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Abstract. The theory of generalized topologies was introduced by A.Csiszar (2002).
In the literature, some authors have introduced and studied generalized topologies and
some generalized topologies via generalized topological spaces due to A.Csészar. Also,
the notions of mixed constructions based on two generalized topologies were introduced
and investigated by A.Csaszar (2009). The main aim of this paper is to introduce and
study further new generalized topologies called M% via mixed constructions based on two
generalized topologies 111 and po on a nonempty set X and also generalized topologies called
pe and pS for a generalized topological space (X, p).
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1. INTRODUCTION

The theory of generalized topologies was introduced by Csaszar [1]. One of the
generalizations of topologies introduced in [1] is known as generalized topology due
to Csaszar. Also, some authors have introduced and studied generalized topologies
and some generalized topologies via generalized topological spaces due to Csaszar
[5], [7], [8]. Moreover, Csaszar introduced and investigated the notions of mixed
constructions based on two generalized topologies [4]. The main goal of the present
paper is to introduce and study further new generalized topologies called u§, via
mixed constructions based on two generalized topologies ;1 and po on a nonempty
set X and also generalized topologies called pc and u¢ for a generalized topological
space (X, u).
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2. PRELIMINARIES

We recall basic notations. Let X be a nonempty set and pu C exp X where exp X
is the power set of X. Then p is said to be a generalized topology [1] (briefly GT) if
() € p and an arbitrary union of elements of u belongs to u. A set X with a generalized
topology p on X is called a generalized topological space (briefly GTS) and is denoted
by (X, ) [1]. The elements of p are called u-open sets for a generalized topological
space (X, 1) and the complements of u-open sets are called p-closed sets [1].

Let (X, ) be a GTS and S C X. The intersection of all u-closed sets containing
S, i.e., the smallest pu-closed set containing S is denoted by c,(S) [2], [3]. The
union of all y-open sets contained in S, i.e., the largest u-open set contained in S is
denoted by 4,(S) [2], [3]. An operation §: exp X — exp X is called idempotent if
B(B(S)) = B(S) for S C X and monotonic when S C T" C X implies 5(S) C 5(T)
(1], [3]. It is known that i, and ¢, are idempotent and monotonic [2], [3]. Let (X, u)
bea GTS, S C X andz € X. Then z € ¢,(S) ifand only if RNS #Pforz € Re
1], [3]. Also, ¢,(X \ S) = X \ i,,(5) [1] 3].

3. TE GT uf,

Definition 1. Let pq; and pe be two GTs on a set X and S C X. Then S is
said to be u$,-open if for every x € S there exists a u1-open set R in X containing
o such that R\ i,,(S) is countable. The complement of a u{,-open set in X is said
to be u$,-closed.

The family of all ;$,-open sets in X is denoted by u§,.
Remark 1. Let p; and uo be two GTs on a set X. Suppose that p1 = pa. Then
for every S C X, the following implication holds:

S is p1-open (respectively, po-open) = S is p$y-open.

This implication is not reversible as shown in the following example:

Example 1. Let R be the set of real numbers with the GTs p1 = pa = {0, A,
B,C,R,Q*,Q* U A,Q* U B,Q* U C} where Q* is the set of irrational numbers,
A=11,3], B=1[2,4 and C = [1,4]. Take S = Q*U{-2,—1,0}. Then S is u$,-open
but it is not p;-open and it is not ps-open.

Remark 2. Let p; and s be two GTs on a set X.
(1) Suppose that p1 C ps. Then for every S C X, the following implication holds:

S is p1-open = S is pu$y-open.



(2) Suppose that pa C p1. Then for every S C X, the following implication holds:
S is pig-open = S is p$y-open.

These implications are not reversible as shown in the following examples:

Example 2. Let R be the set of real numbers with the GT u; = {0, A,N, Q*,
Q*UANUANUQ*NUQ*UA} and the GT ps = {0, A,Q*, Q* U A} where Q* is
the set of irrational numbers, N is the set of natural numbers and A = [0, 1]. Take
S ={1,2,3}. Then S is u$,-open but it is not uz-open.

Example 3. Let R be the set of real numbers with the GT u; = {0, R, Q*, A,
Q*UA} and the GT po = {0, A, B,C,R,Q*,Q*UA,Q*UB,Q* UC} where Q* is the
set of irrational numbers, A = [1,3], B = [2,4] and C = [1,4]. Take S =Q*U{0,1}.
Then S is u$,-open but it is not y;-open.

Theorem 1. For two GTs ju; and s on a set X, (X, u$,) is a GTS.
Proof. It is obvious that ) € u{,. Suppose that {S;: i € I} is a family of
p$s-open sets in X and x € |J S;. We have x € S;, for some iy € I. By Definition 1

i€l
exists a p1-open set R in X containing z and also R\ i,,(S;,) is countable. Since

R\ i, <U si) C R\ s (Si) € R\ iy (Siy)

i€l i€l

R\ im( U Si) is countable. Consequently, we have |J S; € u,. O
i€l i€l

Corollary 1. Let uy and us be two GTs on a set X.
(1) Suppose that py = po. Then (X, u$,) is a GTS such that

g1 C pSy  (resp. pa C ).

(2) Suppose that 1 C pe. Then (X, u$y) is a GTS such that ju; C p$.
(3) Suppose that pa C py. Then (X, u$,) is a GTS such that pay C p$.

Proof. It follows from Remark 1 and Remark 2. O



Theorem 2. Let p; and ps be two GTs on a set X and S C X. Then S is
u$y-open if and only if for every x € S there exists a ju;-open set P in X containing
x and a countable set R such that P\ R C i,,(5).

Proof. Let S € u$ and z € S. Then there exists a jj-open set P in X
containing « such that P \ i,,(S) is countable. Put
R =P\iy(S) = P0(X\iy(S))

Consequently, we have P\ R C i,,(S).

Conversely, let z € S. There exists a pj-open set P in X containing = and
a countable subset R such that P\ R C ¢,,(S). Thus, P\ i,,(S) is countable and
hence S is u§,-open. d

Theorem 3. Let p; and ps be two GTs on a set X. Suppose that S is a u$,-
closed set in X. Then ¢,,(S) C PUR for a p1-closed set P in X and a countable
set R in X.

Proof. Let S be a u{;-closed set in X. Since S is u{,-closed, then X \ S is
u$s-open. From Theorem 2 implies that there exist a p1-open set 7' in X containing
x and a countable set R in X such that

T\ R Ciy, (X \5) = X\ ¢, (5)
for each z € X \ S. Then we have
s (8) CXN(T\R) CX\(TN(X\R))=XN((X\T)UR) = (X\T)UR.

Put P = X \T. Since T is p1-open, then set P is p1-closed and also ¢, (S) C PUR.
O
Definition 2. Let (X, u) be a GTS. Then X is said to be p-locally countable if
every x € X has a countable p-neighborhood.
Theorem 4. Let p; and pus be two GTs on a set X. If X is a py-locally countable
GTS, then S is $,-open for every S C X.

Proof. Suppose that X is a uj-locally countable GTS. Let S C X and = € S.
It follows that there exist a countable p1-neighborhood P of x and a ui-open set R
in X containing x such that R C P. We have

R\ iy, (S) C P \iy,(S) CP.

Hence, R \ i,,(S) is countable and S is u{,-open. Consequently, S is u$;-open for
every S C X. O
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Definition 3. Let (X, ) be a GTS. Then a set S in X is said to be p-Lindelof
if every p-open cover of S in (X, ) has a countable subcover. The GTS (X, u) is
said to be p-Lindelsf if every p-open cover of X has a countable subcover.

Theorem 5. Let p; and pe be two GTs on a set X. If (X, pu) is a pi-Lindeléf
GTS, then S\ i,,(S) is countable for every ju;-closed set S € .

Proof. Suppose that (X,p) is a ui-Lindelsf GTS. Let S € u$, be a pp-closed
set in X. Then for every x € S there exists a u;-open set R, containing x such that
Ry \ i, (S) is countable. Since z € R, for every x € S, then {R,: = € S} is a y1-
open cover for the set S. Since (X, ) is a p1-Lindelof GTS and S is p;-closed, then
S is py-Lindeldf. Since S is p;-Lindelsf, S has a countable subcover {R,,, : n € N}
of {R,: x € S}. We have

S\ in(S) C (U R) Vi (8) € U (B \ia(S)).

neN neN

Thus, S\ i,,(S) is countable. O

Definition 4. Let (X, ) be a GTS. Then X is said to be u-anti-locally countable
if all nonempty p-open sets in X are uncountable.

Theorem 6. Let p; and pe be two GTs on a set X. Suppose that X is a p;-
anti-locally countable GTS. Then (X, u$,) is a u$,-anti-locally countable GTS.

Proof. Suppose that X is a pj-anti-locally countable GTS. Let S € u§, and
x € S. By Theorem 2 exist a pi-open set P in X containing x and a countable set
R in X such that P\ R C i,,(S5). It follows that i,,(S) is not countable. Thus, S
is not countable. Hence, (X, 1$,) is a u$,-anti-locally countable GTS. O

Definition 5 ([6]). Let (X,u) and (Y, ) be two GTSs. Then a function f:
(X, 1) — (Y, A) is said to be (p, A)-open if f(S) € A for every S € p.

Theorem 7. Suppose that py and s are two GTs on a set X and A1 and Ay are
two GTson asetY. Let f: X =Y be a (u1,\1)-open and (2, A2)-open function.
Then f(S) is A{y-open for every u{,-open set S in X.

Proof. Let S be a ufy-open set in X and z € S. Take y = f(x) € f(S).
By Definition 1 exists a p1-open set R in X containing « such that R\ i,,(S) is
countable. Since f is a (u1, A1)-open function, then f(R) is a A;-open set in Y. On
the other hand, we have i, (S) C S and then f(i,,(S)) C f(S). Since f is a (u2, A2)-
open function, ix,(f (i, (5))) = f(i4,(S)) C i, (f(S)). We have y = f(z) € f(R)
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and
FR)\ix,(F(S)) C f(R)\ f(ip () C f(R\in,(5))

is countable. Thus, f(S) is a A{,-open set in Y. O

Corollary 2. Suppose that p; = us (= p) and Ay = Ay (= A\) are two GTs on
sets X and Y, respectively. Let f: X —Y be a (u, A\)-open function. Then f(S5) is
§,-open for every u$,-open set S in X.

Proof. It follows from Theorem 7. O

4. THE GTS pc AND uf

Definition 6. Let (X, u) be a GTS and S C X. Then S is said to be puc-closed
if ¢,(R) C S for every countable subset R # () of S. Also, S is said to be pc-open if
the complement of S is a puc-closed set.

The family of all uc-open sets in a GTS (X, 1) is denoted by pc.

Remark 3. Let (X, u) be a GTS. Then for every S C X, the following implica-
tion holds:
S is p-open = S'is pc-open.

This implication is not reversible as shown in the following example:

Example 4. Let R be the set of real numbers with the GT = {, A C R: R\ A
is countable and A # R}. Take S = (1,2). Then S is puc-open but it is not p-open.

Theorem 8. Let (X, ) be a GTS and S C X. Then S is uc-open if and only if
S Ciu(X \ R) for every countable set R # () in X such that S C X \ R.

Proof. Let S be a pc-open set and R # () be a countable set in X such that
S C X \ R. By Definition 6 the set X \ S is pc-closed. Since R C X \ S and R is
countable, we have ¢,,(R) C X\ S. Consequently, we have S C X\¢,(R) = i,(X\R).
Conversely, suppose that S C i,(X \ R) for every countable set R # () in X such
that S C X \ R. Let T # () be a countable subset of X \ S. This implies S C X \ T
and
S Ciy(X\T)=X\c,(T).

We have ¢, (T) C X\ S. It follows that X \ S is pc-closed. Thus, S is pc-open in X.
O



Theorem 9. For a GTS (X, p), (X, uc) is a GTS.

Proof. It is obvious that § € uc. Let {S;}ier be a family of puc-open sets in
(X, ne). By Definition 6 the set {X \ S;}ier is a family of pc-closed sets in (X, pe).
Take a subset R # () of () (X \ S;) and assume that R is a countable set in X. We

el
have R C X \ S; for each i € I. Since X \ S; is a pc-closed set in X for each i € I,
we have ¢, (R) C X \ S; for each ¢ € I. It follows that

cu(R) € (X \ S)).

i€l

By Definition 6 the set () (X \ S;) is a pc-closed set in X. Consequently, |J .S; is
iel i€l
a pc-open set in X. O

Corollary 3. Let (X, u) be a GTS. Then (X, uc) is a GT'S such that u C pc.
Proof. It follows from Remark 3 and Theorem 9. (]

Definition 7. Let (X, u) be a GTS and S C X. The union of all pc-open sets
in X contained in S is said to be the pc-interior of S and is denoted by i, (5).

Remark 4. Let (X,u) be a GTS and S C X. If S is p-open set in X, then
i (S) = 1u(S).

The following example shows that the converse of this implication is not true in
general.

Example 5. Let R be the set of real numbers with the GT p = {0, (0,2), (1, 3),
(0,3)}. Then for the set of natural numbers N we have i, (N) = 4,(N), but N is not

p-open.

Theorem 10. Let (X, ) be a GTS and S C X. Then S is p-open if and only if
S is po-open and i, (S) = 1,(S).

Proof. Let S be u-open in X. It follows from Remark 3 and Remark 4 that S
is pc-open and also we have i, (S) = i,(5).

Conversely, let S be a puc-open set in X and i, (S) = i,(5). By Definition 7
S =1,.(S) =1i,(5). Consequently, S is a y-open set in X. O

Definition 8. Let (X, ) be a GTS and S C X. Then S is said to be u¢-open
if for every x € S there exists a py-open set R in X containing x such that R\ S is
countable. The complement of a ;S-open set in X is said to be uC-closed.

The family of all £&-open sets in a GTS (X, ) is denoted by u¢.



Remark 5. Suppose that 1 and pe are two GTs on a set X. Then for every
S C X, the following implication holds:

S is u$h-open = S is (uu1)%-open.

This implication is not reversible as shown in the following example:

Example 6. Let R be the set of real numbers with the GT 1 = p2 = p =
{0,{-1},R,Q",7,Q0%" U {-1},Q" U 7} where Q7 is the set of positive rational
numbers and Z is the set of integer numbers. Take the set S = Q* where Q* is the
set of irrational numbers. Then S is u$-open but it is not u$,-open.

The notions of ;&-openness and pc-openness are independent from each other as
shown in the following examples:

Example 7. Let R be the set of real numbers with the GT p = {0, {-1,0,1}, R,
Q*,7, QT u{-1,0},QT"UZ} where Q7 is the set of positive rational numbers and 7
is the set of integer numbers. Take the set T = Q* where Q* is the set of irrational
numbers. Then T is x4$-open but it is not pc-open.

Example 8. Let R be the set of real numbers with the GT = {, A C R: R\ A
is countable and A # R}. Take T'= Q where Q is the set of rational numbers. Then
T is pc-open but it is not u&-open.

Theorem 11. For a GTS (X, ), u¢ isa GT on X.

Proof. It is analogous to that of Theorem 1. O

Corollary 4. Suppose that p; and ps are two GTs on a set X. Then (X, (111)%)
is a GTS such that

1§y € (n)S.

Proof. It follows from Remark 5 and Theorem 11. O
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