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A VIRTUAL OVERLAPPING SCHWARZ METHOD FOR SCALAR
ELLIPTIC PROBLEMS IN TWO DIMENSIONS
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Abstract. A new coarse space for domain decomposition methods is presented for nodal elliptic
problems in two dimensions. The coarse space is derived from the novel virtual element methods
and therefore can accommodate quite irregular polygonal subdomains. It has the advantage with
respect to previous studies that no discrete harmonic extensions are required. The virtual element
method allows to handle polygonal meshes and then the algorithm can be used as a preconditioner for
linear systems that arise from a discretization with such triangulations. A bound is obtained for the
condition number of the preconditioned system by using a two-level overlapping Schwarz algorithm,
but the coarse space can be used for different substructuring methods. This bound is independent of
jumps in the coefficient across the interface between the subdomains. Numerical experiments that
verify the result are shown, including some with triangular, square, hexagonal and irregular elements
and with irregular subdomains obtained by a mesh partitioner.
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1. Introduction. The Virtual Element Methods (VEM) were introduced in [1],
while some practical aspects were presented in [2]. As mentioned in [2], some advan-
tages of the VEM are its efficiency and accuracy in computations and its simplicity in
implementation. The virtual element space contains a certain number of polynomials
to guarantee accuracy, plus additional virtual functions that are never required to be
computed. In this way, polygonal elements can be considered for the discretization of
partial differential equations. In order to construct a suitable stiffness matrix, a dif-
ferent bilinear form is considered which can be computed by only knowing the degrees
of freedom of the virtual functions. We will present the basic theory that corresponds
to the lowest-order virtual element functions. In this case, the local virtual space
consists of functions that are piecewise-linear and continuous on the boundary and
harmonic in the interior of each element.

We will study the scalar elliptic problem in two dimensions

(1) _V - (p@)Vu(2) = f(x), weQ, plx)>0, feLXQ),
with homogeneous Dirichlet boundary conditions and posed in the Sobolev space
H'(Q) :={v € L*(Q) : | Vv r2() < o0}

We will work as usual with a weak formulation for problem (1), namely: Find u €
H}(Q) such that

(2) a(u,v) = F(v) Yove€ Hy(Q),

where a(u,v) := [, p Vu-Vo dz, F(v) := (f,v)o,q is the usual inner product in L?(€)
and H}(Q) is the subspace of H!(Q) with zero trace.

For simplicity we will consider a two-level overlapping Schwarz method in this
paper, but our new coarse space can also replace the coarse spaces of different iterative
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substructuring algorithms; see [21, Chapter 5]. Two-level overlapping methods were
introduced in [13, 14, 15] and a complete theoretical analysis can be found in [21,
Chapter 2]. The implementation of our additive preconditioner is straightforward
and it only requires the knowledge of the fully assembled matrix, as opposed to non-
overlapping methods where the local subdomain matrices are needed.

In order to discretize problem (2) we consider a triangulation 73 which can be
composed by different type of polygons as discussed in Section 2. The domain €2 is
then partitioned into N non-overlapping subdomains {€2;}¥ | of diameter H; which
are the union of elements of the triangulation 7. For the two-level approach, we will
consider local problems on extensions ; D §2; and a coarse problem that involves just
a few degrees of freedom related to all the subdomains. In practice, these subdomains
can be quite irregular for example if they are obtained from a mesh partitioner, and
then there is no straightforward approach to define the coarse basis functions for such
subdomains.

If the dimension of the coarse space increases then it can become a bottleneck in
a parallel implementation. Therefore it is desirable to have a small coarse space; see
[12] for a recent study on small coarse spaces for elliptic problems in three dimensions.
For this reason, we will consider two variants: the virtual space on the coarse mesh
and a particular subset of this space. Even for structured hexagonal meshes, the
reduction in the dimension of the space is quite significant and the estimates for the
condition number of the preconditioned system are similar. We construct then the
reduced coarse space with just one degree of freedom per subdomain vertex (the nodes
of the triangulation that belong to three or more subdomains).

Preconditioning linear systems arising from the discretization of elliptic operators
on irregular subdomains has been studied in the past few years. In two dimensions,
the issues related to irregular geometry of the subdomains are now better under-
stood. For problems in H'(Q) the first results were established for John [16] and
Jones [17] domains in [8, 19, 22, 10]. We note that the coarse spaces considered in
these studies are based on energy minimization starting with [9]. The lowest-order
virtual element space intrinsically incorporates this condition, since functions are har-
monic and therefore have minimum energy. For problems in H(curl), some domain
decomposition methods with irregular subdomains are analyzed in [11, 6, 7].

It is also common to have discontinuities in the coefficient p, so it is very restrictive
to assume that it is constant. Our aim is to develop an algorithm that can be defined
for irregular subdomain geometries and that works well even if p is not continuous.
However, we will assume that p is constant on each subdomain ;. For this case,
the bounds for the condition number obtained in Theorem 3.1 and Theorem 6.1 are
independent of discontinuities of p across the interface.

There are two practical approaches for the algorithm presented in this paper.
First, for standard discretization methods of problem (2) with linear or bilinear el-
ements, we can use the coarse virtual element space to construct a coarse global
component for the preconditioner; see examples in Subsection 7.1. In this way, we
can consider quite irregular subdomains in the decomposition. The main advantage of
our virtual coarse space with respect to previous studies is that no discrete harmonic
extension is required in the algorithm, saving computational time. Second, there is
a lack of iterative solvers specifically designed for problems discretized by VEM. We
aim to start this analysis by presenting in this paper an estimate for the condition
number of the preconditioned system obtained by a two-level overlapping Schwarz
algorithm; see examples in Subsection 7.2.
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The rest of this paper is organized as follows. In Section 2 we introduce the
basic theory of VEM and the discretization of our problem. The two-level overlap-
ping Schwarz method is described in Section 3. Then, in Section 4 we include some
technical tools that will be used to obtain the bound of the condition number of the
preconditioned system presented in Section 5. In Section 6 we study a variant of
the virtual coarse space in order to reduce its dimension significantly. Finally, we
report on some numerical experiments in Section 7 and present some final remarks in
Section 8.

2. Virtual Element Methods and discretization. In this section we briefly
present the Virtual Element Methods. We restrict our presentation to the lowest-order
case, but a more general theory is introduced in [1].

Given h > 0, we divide the domain € into simply connected polygons K (not
necessarily similar) of diameter hx < h; see some examples in Section 7. We will
refer to these polygons as elements and later we will introduce two assumptions on
them. This polygonal triangulation will be called fine mesh and will be represented
by Tn. The set of nodes of a partition 7T, contains the vertices of all the elements
K € T;, and will be denoted by Sxr, while the set S& includes only the nodes of 7Ty,
that are on the boundary of K. We note that the set S ﬁ can contain, besides vertices
of K, also hanging nodes, i.e., vertices of other polygons that lie on an edge of K.

We now define for each element K the functions in the virtual element space. Let

Bi(0K) := {v € C°(0K) : v|. € Pi(e) Y eC IK},

where e represents any edge on the boundary of K and P; is the space of linear
polynomials. We consider then the set of lowest-order local virtual element functions,
defined by

VE.={ve HY(K):v e B (0K), Av=0in K}.

Thus, functions are completely determined by their value at the nodes in .S ff/ and VK
contains the space of linear polynomials. Then, we define the global space of finite
element functions as

Vi :={ve H}(Q) :v|x e VEV K €T}

Therefore the dimension of V}, is equal to the number of nodes in the interior of . It
is easy to check that they are unisolvent; see, e.g., [1, Proposition 4.1] for a general
proof. It is clear that V}, reduces to the first-order Lagrange finite element space in
the case of a triangular mesh.

We consider the canonical basis {gb’;}}li’\{ | for Vi, such that for any node x; €
Sy we have that ¢l (z;) = ;. For a continuous function u, we define its linear

interpolant I onto V}, by
Iy = Z u(xl)qbgz

x; ESN

In general it is not possible to evaluate a( 2, q&ﬁj); see the discussion in [1, Section
4.5]. To overcome this issue, a different bilinear form ay(-,-) satisfying consistency
and stability properties is considered. For this purpose we first define a projection
onto the space of linear polynomials. Let a®(-,-) be the bilinear form restricted to
the element K, i.e.,

a (u,v) ::/ p Vu-Vu dz.
K
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Define the operator IIX : VE — Py (K) c VE where 0 := IIXv € P, (K) is the linear
polynomial that satisfies

where w denotes the standard nodal average of w,

1
w = \Tf\ﬂ Z w(x).

zeSE

From the definition it is clear that IIXv = v for v € P (K). Given ¢ € Py(K) and
v e VE af(v,q) is computed from Green’s identity

aK(uq):/ Vv -Vqdz :/ v@ds7
K G

K 871,

since Ag = 0. The last integral can be computed exactly by just knowing the degrees
of freedom of v; see [2] for implementation details.
The discrete local bilinear form af* : V& x VX — R is then defined by

(3) al (u, v) == o (T¥u, T¥v) + S5 (u — T u, v — T¥v),

where SK : VK x VK — R is a stabilizing term, which can be chosen as

S (u,v) := Z p u(x)v(x).

zeSK

We consider the following two assumptions where h denotes the maximum of the
diameters of the elements in 7p,:

ASSUMPTION 1. There ezists v > 0 such that for all h, each element K in Ty, is
star-shaped with respect to a ball of radius greater than or equal to yhy .

ASSUMPTION 2. There exists v > 0 such that for all h and for each element K
in Tr, the distance between any two vertices of K is greater than or equal to vhy .

REMARK 2.1. Assumption 1 ensures the existence of a local polynomial with op-
timal approximation properties; see [1, Propositions 4.2, 4.3]. As mentioned in [1,
Remark 4.3], we could take the weaker assumption that every K is the union of a
uniformly bounded number of star-shaped domains, each satisfying Assumption 1. In
turn, Assumption 2 guarantees the stability of the bilinear form; see (4) below.

REMARK 2.2. As mentioned in [1, Section 4.6], in their numerical experiments
the method appears to be quite robust with respect to Assumption 2. We also have
not found any difficulty when considering elements where the lengths of its sides
have different orders of magnitude; see Subsection 7.2 for experiments with irregular
polygons.

From (3) it is clear that aﬁ( satisfies the consistency property

ak(p,v) = a(p,v) YpePi(K), VoveVE,
The stability property

(4) ara® (v,v) < al(v,v) < aa®(v,v) VoeVE
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follows from [1, Theorem 4.1], where «y, s are independent of K, hx and p. The
discrete bilinear form and right-hand side are then defined by

o) = 3 o), Fi)= Y [ B v,

KeTy, KeTh

respectively. Here, P is the L2—projection onto the space of constants; see [1, Section
4.7]. Finally, our discrete formulation for problem (2) is: Find wuj € V}, such that

(5) ah(uh,vh) = F}L(Uh) Y vy € V.

We refer to [1, 5] for an a priori estimate and approximation properties.

3. Overlapping Schwarz methods. We briefly describe the two-level additive
overlapping Schwarz methods; for a complete study see [21, Chapters 2, 3]. The need
of a coarse level arises from the fact that the condition number estimate deteriorates
for any one-level algorithm as the number of subdomain increases.

3.1. The coarse space. The domain () is partitioned into N non-overlapping
and simply connected subdomains {;}X; of diameter H; which are the union of
elements of the triangulation 7y; see some examples in Section 7. The partition {Q;}
will be called coarse mesh and will be denoted by Ty. The set of nodes of Ty contains
the vertices of all the subdomains 2; and will be represented by SJ{I,, and the set S/?/'
includes only the nodes of 7Ty that are on the boundary of 09;. We assume that p(x)
is constant and equal to p; inside each subdomain ;.

The coarse virtual space in Ty is given by

Vo :={v € Hy(Q) : v|g, € B1(0%), Avlg, =0in Q;,1 <i< N}

and the degrees of freedom are the values at the nodes of Ty. For any node x € S}\q/,
we denote by ¢ the canonical basis function of V; that vanishes at all coarse nodes,
except at & where it takes the value 1. We can define the linear operator I : V}, — V}
by

M) = > @)l

zeSH

In general we cannot compute exactly the values of I at the internal nodes of
a subdomain ;. In order to define an operator Rg : Vo — V3, we could consider the
discrete harmonic extension for each subdomain €2; by using the bilinear form a(-, -)
restricted to ;. Instead, we assemble R} subdomain by subdomain by constructing
a triangulation Tq, of the subdomain €2;. For our analysis in Section 4 and Section 5,
we will consider Tq, as an arbitrary (but fixed) triangulation of the nodes in Sj?/'.

Given uy € Vy we set R ug(z) := ug(x) for the coarse nodes = € Sf\)[ We
then compute the degrees of freedom of RY uy € Vj, by evaluating the piecewise-linear
interpolant onto 7q,. Hence, no discrete harmonic extensions are required in order
to construct RI in contrast to previous coarse spaces; see, e.g., [10]. Even though,
our theoretical bound for the condition number and the numerical results are quite
similar as theirs.

Finally, we consider the bilinear form defined in Vj x V{ by

(6) dh’o(’U,Q,’U()) = ah(Rgum Rgvo) = Z ahK(Rguo, Rgvo).
K€7—h
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3.2. Local spaces. We now construct overlapping subdomains €, O €; by
adding layers of elements that are external to €2;, and we denote by d; the width
of the region Q2 \ ;. We then consider the local virtual spaces V;, 1 <i < N, defined
by

Vi = {v e Hy() :v|x € B1(OK), Av|x =0in K, V K C Q}.

Thus, the degrees of freedom are the values at the nodes of Tp, in the interior of ;.
We also consider the natural operators R} : V; — V}, given by the zero extension from
the subdomain Q to 2, 1 <i < N. We use exact solvers for the local spaces, i.e., we
define the bilinear forms @y ; : V; x V; = R given by

7 an,i(uwi,vi) == an(R ui, R v;) = agy (i, vi),
, 4 i h
KCQ;

for 1 <4 < Nj see [21, Chapter 2].

3.3. Algorithm. The discrete problem (5) can be written as the ill-conditioned

sparse linear system
AN =g,

where A; ; = ap( ’;j, "), gi = Fu(ol) and X is the vector of coordinates of the
solution with respect to the basis {¢% } of Vj, i.e., up = Y \i¢ . In this subsection
we present a scalable preconditioner for this linear system which allows for parallel
implementation.

Consider the matrix representation of the operators RY denoted again by RY. We
define the stiffness matrices /L- = RiARiT, 0 <i < N, and then consider the Schwarz

projections

Pi=RIA7'R;A, 0<i<N.

The additive preconditioned operator is defined by

N N
(8) Pug:=Y Pi=Ay A with A} =Y RIA'R;.
i=0 1=0

Multiplicative and hybrid preconditioners can be considered as well; see [21, Section
2.2]. For the preconditioned system A;dlA)\ = A;dlg, we have the main theorem of
this paper. Its proof is presented in Section 5.

THEOREM 3.1. There exists a constant C, independent of H, h and p, such that
the condition number of the preconditioned system K(AgdlA) satisfies

k(A A) <C (1 + log IZ) (1 + ?) :

where the ratios H/h and H/$ denote their maximum value over all the subdomains.

4. Technical Tools. We collect some tools that will be needed in Section 5. We
start with the following Poincaré inequality and discrete Sobolev inequality:

LEMMA 4.1. Let Q be Lipschitz continuous with diameter H. Then, there exists
a constant C that depends only on the shape of Q0 but not on H, such that

[0]720) < CH?[0l31 (0,
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1
for v € HY(Q) with vanishing mean value U := |Q|/ v dx.
Q

Proof. See [21, Corollary A.15]. d

LEMMA 4.2. There exists a constant C, independent of H; and h;, such that
2 H; 2
[VlZ @y < C |1 —s—log? vl ), forv € Vi
In particular, if u has zero mean value, then
H;
[0 2y < C (1 + log m) [ol3 .-

Proof. See [3], [4, Section 4.9] for a proof with domains satisfying an interior cone
condition. This inequality holds for more general subdomains; see, e.g., [8, Lemma 3.2]
for a proof with John domains. The second inequality is a consequence of Lemma 4.1.0

We now obtain some bounds for the operators introduced in Subsection 3.1:

LEMMA 4.3. Given u € V3, let ug := I'"u € V. Then, there exists a constant C
such that

H.
o= B ol < 02 (1108 1 ) s,

where C' is independent of H; and h;.

Proof. Let U be the mean value of u over §2;. By triangle inequality and Lemma 4.1,
we have that

= REwol22(0,) < 2 (Il = @l + IR w0 — l3a(a,)
< oB? (lulip ) + 1RE (w0 — D)3~ (q,))
since RY reproduces constants. From the definition of the operator RY, it holds that
I1RG (1o — @) oe () = [ (u = W)[7 e 0y < Nl = Tl (2,

We conclude our proof by using Lemma 4.2. |

LEMMA 4.4. Given u € V3, let ug := IHu € V. Then, there ezists a constant C
such that

H;
o2 0,y < [RG wolin o,y < C <1 + log h) ulF1 0

where C is independent of H; and h;.

Proof. The first inequality follows from the fact that ug and RI ug have the same
boundary data on 0f);, and ug € V; has minimum energy. Next, consider a fixed
triangulation 7Tq, of the nodes in Sf\zf' and denote by I the nodal interpolant onto
Ta,. Furthermore, for any element K C €;, let Tx be a triangular partition of K
and define Ik as the nodal interpolant onto T ; see Figure 1. For simplicity we write
up, := R ug.
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u(ny)

u(ng)

7&

uliy )

Fig. 1: Geometry in the proof of Lemma 4.4: (a) A subdomain §; with five edges;
the degrees of freedom for ug are the values of u at the nodes n; € Sjg\zﬁ (left). (b)
Triangulation 7o, = {T1,T2,T5} for §;; Ir is obtained from the nodal values of
u (middle). (c¢) An element K (in blue) and its triangulation 7x where AABC
intersects T7 and T» (right).

We have that
unl gy < Hkunlingey = Y. Hrcunlin e
Tk €Tk

since up, = Ixup on OK. We claim that
(9) ‘IK’U/h‘Hl(TK) < |ITU‘H1(UJTK) VT € Tk,

where wr,. is the union of Tk and its neighboring triangles (that are in 7}( for some
K C Q;). If Tk lies inside a triangle T € Tgq,, then uy|r, is a linear polynomial
and [Ixun|gi (1) = 71Ul (1) Thus, we need to study only the case when Tk
intersects at least two triangles T7,Ts € Tq,. Let Tk be one of such triangles with
vertices A, B,C' as in Figure 1. Then,

\Txcunlir (1) < C (Hru(A)? + [Iru(B)]* + | Iru(C)?)

since the energy of the basis functions are uniformly bounded by Assumption 2. We
now bound the three terms on the right hand side separately. Following similar ideas
as in [21, Lemma 3.8], we can find a shape-regular triangle T C wr, with vertices
A, B',C" and diameter of order hx which is a subset of a triangle T € Tq,. Then,

[Iru(A)? < [Iru(A)f + [Iru(B) [ + [Iru(C)]* < Chil|[Irul], 7-
We bound the other two terms similarly to obtain

[TrcunlFr (ze) < Chi Il Bag, -

If we replace u by u—c, the left-hand side does not change since I/ and R} reproduce
constants. We can use then Lemma 4.1 to bound the right-hand side by choosing ¢
as the mean value of I7u on wr, . Hence, Equation (9) holds and then

lunlFra,) < ClrulFq,)-
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Finally, for any T' € T, we have that

N ~ H;
\IrulFps opy = [ (u = Ur) 3y < Cllu = Ur [y < C (1 + log h-) luli (7

where we have used Lemma 4.2. We conclude our proof by adding the contributions
from all T' € T, . O

We need also a partition of unity in order to obtain local functions that will be
components of our stable decomposition:

LEMMA 4.5. There exists a family of functions {0:}N, in WH(Q) such that
0<0;(x) <1, >, 0i(x) =1 for x € Q, supp(6;) C Y, and
||V§i|\Loo(Q;) < C/é;,

where C' is independent of d; and H;.
Proof. See [21, Lemma 3.4]. O
We conclude this section with the following lemma:

LEMMA 4.6. Let K € Ty, and consider any triangular partition Tk of K. Suppose
that uw € H* () is a quadratic function in each triangle T € Tx. Then, there exists a
constant C, independent of hy, such that

|Ihu|H1(K) < C|U‘H1(K).

Proof. This is a modification of [21, Lemma 3.9]. Denote by Iy the nodal
piecewise-linear interpolant onto 7Tx. Since I"u has minimum energy, it holds that

1Tl gy < Hkulfrgey = Y Hrulinen
TeTk

TeTK

By using a standard error bound and an elementary inverse inequality as in [21,
Lemma 3.9], it follows that

[xu = ultp gy < CHE|ul By < Clulf gy,
where Hyp is the diameter of T. We conclude the proof by combining the last two
inequalities. o

5. Condition number. We follow the theory developed in [21, Chapter 2] in or-
der to estimate k(Pgq). The condition number of the additive operator (8) is bounded
by

K(Pag) < (NC +1)C2,

where N is the minimum number of colors needed to color the overlapping subdo-
mains {2, such that no pair of subdomains of the same color intersect, and Cy is a
constant such that

N N
E ap i (g, ug) < C2 ap(u,u), where u = E RIwi,u; € Vi
=0 i=0
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see [21, Theorem 3.13]. Clearly, as the overlap increases, the number of colors required
might increase while Cy will decrease. We now present the proof of Theorem 3.1:

Proof. (Theorem 3.1) For simplicity we write w; := 1 + log(H;/h;) and let w :=
max; w;. We first define ug := I'fu € V. From (6), (4) and Lemma 4.4 it holds that

N N
an,o(uo, o) < o Z a*¥ (RTug, RTup) < Cas Z w;a (u, u)

i=1 i=1
a a

(10) <C=3w af (u,u) = C—zwah(u, u).
aq KeT, aq

Define w := u — Rl ug and let u; := Ri(Ih(éiw)) € V; with 6; as in Lemma 4.5.
We have that

N N N

Rl ug + ZRZTUZ = R¥ug + Zlh(éiw) = Rlug + 1" (Z éﬂu) =u

i=1 i=1 i=1

since I"v = v for v € V},. From (7) and (4) we have that

(11) ani(uiwi) <ag Y a(uiu) =y Y / p|V (1" (0;w))|? de.
KcQy Kco, VK

For any element K € T, we consider an arbitrary (but fixed) triangular mesh
Ti of K, and denote by [x the piecewise-linear interpolant onto 7x. Define the
piecewise-linear functions Of and w’ element by element by

95|K = IKéi and wélK = Igw.

It is clear that in this way 0¢ satisfies the same properties of Lemma 4.5, since
VO || oo (i) < VOl oo (x6)-
By using Lemma 4.6, we deduce that

|Ih(0~iw)|%I1(K) = \Ih(waé)ﬁ{l(K) < wawéﬁ{l(l()

and substituting in (11) yields to

(12) an.i(ui,u;) < Cag (/ plOsVwt|? dx +/ plw Vo2 dw) :
Qo o)

It holds that
(13) |w2|?{1(K) < Ch%(||vw£||2L°°(K) < Ch Vol o 5y < Cllwllzn

where we have used an inverse inequality in the last step; see, e.g., [4, Lemma 4.5.3].
Since |6¢] < 1, the first term in the sum of (12) can be bounded easily by

/Q PV de <C Y il e,y

JEE;
=C Y py (Hllu = R uoll3zqa,) + lu— R uolda,) )
JEE;
(14) < Cw Z pj\uﬁ{l(ﬂj) =Cw Z a*¥ (u, u),

JEE; JEE;
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where we have used triangle inequality, Lemma 4.3 and Lemma 4.4. Here, Z; := {j :
Q; NQ; # 0}

In order to estimate the last term in (12), the gradient of Qf is not zero only in a
neighborhood of 9€); of width max;c=, §;. The number of sets Qg that intersect €; is
uniformly bounded, and therefore we need to consider the contribution from only one
of them. We write w* = w!+w§, with wf|x 1= Ix(u—ug) and w|x := Ik (uo—REup)
for each element K.

We first note that

i [l oo () < Nt = Tl ooy + 7 (0 = 8) || oo () < 20w — @l poc ()

where U is the mean average of u over ;.
Therefore,

H;
— w;a

Q;
0; (

U, u).

Pi ~
(15) /Qm. pi [WEVO? de < C 5 [t = (0, [ N U] < C
3 7 (2

For the remaining term w5, we cover Q; N ©; with square patches with sides on
the order of §; and note that on the order of H;/d; of them will suffice. For a square
7, we can bound

C
/ pilws VoL dae < 52Pi ||w§||2L2(wk) < Cpi|w§|§fl(m)
Tk 2

where we have used a Friedrich’s inequality, since w vanishes on 9€;. By adding all

the contributions from the squares 7 we get
/Q . pilwsVO;|* da < Cpilws |3,y < Cpilluo — Rj uollFi(a,
e
(16) < Cpiluo — Ry ol q,) < Cpiwilulin o,

where we have used a similar argument as in (13), the fact that ug — R¥ug vanishes
on 08);, and Lemma 4.4. From (15) and (16) we obtain that

J28
| ple'veRde<c (1 ; ) wia® (u,u),
@ne; 0i
and by adding all the contributions of the sets €2} N €2; and Q; N €, we get

H
J— Q,
(17) /Q; plw'Vo;|* de < C (1 + 6) w E a’® (u,u).

JEE;
Thus, by substituting (14) and (17) in (12), we obtain

ani(ui, u;) < Cag w (1 + I;) > af(uw)

JEE; KCQ;y

(18) < 0% w <1 + I;) SN af (uw).

JEE; KCQJ'
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We sum all the contributions from @y ;(u;,u;), 2 =0,...,N. By (10) and (18) we
conclude that Z?LO ani(ui, u;) < C2ap(u,u), with

2._ %2 " H
Cy .7Ca1 (1+ 5) <1+logh),

and our theorem holds. 0

6. Reduced coarse space. In general it is desirable to have a small coarse
space. In our case, the number of vertices of the polygons €2; could be quite large
even if we have a structured mesh; see for example Table 1 where we report the
dimension of the coarse space V) when using METIS subdomains. We will introduce
a smaller coarse space V{* by considering a particular subset of Vj.

Given a decomposition {Q;}X; of 2, we partition the nodes of the triangulation
Tr into equivalence classes. The nodes that belong to exactly one subdomain §2; are
its interior nodes. A subdomain edge £ will be the interior of the intersection of the
closure of two neighboring subdomains €2; and €2;. If such intersection has more than
one component, each open component will be considered as a subdomain edge. Then,
the endpoint nodes of £¥ will belong to the set of subdomain vertices. We will write
& instead of £¥ if there is no need to identify the two subdomains €2; and ;.

Inspired by [10], for each subdomain vertex @y we will define a coarse function
Yay € Vo. First, we set ¢z, (€) = 0 for all subdomain vertices, except at &y where
Yao (@) = 1. We then define the coarse degrees of freedom for the nodes in the
interior of the subdomain edges. If x is not an endpoint of £, then 1, vanishes on
that edge. If £ has endpoints g and x1, let dg be the unit vector with direction from
@1 to xg. Consider any node £ € £. If 0 < (T — @1) - dg < |xy — x1|, we then set

(x —x1) - de

|zo — 1]

(19) Yy (®) =

It is clear that s, (xo) = 1, ¥z, (1) = 0 and that the function varies linearly in the
direction of dg for such nodes. If (£ —x1)-dg < 0 or (& — @1) - dg > |xg — 21|,
we then set ¥z, () = 0 or ¥y, (€) = 1, respectively. In this way, we define all the
degrees of freedom of 15, € Vy. By construction it is clear that 15, € Vp is uniformly
bounded and that 1z, + 14, = 1 along the edge £. We present RE b4, for a particular
subdomain vertex in Figure 2, where we have used hexagonal elements and METIS
subdomains. We then define the reduced coarse space

V= {v € H(Q):v= Zaw(ﬂ/’mo} C VW,
Zo

where the sum goes over all the subdomain vertices x. In this setting we have only
one coarse degree of freedom per subdomain vertex. In the numerical experiments,
the dimension of V is in average just a 6% of the dimension of V; for hexagonal
and irregular elements. We conclude with an analogous result as Theorem 3.1 for this
reduced coarse space:

THEOREM 6.1. Consider the preconditioner A;dl obtained by using the reduced
coarse space V. Then, there ezists a constant C, independent of H, h and p, such
that the condition number of the preconditioned system /@(A;dlA) satisfies

H H
k(A JA) < C <1 + log h) (1 + 5) )
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Fig. 2: A reduced coarse basis function for an hexagonal mesh with METIS subdo-
mains.

where the ratios H/h and H/$ denote their maximum value over all the subdomains.

Proof. Given u € Vj, we define Iy = Do WT0) Ve, € Vit. We have that

I reproduces constants and since V¥ C Vp, we can write ug := I7u as a linear
combination of the coarse basis functions ¢ of Vg, where all the degrees of freedom
can be expressed in terms of u. More precisely,

wo= Y w@)dy + YD (Yao(@)ul@o) + (1 — tay(@)u(1)) 3,

xzE€Sy £ =xe€

where Sy is the set of subdomain vertices and x, x; are the endpoints of edge &.
When replacing IH by I, we have also that

I (u = D)L () < llu =l o)

Therefore, similar results as in Lemma 4.3 and Lemma 4.4 can be obtained. No
new ideas are required to deduce a similar bound for the condition number of the
preconditioned system as in Theorem 3.1. ]

7. Experimental results. We present some numerical results for our two-level
overlapping additive algorithm with Q = [0, 1]2. We consider meshes with triangular,
square, hexagonal and irregular elements, with square subdomains (for triangular
and square elements) and irregular subdomains (for all the types of elements) created
with the mesh-partitioner software METIS [18]; for some examples see Figure 3 and
Figure 4.

We solve the resulting linear systems using the preconditioned conjugate gradient
method to a relative residual tolerance of 10~%. We compute the right-hand side such
that the exact solution is u(x1,z2) = sin(wx;)sin(maz) when p = 1. The number of
iterations and condition number estimates (in parenthesis) are reported for each of
the experiments.
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(a) Triangular elements and METIS subdo-

. (b) Square elements and METIS subdomains
mains

Fig. 3: Example of piecewise discontinuous p across the interface. For each subdomain,
pi = 10", where r; is a random number in [—3, 3] with a uniform distribution.

(a) Hexagonal elements and subdomains (b) Irregular elements and subdomains

Fig. 4: Solution for p = 1 with virtual elements.

7.1. Standard Finite Element Spaces. We start by considering the dis-
cretization of problem (2) with the first-order Lagrange space P; (triangular elements)
and the bilinear space ()1 (square elements). In this case, our analysis provides a new
coarse space for irregular subdomains. We note that our results are similar to the
ones obtained in [10] where experiments were reported for a different coarse space
based on discrete harmonic extensions, and that the dimension of our reduced coarse
space is similar as theirs.

ExXAMPLE 7.1. We verify the scalability of our algorithm. We first consider trian-
gular elements with the first-order Lagrange space P; and square elements with the
bilinear space @1, for a constant coefficient p = 1. We include experiments with square
and METIS subdomains as in Figure 3. The condition number remains bounded as
we increase the number of subdomains; see Table 1.
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Table 1: Number of iterations and condition number (in parenthesis) for our algorithm
discretized with P; and @7 elements with N subdomains, p = 1, H/h = 16 and
H/§ = 4. Ny is the dimension of the coarse space.

Square subd METIS subd METIS reduc

FEM N | Ny I(k) | Ny I(k) | Nv I(k)
P, 127121 15(4.9) [ 1819  21(8.3) | 243  26(9.9)
162 | 225 15(4.8) | 3308 26(10.6) | 447 27(11.0)

202 | 361 15(4.8) | 5347 26(11.0) | 711 29(13.5)

242 | 529 15(4.7) | 7651 30(10.8) | 1054 27(10.8)

Q1 122 [ 121 14(5.5) | 624 21(7.2) | 241  22(7.7)
162 | 225 14(5.9) | 1265  24(7.3) | 450  22(7.6)

202 | 361 14(5.9) | 2192 23(7.4) | 721  22(7.2)

242 | 529 14(5.7) | 2685  23(7.4) | 1058  22(7.0)

EXAMPLE 7.2. We confirm that the condition number grows linearly as a function
of H/6. In these experiments, we use 64 subdomains with H/h = 64, p = 1. The
stiffness matrix has 263169 degrees of freedom. For square, METIS and reduced
subdomains, the coarse space has dimension 49, 2923, 96 for P; elements, and 49,
1074 and 98 for )1 elements, respectively; see results in Figure 5.

707 64 60
e Square Subd » e Square Subd
60l| ® METIS Subd i e METIS Subd A
e METIS Reduced i 50| e METIS Reduced 7742
- 77
sol » s 35) e
.7 e 401 / —e
<40t e P = % T
= P A = % e
[ . - 1330+ . -
N ‘e - = X7 Pl
2301 A6 3 e
e - —
s 20 3B .27 _~
20} o T Y >
20 -~ g
7 e - | 77 20
100 188723 -~ 28 100 25y
52 N
o | | | | | | | o | | | | | | |
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
H/S H/s
(a) Triangular elements (b) Square elements

Fig. 5: Condition number (y—axis) as a function of H/¢ (the number of iterations is
shown for each point).

ExAaMPLE 7.3. We study the behavior for increasing values of H/h with 64 sub-
domains, H/§ = 4 and p = 1; see Table 2. Results in this case are insensitive to
increasing values of H/h.

EXAMPLE 7.4. We study the behavior of our algorithm when p has discontinuities
across the interface; see Figure 3 for a particular example of p. For each test we
generate random numbers r; € [—3,3] with a uniform distribution, and assign p; =
10" for individual elements inside each subdomain §2;. In this case, we observe the
logarithmic factor 1 + log(H/h) in some cases; see results in Table 3.
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Table 2: Number of iterations and condition number (in parenthesis) for our algorithm
discretized with P; and Q1 elements with 64 subdomains, p =1 and H/§ = 4. Ny is
the dimension of the coarse space and dof the size of the stiffness matrix.

Square subd | METIS subd | METIS reduced

FEM | H/h dof | Ny I(k) | Ny I(k) | Ny I(k)
Py 8 4225 | 49 14(5.2) | 386 21(7.6) | 93 25(10.2)
16 16641 | 49 15(5.5) | 386 22(7.9) | 93 26(10.9)

32 66049 | 49 16(5.7) | 386 23(7.8) | 93 27(10.8)

64 263169 | 49 16(5.8) | 386 23(7.8) | 93 28(11.0)

Q1 8 4225 | 49 14(6.0) | 252 19(6.2) | 96 19(5.7)
16 16641 | 49 14(4.9) | 252 20(6.3) | 96 20(6.3)

32 66049 | 49 15(4.8) | 252 20(6.3) | 96 21(6.4)

64 263169 | 49 15(4.8) | 252 21(6.4) | 96 21(6.4)

Table 3: Number of iterations and condition number (in parenthesis) for our algorithm
with P; and @)1 elements and 64 subdomains, p discontinuous across the interface,
H/§ =4.

Square subd | METIS subd | METIS reduc

FEM H/h | Ny I(k) | Ny I(k) | Ny I(k)
Py 16 | 49 25(11.6) | 386 24(7.5) | 93  26(8.7)
32| 49 27(14.0) | 386 25(7.6) | 93 27(8.8)

64 | 49 27(16.3) | 386 25(7.7) | 93 27(8.8)

Q1 16 | 49 25(17.6) | 252 25(8.6) | 96  24(7.4)
32| 49 26(20.6) | 252 27(9.0) | 96 26(9.3)

64 | 49 27(23.6) | 252 28(9.2) | 96 27(9.7)

7.2. Discretizacion with VEM. We now consider general polygonal meshes
as in Figure 4. We use our two-level additive algorithm in order to construct a
preconditioner for the linear system that arises from (5); see [20] for a Matlab’s
implementation of the lowest-order VEM.

EXAMPLE 7.5. We first verify the scalability for p = 1; see Table 4 and Table 5.
We add two layers of elements in order to construct £} in both cases and H/h ~ 8. For
hexagonal and irregular elements we construct subdomains based on the incenter of
the elements (to obtain square-like subdomains) and METIS subdomains. We observe
that results agree with the bounds obtained in Theorem 3.1 and Theorem 6.1.

EXAMPLE 7.6. In this case, we study the behavior of the condition number for
increasing values of H/d for p = 1 and H/h = 32; see Figure 6. We observe linear
growth as we increase H/d, as expected.

EXAMPLE 7.7. We study the dependence on H/h for the different type of el-
ements; see results in Table 6. We observe a logarithmic growth in the cases of
hexagonal and irregular elements.

ExaMPLE 7.8. We conclude by presenting some examples where p has disconti-
nuities across the interface as in Example 7.4. Results are independent of jumps of
the coefficient across the interface; see Table 7 and Figure 7.
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Table 4: Number of iterations and condition number (in parenthesis) for our algorithm
with square elements and VEM. We add two layers of elements to construct the
overlapping subdomains €. Ny is the dimension of the coarse space, N the number
of subdomains, p =1 and H/h = 8.

Square subd | METIS subd | METIS reduced

N NV I(/Q) NV I(KJ) NV I(Ii)
122 | 121 13(6.7) | 654 20(6.7) | 243 21(6.8)
162 | 225 13(6.2) | 1160 20(6.8) | 439  21(7.1)
242 | 529 13(6.3) | 2721 23(7.4) | 1047 22(7.3)
322 | 961 12(5.4) | 4711 24(7.6) | 1891 22(7.5)

Table 5: Number of iterations and condition number (in parenthesis) for our reduced
algorithm with hexagonal and irregular elements with VEM. We add two layers of

elements to construct the overlapping subdomains ;.

Ny is the dimension of the

coarse space, N the number of subdomains, p = 1 and H/h =~ 8. The dimension of
the reduced coarse represents only a 6% of the dimension of the full coarse space.

351

30+

25

A)

-1
d

KA,

151

101

Hexagonal elements Irregular elements
Incenter METIS Incenter METIS

N NV I(H) NV I(li) NV I(Kt) NV (Iﬁ:)

82 98 17(5.7) 99 17(5.0) 98 20(6.5) 99 23(7.7)
122 | 242 22(8.8) | 242 24(8.6) | 242 21(6.7) | 247 24(10 5)
162 | 450 20(7.6) | 453 22(7.8) | 450 22(7.1) | 452  24(8.1)
202 | 722 19(6.6) | 721 22(7.1) | 730 25(9.2) | 724  25(8.7)

351
o Full (NV =2447) /4?” o Full (NV = 1648) > /.38
e Reduced (NV = 19) - e Reduced (NV = 18) e
P 30 et
//// P ////
/// Tf‘szo H e
337 = 7
e 15 .- %0

7 % ®
24 7 R H e
2I;~2§ i B S’ 1 24

16 1‘5 26 2‘5 ?;0 3‘5 55 16 1‘5 26 2‘5 3‘0 3‘5

H/S H/S

(a) Hexagonal elements

(b) Irregular elements

Fig. 6: Condition number (y—axis) as a function of H/d for p =1, H/h =32, N = 16
(the number of iterations is shown for each point).
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Table 6: Number of iterations and condition number (in parenthesis) for our reduced
algorithm with 16 METIS subdomains, p = 1 and H/§ = 4.
Irregular elem

Square elem | Hexagonal elem

H/h

NV I(KJ) NV I(Ii) NV I(FL)
16 | 17 19(6.1) | 18 18(5.9) | 18 22(7.4)
32| 17 20(6.2) | 18 19(6.1) | 19 28(13.7)
64 | 17 20(6.2) | 18  20(6.6) | 18 37(20.9)

Table 7: Scalability for different VEM discretizations for the reduced coarse space
with METIS subdomains, p discontinuous across the interface, H/h = 8, H/é = 4.

Squares Hexagons Irregular

N I(k) I(k) I(k)
122 ] 27(9.5) 28(10.2) 27(9.7)
162 | 26(9.1) 26(8.8)  29(10.2)
202 | 27(9.2) 26(8.0)  32(12.1)

12

e Square elements
e Hexagonal elements

e Irregular elements

11r

101

a4

(A

L| e Square elements
e Hexagonal elements

e Irregular elements

30 40
H/h

10
H/§

Fig. 7: Condition number as a function of H/h (left) and H/o (right) for the reduced
coarse space, with N = 16 and p discontinuous across the interface as in Figure 3.
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8. Conclusions. We have defined a new coarse space V) that can be used for
different domain decomposition methods which is useful in the presence of irregular
subdomains. In particular, we have obtained a bound for the condition number of
the preconditioned system by using a two-level overlapping Schwarz method, where
we have used VEM for the discretization of problem (2). Nevertheless, the dimension
of Vi can grow if the edges are quite irregular, even for structured meshes. For that
reason, we have introduced a reduced coarse space V{*. Its dimension is equal to the
number of internal subdomain vertices and the estimates for the condition numbers
are quite similar in both cases, even though there is a significant reduction in the
dimension of the coarse space.

We have developed two sets of numerical experiments. First, the coarse spaces
Vo and V¥ are used for standard P; and @, discretizations; see Subsection 7.1. Our
results are similar as the ones obtained in [10] where their coarse space is based on en-
ergy minimization. Second, we have tested the preconditioner for the stiffness matrix
obtained by VEM, which allows to consider polygonal elements; see Subsection 7.2.
In both cases, we have verified the theoretical bounds obtained in Theorem 3.1 and
Theorem 6.1. Results are competitive and independent of jumps of the coefficient
across the subdomains, and the method allows to handle irregular subdomains as the
ones obtained by mesh partitioners.

Acknowledgments. The author would like to thank his former advisor Prof.
Olof Widlund and Prof. Toma§ Vejchodsky for their suggestions during the work on
this article.

REFERENCES

[1] L. BEIRAO DA VEIGA, F. BRrEzz1, A. CANGIANI, G. MANzINI, L. D. MARINI, AND A. RUSSO,
Basic principles of virtual element methods, Math. Models Methods Appl. Sci., 23 (2013),
pp. 199-214.

[2] L. BEIRAO DA VEIGA, F. BREzzI, L. D. MARINI, AND A. RUsso, The hitchhiker’s guide to the
virtual element method, Math. Models Methods Appl. Sci., 24 (2014), pp. 1541-1573.

[3] J. H. BRAMBLE AND S. R. HILBERT, Estimation of linear functionals on Sobolev spaces with ap-
plication to Fourier transforms and spline interpolation, STAM J. Numer. Anal., 7 (1970),
pp. 112-124.

[4] S. BRENNER AND R. ScoTT, The Mathematical Theory of Finite Element Methods, Texts in
Applied Mathematics, Springer New York, 2007.

[5] E. CACERES, Mized Virtual Element Methods. Applications in Fluid Mechanics., 2015. Thesis
(Ph.D.)—Universidad de Concepcién, Chile.

6] J. G. Cavo, A two-level overlapping Schwarz method for H(curl) in two dimensions with
irregular subdomains, Electron. Trans. Numer. Anal., 44 (2015), pp. 497-521.

[7] ——, A BDDC algorithm with deluze scaling for H(curl) in two dimensions with irregular
subdomains, Math. Comp., 85 (2016), pp. 1085—-1111.

[8] C. R. DOHRMANN, A. KLAWONN, AND O. B. WIDLUND, Domain decomposition for less regular
subdomains: Overlapping Schwarz in two dimensions, SIAM J. Numer. Anal., 46 (2008),
pp. 2153-2168.

[9] C. R. DOHRMANN, A. KLAWONN, AND O. B. WIDLUND, A family of energy minimizing coarse
spaces for overlapping Schwarz preconditioners, in Domain decomposition methods in sci-
ence and engineering XVII, vol. 60 of Lect. Notes Comput. Sci. Eng., Springer, Berlin,
2008, pp. 247-254.

[10] C. R. DOHRMANN AND O. B. WIDLUND, An alternative coarse space for irregular subdomains
and an overlapping Schwarz algorithm for scalar elliptic problems in the plane, SIAM J.
Numer. Anal., 50 (2012), pp. 2522-2537.

[11] C. R. DOHRMANN AND O. B. WIDLUND, An iterative substructuring algorithm for two-
dimensional problems in H(curl), STAM J. Numer. Anal., 50 (2012), pp. 1004-1028.

[12] C. R. DOHRMANN AND O. B. WIDLUND, On the design of small coarse spaces for domain
decomposition algorithms, Tech. Rep. TR2017-987, Courant Institute, NYU, 2017.



JUAN G. CALVO

M. DRryJA AND O. B. WIDLUND, An additive variant of the Schwarz alternating method for the
case of many subregions, Tech. Rep. TR-339, Department of Computer Science, Courant
Institute, 1987.

, Some domain decomposition algorithms for elliptic problems, in Iterative methods for

large linear systems (Austin, TX, 1988), Academic Press, Boston, MA, 1990, pp. 273-291.

, Towards a unified theory of domain decomposition algorithms for elliptic problems, in
Third International Symposium on Domain Decomposition Methods for Partial Differential
Equations (Houston, TX, 1989), SIAM, Philadelphia, PA, 1990, pp. 3-21.

F. JouN, Rotation and strain, Comm. Pure Appl. Math., 14 (1961), pp. 391-413.

P. W. JONES, Quasiconformal mappings and extendability of functions in Sobolev spaces, Acta
Math., 147 (1981), pp. 71-88.

G. KARYPIS AND V. KUMAR, A fast and high quality multilevel scheme for partitioning irreqular
graphs, SIAM J. Sci. Comput., 20 (1998), pp. 359-392.

A. KLAWONN, O. RHEINBACH, AND O. B. WIDLUND, An analysis of a FETI-DP algorithm on
irregular subdomains in the plane, SIAM J. Numer. Anal., 46 (2008), pp. 2484-2504.

O. J. SuTTON, The virtual element method in 50 lines of MATLAB, Numerical Algorithms,

A

O

(2016), pp. 1-19.

. ToseLLI AND O. B. WIDLUND, Domain decomposition methods-algorithms and theory, vol. 34
of Springer Ser. Comput. Math., Springer, 2005.

. B. WIDLUND, Accommodating irregular subdomains in domain decomposition theory, in
Domain Decomposition Methods in Science and Engineering XVIII, M. Bercovier, M. J.
Gander, R. Kornhuber, and O. B. Widlund, eds., vol. 70 of Lecture Notes in Computational
Science and Engineering, Springer-Verlag, 2009, pp. 87-98.


http://www.tcpdf.org

