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Abstract. A new extension operator for a virtual coarse space is presented which can be used
in domain decomposition methods for nodal elliptic problems in two dimensions. In particular, a
two-level overlapping Schwarz algorithm is considered and a bound for the condition number of
the preconditioned system is obtained. This bound is independent of discontinuities across the
interface. The extension operator saves computational time compared to previous studies where
discrete harmonic extensions are required and it is suitable for general polygonal meshes and irregular
subdomains. Numerical experiments that verify the result are shown, including some with regular
and irregular polygonal elements and with subdomains obtained by a mesh partitioner.
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1. Introduction. We will consider the scalar elliptic problem in two dimensions
(1) —V - (p@)Vu(@) = f(@), weQ, pla)>0, feLXQ),

posed in H'(Q) := {v € L*(Q) : ||Vv]|r2(0) < oo} and with homogeneous Dirichlet
boundary conditions. We will work as usual with a weak formulation for problem (1),
namely: Find u € H{ () such that

(2) a(u,v) = F(v) Yove€ Hy(Q),

where a(u,v) := [, p Vu- Vv da, F(v) := (f,v)o,q is the inner product in L*(2) and
H}(Q) is the subspace of H!(£2) with vanishing trace.

We consider a general polygonal triangulation 75, of  and discretize problem
(2) with the novel Virtual Element Method (VEM) [1, 2]. The associated stiffness
matrix is then obtained by defining a finite-dimensional space V}, and an computable,
consistent and stable bilinear form ay(-, ) defined in Vi, x V.

We then construct a two-level overlapping additive Schwarz preconditioner for the
associated linear system; see, e.g., [18, Chapter 3]. These methods were introduced
in [10, 11, 12]. For this purpose, the domain 2 is decomposed in N non-overlapping
subdomains {€2;}¥; of diameter H; which are the union of elements of the triangula-
tion 7;. The preconditioner has local contributions that correspond to homogeneous
Dirichlet solvers on extensions 2, D §);, and a coarse component that involves a
global solver of modest size. The dimension of our coarse space is equal to the num-
ber of subdomain vertices (the nodes of the triangulation that belong to three or more
subdomains).

In general, there is no straightforward approach to define coarse basis functions
in the presence of irregular subdomains. In this setting, the virtual space seems to
be a natural choice since it can accommodate polygonal elements with no complica-
tions. Thus, general polygonal subdomains can be considered in the decomposition.
Furthermore, the lowest-order space is characterized by functions that are harmonic
in the interior of the subdomains, which have minimum H!-seminorm amog the func-
tions with the same values on the boundary. We note that previous studies related to
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irregular subdomains are based on discrete harmonic extensions starting with [8]; see
also [7, 16, 19, 9] where John [13] and Jones [14] subdomains are considered.

Our virtual coarse space was introduced in [6], where two variants were considered:
the full coarse virtual space V; defined on the partition {Q;} of Q, and a reduced
version V# C V,. In the VEM terminology, functions are virtual in the sense that
they are never required to be constructed explicitly; the only available information is
their degrees of freedom. Hence, in order to compute the coarse component of our
preconditioner, we need to approximate the coarse functions in the virtual element
space.

The first approach considered in [6] consists in defining the operator RE : V,F —
Vi, by evaluating a piecewise linear interpolant. In the present study, we modify this
operator and consider polynomial approximations inside the subdomains (with degree
greater than or equal to two). These projectors are used in the VEM methods when
assembling the stiffness matrices and can be computed by only knowing the degrees
of freedom of the virtual functions. They provide a good approximation and allow to
deduce a similar upper bound for the condition number of the preconditioned system.
The bound obtained in Theorem 4.1 is also independent of discontinuities of p across
the interface, and we will assume that p is constant in each subdomain €2;.

We note that the main advantage of our approach with respect to previous studies
is that no discrete harmonic extensions are required in the algorithm, saving compu-
tational time. We also aim to contribute and enrich the literature related to iterative
solvers for VEM discretizations, since there is a lack of theoretical analysis for such
problems.

The rest of this paper is organized as follows. In Section 2 we introduce the
notation that will be used throughout our analysis. In Section 3 we present the basic
theory of VEM and the discretization of our problem. The coarse space is described
in Section 4 along with the new extension operators that approximate the coarse basis
functions. Then, Section 5 includes some technical tools and the proof of the bound for
the condition number of the preconditioned system. We include some implementation
details and report on some numerical experiments in Section 6. Finally, we present
some closing remarks in Section 7.

2. Notation. Given h > 0, we will divide the domain € into simply connected
polygons K (not necessarily similar) of diameter hx < h; see some examples in
Section 6. These polygons will be called elements and later we will introduce two
assumptions on them. This polygonal triangulation will be called fine mesh and will
be denoted by T,. The set of nodes of a partition 7;, contains the vertices of all the
elements K € 7T, and will be represented by Sxr, while the set Sf\(/ will include the
nodes of T, that are on the boundary of K. We note that the set S/{{/ can contain,
besides vertices of K, also hanging nodes, i.e., vertices of other polygons that lie on
an edge of K. The bilinear form (2) restricted to an element K will be denoted by

a” (u,v) ::/ p Vu-Vu dx.
K

Furthermore, the domain €2 will be partitioned into N non-overlapping and simply
connected subdomains {;}Y ; of diameter H; which are the union of elements of the
triangulation Tp; see, e.g., Figure 1. The partition formed by {;} will be called
coarse mesh and will be denoted by 7. In a similarly way, the set of nodes of Ty
contains the vertices of all the subdomains (2; and will be represented by Sf\{f, while
the set Sf\l} will include only the nodes of Ty that are on the boundary of ;. Again,
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hanging nodes are allowed on the coarse mesh. We will assume also that the coefficient
p(x) is constant and equal to p; inside each subdomain €;. We will then construct
overlapping subdomains Q; D €; by adding layers of elements that are external to 2,
and we will denote by J; the maximum width of the region Q} \ ;.

We will also partition the set of nodes Sy into disjoint sets. The nodes that
belong to exactly one subdomain ); are its interior nodes. A subdomain edge £ will
be the interior of the intersection of the closure of two neighboring subdomains €2;
and €2;. If such intersection has more than one component, each open component will
be considered as a subdomain edge. Then, the endpoint nodes of £% will belong to
the set of subdomain vertices, which will be denoted by Sy. We will write £ instead
of £ if there is no need to identify the two subdomains 2; and ;. The interface of
the decomposition will include the closure of all the subdomain edges.

We remark the distinction between Sff (nodes that are vertices of the polygonal
subdomains) and Sgi (nodes that belong to at least three subdomains); see Figure 1.
It is clear that Sg C Sf\zf"'.

Fig. 1: A METIS decomposition for the unit square with square elements. The colored
subdomain is a dodecagon with six subdomain edges. (a) Subdomain nodes, SJS\)/ (left)
(b) Subdomain vertices, Sg (right)

We also define some polynomial spaces that will be used in the description of the
algorithm. Given two non-negative integers o, ao, we will use the standard notation
for a multi-index & = (a1, ), with |a| := a1 + ag and z® := {25 for any point
in the plane & = (21, x2). The space of polynomials of degree less than or equal to k
defined on D will be denoted by Py (D). We recall that dim P (D) = (k+1)(k+2)/2
for two-dimensional domains.

Let mg, be the scaled monomial of degree || in the domain D, defined by

)= (7552

where xp is the barycenter of D and hp its diameter. The set of such polynomials
of degree less than or equal to k will be denoted by

(3) Myu(D) = {mq : |a| < k}.

Let D represent an element K € Tp, or a subdomain ;. We distinguish between
Tp, the standard nodal average of v, and vp, the mean value of v, defined respectively
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by
i 3wl and G o [ (@) d
Up i= ——— w(x), and Vp:i= — w(x) de.
S D1

zesh
For a positive integer k, we will also consider the set

B (0D) := {v € C*(dD) : v|. € Py(e) V e C dD}
where e represents any edge on the boundary of D, and the local virtual element space
(4) VP .= {ve HY(D) : v € By(dD), Av € Py_o(D)}.

We note that we consider P_;(D) = 0. Hence, a function in V;P is continuous
and piecewise linear on the boundary of D and harmonic in the interior, and it is
completely determined by its values at the nodes in Sﬁ’,.

Finally, we define the operator Hg’k : VP — Py(D) c ViP where v := Hg}kv is
the polynomial that satisfies

aP(v,q) = aP(v,q) V q € Pr(D),
) {%@—%w.

Here, P : VkD — R is a projection operator onto constants, which is chosen as the
nodal average if k = 1 or the mean value if k£ > 2; see Subsection 6.1 for implementa-
tion details related to the operator Hg,k .

3. Virtual Element Methods and discretization. We describe the basic
theory of the VEM introduced in [1]; see also [2] for implementation details. We dis-
cretize (2) with the lowest-order VEM and we restrict in this section our presentation
to this case. Nevertheless, for the approximation of the coarse space we will use the
projectors Hgk for k > 2; see Subsection 4.2. It is assumed that the elements satisfy
the following two assumptions, where h denotes the maximum of the diameters of the
elements in 7:

ASSUMPTION 1. There exists v > 0 such that for all h, each element K in Ty, is
star-shaped with respect to a ball of radius greater than or equal to yhg .

ASSUMPTION 2. There exists v > 0 such that for all h and for each element K
in Tr, the distance between any two vertices of K is greater than or equal to vhy .

The global space of lowest-order virtual element functions is defined as
Vi :={ve H}(Q) :v|x e VEV K €T},

where V€ is defined in (4). The dimension of V}, is equal to the number of nodes of
Ty, in the interior of Q. It is easy to check that they are unisolvent ([1, Proposition
4.1]) and V}, reduces to the first-order Lagrange finite element space in the case of a
triangular mesh.

We consider the canonical basis {¢Z} of Vj, such that, for any node x; € Sy,
we have that (bgi (zj) = d;;. For a continuous function u, we can define the natural
interpolant onto V}, given by

Iy = Z u(x)ph.

TESN



ON THE APPROXIMATION OF A VIRTUAL COARSE SPACE )

We note that in general a(¢f qﬁ_fz,j) cannot be evaluated as discussed in [1, Section
4.5]. Therefore, we consider the local bilinear form af* : Vi¥ x V¥ — R defined by

(6) ahK(u7 ’U) = CLK(HXJU, HX,lv) + SK(U - HX,luv U= HX,l’U)a

where SK : VK x V£ — R is a stabilizing term, which can be chosen as

SE (u,v) := Z p u(x)v(x).

zeSE
From (6) it is clear that ahK satisfies the consistency property
ak(p,v) =a®(p,v) VpePi(K), YveVE,
and the stability property
(7) ar1a® (v,v) < aff (v,v) < aza®(v,v) VoveVE,

where aq, s are independent of p, hx and K; see [1, Theorem 4.1]. The discrete
bilinear form and right hand side are then defined by

an(u,v) == > af(uv), Fy)= Y |K|f7.

KeTy, KeTy,

Finally, the discrete formulation for problem (2) is: Find u; € V3, such that
(8) ah(uh,vh) = Fh(vh) Vo, €V

We refer to [1, 5] for an a priori estimate and approximation properties, [2] for imple-
mentation details and [17] for an implementation in Matlab.

4. Overlapping Schwarz methods. We briefly describe the two-level additive
overlapping Schwarz methods; for a complete study see [18, Chapters 2, 3]. We also
describe the reduced virtual coarse space Vi introduced in [6, Section 6] and the new
operator R{ in detail.

4.1. The coarse space. Consider the partition 7% formed by the subdomains
{Q;}N |. For each subdomain, let V; := V¥ be the lowest-order local virtual space
defined in (4). The degrees of freedom are chosen again as the values at the nodes in
Sj\lﬁ'. Then, the global virtual space on 7 is defined as

Vo:={veHy(Q) :v|g, €V}, 1<i<N}.

For each subdomain vertex gy € Sy, we define a coarse function 1/)50 € Vy by
choosing appropriately its degrees of freedom. First, we set 1/}50 () = 0 for all the
subdomain vertices x, except at xg where ¢£) (o) = 1. Second, we set the degrees
of freedom related to the nodal values on each subdomain edge. If x( is not an
endpoint of £, then l/zg) vanishes on that edge. If £ has endpoints g and =1, let
d¢ be the unit vector with direction from x; to xg. Consider any node z € £. If
0<(x—ax1) ds <|zg— x1], we then set

(& — 1) - de

|a:0—331|

9) zo (T) =
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It is clear that ¢ (zo) = 1, 2 (1) = 0 and that the function varies linearly in the
direction of dg for such nodes. If (z —x1) -deg <0 or (£ — 1) - deg > |@o — x1], We
then set 1/150 () =0or ¢fo (z) = 1, respectively. In this way, we define all the degrees
of freedom of wi{) € Vp. By construction it is clear that 0 < 1/}50 < 1 and the sum
Zmo wg} of all these coarse basis functions is equal to one.

We then define the reduced coarse space as the span of {w:ﬁ)}, ie.,

Vit = {ve H@) o=} auull} C W,

xoESY

where og, € RV g € Sy. We note that there is only one degree of freedom per
subdomain vertex, and that functions are piecewise linear on the subdomain edges
and harmonic in the interior of each subdomain. We can naturally define a linear
interpolant I : v}, — V& by

78y = Z u(mo)¢£{],

xToESY
and it is easy to deduce that I reproduces linear polynomials.

4.2. Extension operators. The crucial aspect in the construction of the pre-
conditioner is to define an operator Ry : Vj# — V}, that approximates functions in the
coarse space by elements in V},. The straightforward approach would be to evaluate
each coarse basis function @[Jfo at the internal nodes of the subdomains, but these
coarse functions are virtual and we only know the value of their degrees of freedom.
We could consider also the discrete harmonic extension for each subdomain €2; by
using the bilinear form a(-,-) restricted to €2;. This is the usual approach in most of
the existing literature; see, e.g., [8, 7, 16, 19, 9]. A different approach is presented in
[6], where RY is constructed by considering piecewise-linear contributions.

Instead, we take advantage of the operators th i defined in (5). We start by
describing the virtual space when k > 2. For each subdomain §;, the local virtual
space of degree k is defined by V;i := V¥ see (4). Tt is easy to deduce that dim V{ =
ni;k + k(k — 1)/2, where n; is the number of edges of the polygon ;. The degrees of
freedom of a function v € V}! can be chosen as:

(a) The values of v at the n; vertices of the polygon ;.

(b) The values of v at k — 1 internal points of each edge of ;.

1
(c) The moments m/ m(z)v(x) de ¥V m e Mi_2(8;), where My_o is the
il Ja,

set of scaled monomials defined in (3).
Then, the global virtual space on 7 of degree k is defined as

Vi ={ve Hj(Q):v|g, eV}, 1<i< N}.

Clearly Vi C Vi € V. Thus, given a coarse basis function Q/JCIZ) , we can identify
it as an element of VX by computing its degrees of freedom (a), (b) and (c). We note
that the nodal degrees of freedom given in (a) and (b) are straightforward to compute
by using (9). We then need to compute the moments (c), namely

! /Q ma(@)b!! (@) de, ¥ ma € Mi_a(Q),

which might seem difficult. However, we recall that 1/)5) is harmonic in €2;. Thus, it is

enough to choose these moments in such way that a‘% ( g}, _,’Z)) is minimized among
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all the functions in V£ with the prescribed boundary data. As we will show, this is
equivalent to solving a linear system with k(k — 1)/2 unknowns for each subdomain
Q;; see Subsection 6.1 for implementation details.

We then define the action of R on each basis function of V{*. We note that R¥
depends on k > 2, but for simplicity we omit this dependence. We set the degrees of
freedom of R{ 2 € V), as follows:

(a’) If « is a node of T}, in the interior of €;, we set

(RG ¥ag) (@) = (11, 00 ().
(b’) For all the other nodes in 7, (that belong to the interface), we set
(RG ¥ (@) 1= g ().

Therefore, given ug = > axll € Vi, we can write the restriction of Rl to a

subdomain Q; as

xzeSy

(10) (Rguo) Q= " (Hgi,kuo) + Z (up — Hgi,kuo)(w)éﬁg'

zESNNON;

Finally, we consider the bilinear form defined in V& x Vi by

(11) an.o(uo,vo) := an(RE ug, R§vo) = Z a¥ (RTug, Rt wo).
KeTy,

We note that as we increase k, the possibility of choosing more moments (c) allows
us to obtain a better approximation RI 9 for ¢X by just solving a small linear
system. In practice, results for £k = 2 and k = 3 are quite competitive as it is shown
in Section 6.

4.3. Local spaces. We consider the usual local virtual spaces V;, 1 < i < N,
defined by

Vi = {v € Hy() :v|x € B1(0K), Av|x =0in K, V K C Q}}.

Thus, the degrees of freedom are the values at the nodes of 7, in the interior of 2.
We also consider the natural operators RZ-T : Vi = Vj, given by the zero extension from
the subdomain €2 to ©, 1 < ¢ < N. We use exact solvers for the local spaces, i.e., we
define the bilinear forms ay ; : V; x V; = R given by

(12) dh,i(uhvi) = (lh(RZTUi,RZ‘T’Ui) = Z ahK(ui,vi), 1 S 7 S N
KeQ,

4.4. Algorithm. In this subsection we define an additive preconditioner for
the ill-conditioned sparse linear system AX = g obtained from problem (8), where
Aij = an(dh,, d.) gi = Fu(¢lh,) and X is the vector of coordinates of the solution
with respect to the basis {(,2521} of Vi, ie,, up, = > )\iqﬁgi.

Consider the matrix representation of the operators R denoted again by RY. We
define the stiffness matrices fL = RZ-AR;-‘F7 0 <i < N, and then consider the Schwarz
projections P; = R;TA;IRZ‘A, 0 < ¢ < N. The additive preconditioned operator is
defined by

N N
(13) Pog:=Y» Pi=A A, with A} =Y R A'R;.
i=0 1=0
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Multiplicative and hybrid preconditioners can be considered as well; see [18, Section
2.2]. For the preconditioned system A;dlA)\ = A;dlg, we have the main theorem of
this paper. Its proof is presented in Section 5.

THEOREM 4.1. There exists a constant C, independent of H, h and p, such that
the condition number of the preconditioned system /@(AgdlA) satisfies

H H
k(A JA) < C <1 + log h) (1 + 5) ;

where the ratios H/h and H/$ denote their maximum value over all the subdomains.

5. Technical Tools. We collect some tools that are needed in the proof of
Theorem 4.1. For simplicity we write w; := 1 + log(H;/h;) and w := max; w;. We
recall the following Poincaré and discrete Sobolev inequalities:

LEMMA 5.1. Let Q2 be Lipschitz continuous with diameter H. Then, there exists
a constant C that depends only on the shape of Q2 but not on H, such that

[ullF20) < CH?[ult g,

for uw € HY(Q) with vanishing mean value.
Proof. See [18, Corollary A.15]. O

LEMMA 5.2. Given v € V}, with zero mean value, there exists a constant C' such
that

[0]|7 () < Cwilvla,):

where C' is independent of H; and h;.

Proof. See [3], [4, Section 4.9] for a proof with domains satisfying an interior cone
condition. This inequality holds for more general subdomains; see, e.g., [7, Lemma
3.2] for a proof with John domains. 0

We then have the following estimates for the interpolation operators I" and Hg“ K

LEMMA 5.3. Let K € T, and v € H*(K). Then, there exists C, independent of
hx, such that

|’U — IhU|HS(K) < Ch?gshj‘}p(](),
with s € {0,1}.
Proof. See [5, Lemma 3.3.4]. d

LEMMA 5.4. Let K € Ty, and suppose that there exists a triangular partition Ty
of K such that u € H'(Q) is a quadratic function in each T € Tx. Then, there exists
a constant C such that

1" ul gy iy < Clul g (i),

where C' is independent of hy .

Proof. This is a modification of [18, Lemma 3.9]; see the details in [6, Lemma
4.6]. O
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LEMMA 5.5. Given k> 2 and ug € Vki, there exists a constant C' such that
v 2 2
ILey, kuoltr (o) < |wolh (o,
v 2 21, 12
[Juo — HQ,i,kUOHL?(Qi) < CH; IUO‘Hl(Qi)’

where C' is independent of H;.

Proof. Let ug := Hgi’kuo € Pr(;). The first inequality follows straightforward
from the definition of Hgi,k, since a’¥ (ug — g, uo — Up) > 0 and a®¥ (ug — g, Ug) = 0.
The second inequality is a consequence of Lemma 5.1, since ug and ug have the same
mean value over €); by definition of the operator for k > 2. 0

We now obtain some bounds for the operators introduced in Section 4:

LEMMA 5.6. Given u € V,, let ug := Iu € V. Then, there exists a constant C
such that

|u0|§11(97‘,) < C’wi|u|§{1(m),

where C' is independent of H; and h;.
Proof. See [6, Lemma 4.4 and Theorem 6.1]. 0

LEMMA 5.7. Given u € Vi, let ug := I'"u € V. If k > 2, then there exzists a
constant C' such that

lu = Rguoll72q,) < CHiwilulFn g,y

|RG wol 1,y < Cwiluli g,y
where C' is independent of H; and h;.
Proof. Define g := thkuo. By triangle inequality and (10), we have that
flu— RgUOHQL?(Qi) < 5(”“ - aH%?(Qi) + [Juo — ml%Z(Qi) + [[io — UOH%Q(QZ-)
+ 11" — ol|72 (g, + ||9||%2(Qi)),
where 7 is the mean value of u over €; and

gi= Y (u—1o)(x)gh € V.

zESNNON;

We bound each term of the last sum separately. The first term is easily bounded by
Lemma 5.1. In turn, for the second term we have that

luo = ll72(,) = 117 (w = @) 122, < CH u =}~ (q,),

and we use then Lemma 5.2 to obtain the required bound. Here, we have used that
I (y — %) is harmonic in Q; and that the values (9) are uniformly bounded. For the
third term, we recall that ug — ug has zero mean value. Thus,

[ao = uoll72(,) < CHZ[to — uolfn (o,

and we then use Lemma 5.5 and Lemma 5.6.
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Next, the fourth term is bounded by using Lemma 5.3, an inverse inequality for
polynomials, Lemma 5.5 and Lemma 5.6. Finally, we note that g vanishes on all the
elements K that do not intersect 0f);. For the remaining elements,

1901727y < Chiklluo — o7,y < Chik o — uolF (q,)-
By adding all the contributions, we get
191720,y < CHZ [0 — uolF1(q,)s

and we conclude by using Lemma 5.5 and Lemma 5.6.
In order to deduce the second inequality, by Lemma 5.5 and Lemma 5.6 we note
that it is enough to bound the H'-seminorm of Rg ug — Ug. We have that

|R§ wo — tol 1 (q,) < ™o — TolF1 oy + 19171 00 -

The first term is easily bounded by |'1IO\%,1 () where we use Lemma 5.3 and an

inverse inequality for polynomials. Finally, since the energy of each basis function ¢/
is uniformly bounded, for an element with an edge on 0f2; we have that

913 5y < Chictlluo — o1 720
< Chigt|luo — ol p2 sy l|uo — ol (1)

< Clluo — Toll3 (k.

where we have used a standard trace estimate; see, e.g., [4, Theorem 1.6.6]. We then
add all the contributions and use Lemma 5.1, Lemma 5.5 and Lemma 5.6 to conclude
the proof of our lemma. ]

We now present the proof of our main theorem:

Proof. (Theorem 4.1) Given u € Vj,, we define
ug = Iu e VF and w; := R(I"(6;(u — RYwp))) € Vi,

with ; a typical partition of unity for the overlapping subdomains Q%; see [18, Lemma
3.4]. It is straightforward to verify that Zi\io RTu; = u. By [18, Theorem 3.13], if
there exists a constant Cy such that

N

(14) Zdh,i(ui,ui) < C§ an(u,u),
i=0

then it holds that x(P,q) < (N¢ 4+ 1)CZ2, where N¢ is the minimum number of colors
needed to paint the overlapping subdomains €2} such that no pair of subdomains of
the same color intersect.

For the sake of completeness we present the main ideas required to estimate Cy;
we refer to [6, Theorem 3.1] for more details. From (11), (7) and Lemma 5.7 it is easy
to deduce that

(15) an,o(uo, ug) < C’%wah(u,u).
aq
For any element K € Ty, we consider a fixed triangular mesh Tx of K. Denote
by Ik the piecewise-linear interpolant onto 7x. Define then 6%, w* € H*($;) element
by element by R
0f| ) == Ix0; and w'|x := Ic(u — RTup).
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It is clear that 6 satisfies ||VO!| 1 (x) < ||V§iHLoo(K) < C/d;. From (12), (7) and
Lemma 5.4 we deduce that

(16) ani(ui,u;) < Cag (/ plOSVwt|? da —l—/ plw Vo2 d:v) :
Q Q

We have that |w’ %1(K) < Cllu — Rguo||§{1(K) by using an inverse inequality. Since
|6¢] < 1, the first term in the sum of (16) can be bounded then by

(17) /Q, p |0iVwt? de < C Z pillu— Rgu0||§{1(gj) < Cw Z a*¥ (u,u),

i JEE; JEE;

where we have used Lemma 5.7. Here, Z; := {j : Q; N Q; # 0}.
In order to estimate the last term in (16), we note that the gradient of ¢ is not
zero only in a neighborhood of 9€; of width max;ez, d;. The number of sets 2 that
intersect €2; is uniformly bounded, and therefore we need to consider the contribution
from only one of them. We write w’ = w{ + w§, with w{|x := Ix(u — up) and
wh|x = I (ug — R up) for each element K.
Since [[wi||p(q,) < Cllu — @l L= (q,), we have that
.

L wia® (u, ).

9;

(18) /Q Vo de < O B~ e 1 N 2] < €
'Jﬂ i 7

For the remaining term w5, we cover Q; N ©; with square patches with sides on

the order of §; and note that on the order of H;/d; of them will suffice. For a square
7, we can bound

C

14 14 J4 L

[ ot do < Sy b air,y < Coiie,
Tk ?

where we have used a Friedrich’s inequality, since w$ vanishes on 9€);. By adding all

the contributions from the squares 7 we can conclude that
o2 H Q;
(19) / plwVe;|* de < C (1+6> wza i (u,u).
o J€E
Thus, by substituting (17) and (19) in (16), we obtain
- Q2 H K
(20) api(ui, u;) < C’a— wll+ 5 Z Z ay, (u,u).
1 JEE; KCQJ'

From (15) and (20) we conclude that (14) holds with

2. _ ~%2 H H
i (101 (1),

and our proof is complete. 0

6. Experimental results. In this section we discuss some implementation de-
tails and present numerical results for our two-level overlapping additive algorithm
with Q = [0, 1]2.
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6.1. Implementation. We first describe how to compute the operators Hgi’k;
see [2] for more details. Consider a subdomain €2; and the basis of scaled monomials
My _2(82;). We use the natural ordering for the multi-indices

a; = (0,0),as = (1,0), 3 = (0,1),...,an,, = (0,k —2),

with Naq := k(k—1)/2 the dimension of Mj,_o. We also order the degrees of freedom
of V} and denote by dof,(u) the functional that computes the p-th degree of freedom
of a given function u, 1 < p < Ny, with Ny := dimV}’. In this way, we define the
canonical basis {p,} of V}' such that dof,(¢,) = 6,4. We then define the Ny x Ny
matrix D, where its entries are given by

Dy; = dofy(ma, ),

and the Ny x Ny matrix B given by

Popr . Popny,
B (vmaz y v‘pl)O,Qi s (Vmaz y VQDNV)QQi
(vatNM ) V@1)07Qi s (vmaNM ’ V(pNV)Oaﬁi

By simple linear algebra, it is easy to show that the matrix representation of the
operator II§ . acting from V}! to Py(€2) in the basis My, (€;) is given by

IIY := (BD)"'D.
We can compute B by using the formula

/ Vme - Vo, de = 7/ YpAme dx +/ gapam—a ds.
Q. Q. a9, on

7 i

The first integral in the sum can be computed with the moments of ¢, since Amq €
Pr—2. For the last integral, ¢, is a polynomial on the boundary of the subdomain.
Thus, the entries of B can be computed exactly up to machine precision.

Next, we describe how to compute the matrix RI. We note that there is one
column for each coarse basis function. Given a subdomain vertex x, its column
contains the values of the degrees of freedom of ngg) in V. The values of 1/150 at
the nodes on the interface are computed from the definition of 1/153{) . For the interior
nodes of a subdomain €);, we compute the degrees of freedom as follows. Consider
the local matrix A®) written in block form

Ajy Ay

AW = i i
Apr A

where I and B stand for interior and boundary degrees of freedom, respectively.
Similarly, we write the projector matrix ITIY in block form

Y = [IL1, 10, ],

where the first block II, ; includes the columns related to the nodal degrees of free-
dom, and the second block II, 5 has the columns related to the degrees of freedom for
the moments. Similarly, we write the degrees of freedom of wi{) as a column vector
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[Dy, D3]T, with Dy the unknown moments. Therefore, the coefficients of the polyno-
mial vazi,k‘/)fo on the scaled monomial basis My (£2;) are given by IIY [Dq, Do]T. If
we denote by M the matrix whose columns are the scaled monomials evaluated at
the interior nodes of ; and by vp the values of z/Jg) at the nodes of 7;, on 09);, when
finding the minimum of a% (X, 1) we obtain the linear system with k(k — 1)/2
unknowns given by

(M7, MTAY)MIL, 5) Dy = —(vEAY) MIL o + 1T, MT AY) ML, 1 Dy).
After solving for Dy, the degrees of freedom inside the subdomain are given by

M (H*,lDl + H*72D2) .

Cubic Discrete Harmonic

&

Quadratic

Piecewise-linear

Fig. 2: Different approximations for a coarse basis function with square elements and
METIS subdomains (p = 1).

We show the time required to assemble the matrix Rl as a function of H/h in
Figure 3 for different approaches. We consider the case of discrete harmonic extensions
as considered in [9], the case of piecewise-linear approximations studied in [6] and our
operator R for k = 2 and k = 3. The assembling times are obtained by a serial
code implemented in Matlab. For simplicity, we consider square elements and just
four METIS subdomains. The computed time includes the factorization of the local
matrices in the case of discrete harmonic extensions, and the computation of the
local projectors IIY for our method. In all the cases, the values on the interface are
computed similarly.

507
® Discrete harmonic
40t e Piecewise linear .
e Cuadratic /
e Cubic 7
° 30+ Ya
g /
& s/
201 // e
e
// 7
e _ ~
10+ po // -
P _o-=8
0 B8 ———=—" |
0 200 400 600 800 1000
H/h

Fig. 3: Assembling time (in seconds) for RY .
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6.2. Examples. We present some experiments to verify the bound obtained
in Theorem 4.1. We consider different polygonal meshes with square and irregular
subdomains (created with the mesh-partitioner software METIS [15]); see Figure 4
for a triangulation with hexagons and irregular polygons. We estimate the condition
number x and compute the number of iterations Iy (for k = 2), I5 (for k = 3) and I3
(for the coarse space [9] based on discrete harmonic extensions) for each experiment.
We note that our operator RY recovers the bilinear @; coarse space if €2; is a square
and for this reason we only compute I when considering square subdomains. For
METIS subdomains we compare the different approximations.

Fig. 4: Solution with virtual elements for hexagonal (left) and irregular (right) meshes
and constant coefficient p = 1.

We solve the resulting linear systems using the preconditioned conjugate gradient
method to a relative residual tolerance of 1075, We compute the right-hand side such
that the exact solution is u(x1,z2) = sin(mxy) sin(rx2) when p = 1. When referring
to discontinuous coefficients, we generate random numbers r; € [—3, 3] with a uniform
distribution and assign p; = 10" to each individual element inside £2;.

6.2.1. Triangular mesh. For this case, the VEM corresponds to the first-order
Lagrange space P, and our analysis provides a new approximation for the coarse
space when using irregular subdomains. We verify that our algorithm is scalable and
observe the logarithmic factor when p is discontinuous across the interface; see results
in Table 1. We also confirm the linear growth in the condition number as we increase
H/6; see Figure 5.

6.2.2. Square mesh. For this case we present two sets of results. First, we
discretize problem (2) with the @ standard space of bilinear elements in order to
compare our results to the ones in [9]; see Table 2. In this setting, our coarse space
provides a new approach for irregular subdomains. Second, we solve the discrete
problem (8) obtained by VEM; see Table 3. In the latter case, results are essentially
the same when p = 1 and we omit them. We also verify the linear dependence on
H/§ in both cases; see Figure 6.

6.2.3. Hexagonal and irregular polygons. For this set of examples we con-
sider polygonal triangulations with METIS subdomains as in Figure 4. The irregular
mesh is obtained from a Voronoi diagram for a given set of random numbers in the
unit square and contains polygons with different number of edges. We solve the linear
system that arises from Equation (8) and we note that results are quite similar if
we use discrete harmonic extensions or our spaces even for k = 2. We confirm the
scalability in Table 4; see also Table 5 and Figure 7 for the dependence on H/h and



Table 1: Number of iterations I and condition number x (in parenthesis) for our
problem with triangular elements and N subdomains. Iy, Is and Iy correspond to
k =2, k = 3 and discrete harmonic extensions, respectively. Ny is the dimension of
the coarse space.
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S 40

Z 30

Square subd METIS subdomains
NV IQ (Ii) NV IQ (Ii) I3 (FL) Iq.[ (FC)
N || Test 1: H/h=16, H/6 =4, p=1
122 || 121  14(6.0) 243  26(10.3) 26(10.2) 25(9.8)
162 || 225 14(5.9) 447  27(12.9) 26(12.2) 26(12.2)
202 || 361 13(4.9) | 711 30(14.2) 29(13.6) 28(13.3)
242 || 529 13(4.8) 1054 29(11.7) 27(10.6) 26(10.3)
H/h || Test 22 N =64, H/0=4,p=1
8| 49 14(4.9) 93 25(10.3) 25(10.3) 25(10.2)
16 49 14(6.1) 93 27(11.6) 26(11.2) 25(10.9)
32 49 15(6.4) 93 29(12.4) 28(11.6) 26(10.9)
64 49  15(6.5) 93 32(13.9) 30(12.1) 27(10.9)
H/h || Test 3: N =64, H/0 =4, p disc
8 49  23(9.0) 93 24(8.6) 24(8.1) 24(8.2)
16 49  24(10.8) 93 27(9.8) 26(8.8) 25(8.3)
32 49  25(13.0) 93 30(12.0) 27(9.7) 26(8.2)
64 49  27(15.0) 93 35(15.9) 29(11.4) 26(8.2)
70 35
« Square subd « Square subd v
60| 2 MEMS. harmonic 7 50} + MENS, harmonic
d e Pr]
50 // ) - I ///
//,//// = / d //
///// 520 ) se ¢;¢
e ‘ i
” o 47 o 15 . i;;/;
1 ;///i/ wf 7
OO 10 [30(5 30 40 5O 10 13(/)(5 30 40

Fig. 5: Condition number as a function of H/§ for a triangular mesh with N = 64,
H/h =32, p =1 (left) and p discontinuous (right). The stiffness matrix has 66049
degrees of freedom, Ny is 49 and 95 for square and METIS subdomains, respectively.

H/§ respectively.

6.2.4. Discontinuous coefficients across the interface. We conclude with
two experiments where we have discontinuities inside the subdomains, even though our
theory does not cover these cases. We consider first a distribution p¢ as in Figure 8a,
where four channels go trough the subdomains. We then consider the extreme case of
different values pi for each element; see Figure 8b. Results are presented in Table 6,

where we have used a square mesh and METIS subdomains.
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Table 2: Number of iterations I and condition number k (in parenthesis) for our
problem with bilinear elements (square mesh) and N subdomains. I, I3 and Iy
correspond to k = 2, k = 3 and discrete harmonic extensions, respectively. Ny is the
dimension of the coarse space.

Square subd METIS subdomains
Ny D(k) Ny Ir(k) I (k) Iy (k)
N || Test 1: H/h=16, H/0 =4, p=1
122 || 121 13(6.0) | 241 22(7 8)  22(7.8)  21(7.8)
162 225 12(6.5) 450 22(7.9) 22(7.7) 21(7.5)
202 || 361 12 (6.7) 721 23(7.7) 22(7.5) 21(7.2)
242 529 12(6.9) 1058  23(7.7) 22(7.7) 22(7.4)
H/h || Test2: N=064, H/5 =8, p=1
8|l 49 14(10.9) | 96 21(8.4) 21(85)  21(8.7)
16 || 49 15(10.6) | 96 23(9.0) 22(9.2)  22(9.1)
32 || 49 16(9.7) 96 25(10.2) 24(9.7)  23(9.1)
64 49 17(8.3) 96 27(11.7) 26(10.5) 23 (9.1)
H/h || Test 3: N =64, H/§ =8, p disc
8|l 49 26(12.6) | 96 27(9 7)) 26(9.5)  27(9.4)
16 || 49 27(15.2) | 96 28(10.2) 27(9.8)  27(9.7)
32| 49 29(17.5) | 96 31(12.2) 30(10.4) 28(9.9)
64 || 49 30(20.4) | 96 35(19.5) 32(12.2) 29(10.0)

Table 3: Number of iterations I and condition number k (in parenthesis) for our
problem with VEM (square mesh) and N subdomains. I, I3 and Iy correspond to
k = 2, k = 3 and discrete harmonic extensions, respectively. Ny is the dimension of
the coarse space.

Square subd METIS subdomains
Ny I(k) Ny I(k) I3 (k) Iy (k)
N || Test 1: H/h =16, H/d =4, p disc
122 || 121 29(12.3) | 241 27(9.9) 26(8.9)  26(8.7)
162 || 225 30(12.8) 450 27(9.5)  26(8.7) 25(7.9)
202 || 361 32(13.5) 721 29(10.5) 26(8.5) 25(7.9)
242 || 529 33(14.4) | 1058 31(11.1) 29(10.2) 28(9.9)
H/h || Test 2: N =064, H/d =8, p disc
8 49 23(11.4) 96 27(9 7)) 27(9.5) 27(9.5)
16 || 49 24(14.7) | 96 28(10.2) 27(9.7)  27(9.7)
32| 49 26(17.6) | 96 31(12.2) 30(10.4) 28(9.9)
64 || 49 26(20.4) | 96 35(19.5) 32(12.2) 29(10.0)
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Fig. 6: Condition number as a function of H/é for a square mesh discretized with
VEM. N =64, H/h =32, p =1 (left) and p discontinuous (right). The stiffness ma-
trix has 66049 degrees of freedom, Ny is 49 and 96 for square and METIS subdomains,

respectively.

Table 4: Number of iterations and condition number (in parenthesis) with hexagonal
and irregular elements and METIS subdomains. Ny is the dimension of the coarse
space, N the number of subdomains, k =2, H/h ~ 8 and H/§ =~ 4.

Hexagonal elements Irregular elements
p=1 p disc p= p disc
N NV IQ (Ii) 12 (,‘1) NV 12 (K,) IQ (H)
122 239 20(7.1) 24(7.8) | 203 24(9.1) 26(10.3)
162 450 20(6.1) 25(8.4) | 398 23(8.9) 28(10.0)
202 723 20(6.2) 24(7.3) | 580 25(9.9) 32(13.3)
242 | 1064 21(7.2) 26(8.0) | 983 36(10.0) 33(13.0)

Table 5: Number of iterations and condition number (in parenthesis) with hexagonal
and irregular elements and METIS subdomains. Ny is the dimension of the coarse
space, k =3, N =16 and H/J ~ 4.

Hexagonal elements

Irregular elements

p=1 p disc p=1 p disc
H/h | Ny I3(rk)  I3(k) | Nv  I3(k) I (k)
8 19 16(45) 17(46) | 18 20(7.1) 22(6.9)
16 | 18 17(5.3) 19(5.2) | 19 23(8.7) 26(8.9)
32| 18 21(6.7) 23(6.6) | 18 27(10.3) 27(10.2)
64 | 18 21(6.2) 22(7.2) | 18 29(11.0) 30(11.3)
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35 40
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Fig. 7: Condition number as a function of H/¢ for different polygonal meshes dis-
cretized with VEM. N = 16, H/h = 32, p = 1 (left) and p discontinuous (right).

Fig. 8: Two discontinuous coefficients p considered in Subsection 6.2.4; see results in
Table 6a.

Table 6: Number of iterations and condition number (in parenthesis) for our problem
with VEM (square elements), METIS subdomains and p discontinuous as in Figure 8.

(a) N=36, H/6 =3 (b) H/h = 16, H/d = 3

pc PK

H/h 13 (I'i) 13 (K,)
8 [ 27(51.9) | 43(87.9)
16 | 30(85.3) | 47(101)
32 | 32(125) | 48(109)
64 | 34(150) | 50(112)

pc PK

N 13 (I’i) 13 (I’i)
127 [ 32(33.7) | 74(106)
162 | 35(20.8) | 92(155)
202 | 39(18.8) | 99(180)
242 | 37(14.9) | 102(211)
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7. Conclusions. In this paper we have introduced a new operator RZ : V# —
V}, for approximating virtual coarse functions that belong to the reduced space V.
This approach is particularly useful in the presence of irregular subdomains and relies
on the construction of a projector operator into the space of polynomials of a pre-
scribed degree k > 2. Our approach is faster than previous studies based on discrete
harmonic extensions as shown in Figure 3, and provides similar number of iterations
and estimates for the condition number of the preconditioned system even for k = 2,
as confirmed in Section 6.

We have obtained a theoretical upper bound for the condition number of the
preconditioned system by using a two-level overlapping Schwarz method, where we
have used VEM for the discretization of problem (2). Results are competitive and
independent of jumps of the coefficient across the subdomains, and the method allows
to handle irregular subdomains as the ones obtained by mesh partitioners. We have
also tested cases not covered by our theory in Subsection 6.2.4, where we have dis-
continuities inside the subdomains. In such cases, a reasonable number of iterations
is obtained even for extreme cases of discontinuities and jumps across the elements.
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