε

1
0
0

, r12 = qT1 a2 =
√
ε√

1+ε
,

r22 =
aT1 Ja2
r11

= ε√
1+ε

, q2 = 1
r22

(a2 − r12q1) = 1
ε


1√
1+ε

−
√
ε√

1+ε√
ε
√

1 + ε
0


QTQ =

(
1 0
0 ≈ 1

ε2(1+ε)

)
, κ(Q) ≈ 1

ε

R =

( √
1 + ε

√
ε√

1+ε

0 ε√
1+ε

)
, λ(RTR) ≈ 1 + 2ε, ε2/16, κ(R) ≈ 4

ε



Minimization of the condition number of Q

Q = AR−1, κ2(Q) =
‖Q‖2F+

√
‖Q‖4F−4

(‖A‖σmin(A))2

‖C‖2

‖Q‖2F−
√
‖Q‖4F−4

(‖A‖σmin(A))2

‖C‖2

As κ(A)/‖C‖ is fixed and κ(Q) is an increasing function of ‖Q‖F , it is
minimized if r12 is chosen so that q1 ⊥ q2 with ‖q1‖ = ‖q2‖,
r11 = ‖a1‖‖C‖1/2/(‖A‖σmin(A))1/2 and r22 = ‖C‖/r1,1. Then

QTQ =
‖A‖σmin(A)
‖C‖

(
1 0
0 1

)
, κ(Q) = 1

.

R =

 √
ε
√
1+ε

4√1+ε+ε2
ε√

1+ε 4√1+ε+ε2

0
√
ε 4√1+ε+ε2√

1+ε



Q = AR−1 =


4√1+ε+ε2√

1+ε
1√

ε
√
1+ε 4√1+ε+ε2

4√1+ε+ε2√
ε
√
1+ε

− 1√
1+ε 4√1+ε+ε2

0
√
1+ε

4√1+ε+ε2

0 0





Cholesky-like factorization of a skew-symmetric matrix

C2k = AT2kJA2k =

 C2(k−1)

C1,k

...
Ck−1,k

−CT1,k . . . −CTk−1,k Ĉk,k

 =

RT2k

 Ĵ2(k−1) 0

0

(
0 1
−1 0

) R2k, R2k =

 R2(k−1)

R1,k

...
Rk−1,k

0 Rk,k



Ri,k = Ĵ−12(k−1)R
−T
2(k−1)Ci,k

RT
k,k

(
0 1
−1 0

)
Rk,k = Ck,k +

k−1∑
i=1

CT
i,kC

−1
2(k−1)Ci,k = C2k\C2(k−1)



The inverse of the triangular factor in Cholesky-like factorization

R−1
2k =

 R−1
2(k−1) −R−1

2(k−1)

 R1,k

...
Rk−1,k

R−1
k,k

0 R−1
k,k



=

 R−1
2(k−1) −C−1

2(k−1)

 C1,k

...
Ck−1,k

R−1
k,k

0 R−1
k,k



‖R−12n ‖
2 ≤ ‖C−12n ‖+

√
2

n−1∑
k=1

(‖C−12(k−1)

 C1,k
...

Ck−1,k

 ‖+ 1)2‖R−1k,k‖

‖R2n‖ ≤ ‖C2n‖‖R−12n ‖



Example with κ(R) ≈ κ(A)

A =


√
ε 0 0 − 1√

ε

0 0 0

√
1−ε2√
ε

0
√
ε 1√

ε
0

0 0

√
1−ε2√
ε

0

, ATJA =


0 ε 1 0
−ε 0 0 1
−1 0 0 ε
0 −1 −ε 0



Q =


1 0 0 0
0 0 0 −1
0 1 0 0
0 0 1 0

 , R =


√
ε 0 0 − 1√

ε

0
√
ε 1√

ε
0

0 0

√
1−ε2√
ε

0

0 0 0 −
√

1−ε2√
ε



σ(A) ≈
√
2√
ε
,
√
ε√
2

, κ(A) ≈ 2
ε ,

σ(R) ≈
√
2√
ε
,
√
ε√
2

, κ(R) ≈ 2
ε , κ(Q) = 1



Example with κ(R)� κ(A)

A =


√
ε 1 0 0
1 0 0 −ε
0
√
ε 0 1

0 0 1 −
√
ε

, ATJA =


0 ε 1 0
−ε 0 0 1
−1 0 0 ε
0 −1 −ε 0



Q =


1 0

√
ε√

1−ε2
− 1√

1−ε2

1√
ε

0 0 −
√

1−ε2√
ε

0 0
√
ε√

1−ε2
−

√
ε√

1−ε2

0 1√
ε
−

√
ε√

1−ε2
ε√
1−ε2

,

R =


√
ε 0 0 − 1√

ε

0
√
ε 1√

ε
0

0 0

√
1−ε2√
ε

0

0 0 0 −
√

1−ε2√
ε



σ(A) ≈ 1, κ(A) ≈ 1,

σ(R) ≈
√
2√
ε
,
√
ε√
2

, κ(R) ≈ 2
ε , σ(Q) ≈

√
2√
ε
,
√
ε√
2



Thank you for your attention!!!
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