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1. INTRODUCTION

We will be concerned with inequalities between means that are functions of ntuples
of real numbers with which are associated some positive weights, a typical example
being the geometric-arithmetic mean inequality:

wia1 + ...+ wpa
(GA) el e < S
n

where the weights wq,...,w, and the variables, a1,...,a,, are positive numbers

and W,, = wy + ... +w,.! There is no real reason for excluding zero values for
the weights except that if for instance w, = 0 this effectively means that we are
stating or discussing the inequality for a smaller value of n. Equivalently allowing
zero weights means that (GA) states the inequality for all values of k,1 <k <n. A
similar remark can be made about assuming all the variables are distinct.

k
! This notation will be used throughout; given real numbers q1, g2, . .., gn then Q = 3 ¢;,
i=1

~ n
1<k < n. Also we write Qp = Qn — Qr_1 = >.¢, L <k < n
i=k
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However it is usual not to allow negative weights even though there is a very good
and useful theory that covers this possibility. Classically the first person to consider
real weights in detail was Steffensen early in the twentieth century. More recently
very significant contributions have been made by Pecari¢ and his colleagues. The
case of real weights has been of interest to Pecari¢ throughout his career from his
student days up to the present. However the results are not generally known and
this paper is an attempt to remedy this neglect.

Since almost all the inequalities between means are particular cases of the Jensen
inequality for convex functions? the paper will concentrate on this result. Applica-
tions to particular means will then follow using the lines of the original application
of Jensen’s inequality.

2. CONVEX FUNCTIONS

The definitions and properties of convex functions are well known and will not
be given in detail here. However the basic inequality of Jensen is equivalent to the
definition of convexity and so in this section we will give details that are necessary
for later discussion.

Perhaps the simplest analytic definition of a convex function is: let I be an open
interval, I C R,® then f: I — R is convex if Va,y € I the function D: ]0,1[— R is

non-positive, where:

(1) D(t) = Da(t) = f(1 =)z + ty) — (1 = t)f () + tf(y)) <O.

It should be noted that if 2,y € I then sois T = (1 —t)z + ty, V¢, 0 <t < 1, so all
the terms on the right-hand side are defined.* Further note that D is defined for all
t such that T € I and use will be made of this in later discussions.

An alternative but equivalent definition is: Vz € [ there is an affine function
S.: R — R such that:

S.(z) = f(z) and Sy(x)= f(z)+ Az —2)< f(z) Ve el.
See [6, p.27; 8, pp. 70-75, 94-96; 18, p. 5; 20 p. 12].

The geometric interpretations of these definitions are immediate from Figures 1
and 2.

2Thus (GA) is just a property of the convexity of the function f(z) = —logz, or the
convexity of g(z) = e”; [4, pp. 6-7; 6, p.92].

3 This meaning for I will be used throughout the paper.

4 More precisely if x # y, T € Ip = |min{z,y}, max{z, y}[.
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Figure 1. Graph of a convex function Figure 2. Graph of D

Use will be made of the following properties of convex functions.

(C1) The first divided difference [z, y; f] = (f(x) — f(y))/(x —y),z,y€l, x#y,
is increasing in both variables; [6, p. 26; 19, p. 2; 20, p. 6].

(C2) If z,y,z,u,v e Tand x <y < z <u < wvand if S,(t) = f(2) + A(t — z) then:

fy) = f@) <My —x),  f0) = f(u) =2 Av —u).

See [16].

(C3) A function convex on I is continuous; [20, p. 4]."

(C4) The Hardy-Littlewood-Pélya-Karamata-Fuchs majorization theorem, or just
HLPKF, [4, pp.30-32; 6, pp. 23, 24, 30; 8, pp.88-91; 10, pp.64-67; 19, pp.319-

320): if a= (a1,...,a,),° b= (b1,...,b,) are decreasing ntuples with entries in the
domain of a convex function f and w = (wq,...,w,) a real ntuple and if:
k k n n
Zwiai < Zwibi, 1<k<n and Zwiai = Zwibi
i=1 i=1 i=1 i=1
then:
n n
> wif(ai) <D wif(bi).
i=1 i=1

(C1) and (C2) are rather elementary and have obvious geometric interpretations but
(C3) and (C4) are more sophisticated.

Jensen’s inequality is an easy deduction from the definition of convexity and in a
variety of forms is given in the following theorem.

® But not necessarily differentiable; consider f(z) = |z|.
6 This notation for ntuples or sequences, will be used throughout.
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Theorem 1. Letn € N;n > 2, I an interval, f: I — R convex then:
(a) Vo, € I, 1 <1< n,and Vt;, 1 <1< n, such that 0 <t; <1,1 < i< n, and

n
t1 =1—>t; we have
2

D(tg, .. .tn) = Dn(tg, . ..tn) = f(zn:tzﬂﬁz) — zn:tzf(l‘z) < 0;
i=1 i=1

(b) Va; € I, 1 < i < n, and for all positive weights w;, 1 < i < n,

1 @ 1 @
(Jn) f(Wn ;mw) < W ;wif(ai);

(¢) Ya; € I, 1 < i< n, and positive weights p;, 1 < i < n, with P, =1,
n n
f(ZPiai) <Y pif(a).
i=1 i=1

Proof. (i) The most well known proof is by induction, the case n = 2, (J2),
being just (1), a definition of convexity; [6, p.31; 17; 18, pp. 43—44]. O

Proof. (ii) Another proof can be based on the support line definition above;

[17; 19, pp. 189-190]. O

Proof. (iii) A geometric proof can be given as follows.
First note, using (1), that the set bounded by the chord joining (x,f(x)) to
(y, f(y)) and the graph of f joining the same points is a convex set. Then by

n n

induction show that the point (a,@)”, @ = Y pja;, @ = > pif(a;), lies inside this
i=1 i=1

set and so @ > f(a) which is just (J,). O

We now turn to the main interest of this paper. What happens if we allow negative
weights in (J,,)?

3. THE CASE OF TWO VARIABLES

The inequality (J2) is just D(t) < 0, 0 < ¢t < 1, and it is immediate from Figures 1
and 2 that if either ¢t < 0 or 1 — ¢ < 0, equivalently ¢ > 1, then D(¢) > 0, that is
the reverse inequality® holds. Formally we have the following result where the last
of the notations in Theorem 1 is used, [6, p.33; 9].

7This point is just the weighted centroid of the points (a;, f(a;)), 1 < @ < n, that lie on
the graph of f.

& The naming of reverse inequalities varies; sometimes the term inverse is used and some-
times converse but reverse seems to be the best usage.
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Theorem 2. If f is convex on the interval I and either p; < 0 or py < 0 then
for all a1, a9 in I with a = pia; + peas € I,

(~ J2) f(pra1 + paaz) > p1f(ar) + paf(az).

There is no loss in generality in assuming that a1 # as.

Proof. (i) It is an easy exercise to use the second definition of convexity to
prove that the function D is convex on its domain. Hence since D(0) = D(1) = 0
we must have that D(¢) < 0,0 < ¢t < 1, and D(t) > 0, ¢t < 0, ¢t > 1, as shown in
Figure 2. (]

Proof. (ii) Assume that p, < 0 then:

@ —p2a2 G —Dp2az
ayp = =
D1 1—-p2

So, using (J2),

(0 — paaz f(@) —p2flaz)  f(@) — paf(az)
f(al)if( L —p2 )< L —po a p1
Rewriting the last line gives (~ Js). O

Proof. (iii) Let us assume that ¢ < 0 and, without loss of generality, that
a1 < as.
Then a; lies between @ and as and a; = (@ — taz)/(1 —t). Now let S = S,, then

a—mz) _ S(@ —tS(az) _ f(@) — tf(an)
1—t 1—t¢ = 1—t¢ ’

flar) = S(ar) = 5(

which on rewriting gives (~ Ja).
Note that the condition @ € I is necessary as @ ¢ Iy = ]ai,az] and so we must
ensure that f(a) is defined.” O

In the case of two variables the situation is completely determined: either the
weights are positive when we have Jensen’s inequality or one is negative when we have
the reverse of inequality.'® In other terms: for all z,y € I,z # y, with T € I the sets
Dy ={t; te RAD(t) >0}, D_={t; t e RAD(t) <0}, Do = {t; t € RAD(t) =0}
are partition R and do not depend on z or y.

This very simple result has been given this much attention as the ideas and meth-
ods of proof are used in the more complicated cases we now consider.

9 Clearly if I = R the condition can be omitted.
10 The geometric-arithmetic mean inequality case of this result was the motivation for one
of Pecari¢’s more interesting collaborations, [9].
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4. THE THREE VARIABLE CASE

This case is very different to the two variable situation discussed above but has
its own peculiarities; in addition it introduces ideas needed for the general case. The
function D can now be written:

D(s,t) = Ds(s,t) = f(1 —s — t)x + sy +tz) — (1 — s — ) f(x) + sf (y) + tf(2)).

Clearly if z,y, z are distinct D3 partitions R? into three sets'!: the closed convex
0-level curve Dy, the open convex set D_, that is the interior of this curve and where
(J3) holds, and the unbounded exterior of the this curve, D, where (~ J3) holds.
However unlike the two variable case these sets depend on the variables z,y, z as we
will now see.

The set where Jensen’s inequality, (J3), holds for all z,y,z € I, is the triangle T
where the above weights are positive

T={(s,t); 0<s<1,0<t<1l,0<s+t <1}

see Figure 3.

Al
Ty
s=1
0,1
1 (0,1)
S1 So
r (1,0) _
(070) S3 s
Ty
T3 s+t=1
s+t=0
Figure 3.

On the sides of this triangle one of the weights is zero and so we have cases of the
two variable situation, as we noted in Section 1, and as a result by (J3) D3 < 0 on the

11 Using the notation of the previous section.

432



sides of T'. Hence by continuity, (Cs), D3 must be negative on a set larger than the
triangle, that is 7" C D_; note that the vertices of T lie on Dy. In any case for some
choices of x,y,2z € I (J3) holds with negative weights and the question is whether
there is a larger set than 7' on which (J3) holds for a large choice of variables, or for
variables satisfying some simple condition: [5; 6, pp. 39-41].

Let us first look at what happens when there are two negative weights.

The next result, due to Pecari¢, [14; 15; 22], resolves the case when there is a
maximum number of negative weights:'? [6, p.43; 19 p. 83].

Theorem 3. If f is convex on the interval I and only one of p1, p2, p3 is positive
and if a1, a2, a3,a@ = p1a; + paas + psaz € I then

(~ Ja) f(p1a1 + paas + psas) = p1f(a1) + p2f(az) + psf(as).

Again there is no loss of generality in assuming the a1, as, a3 are distinct.

Proof. (i) If we consider D(s,t), (s,t) € R?, and assume f is differentiable then
it can easily be shown that D has no stationary points in its domain. An immediate
conclusion is that (J3) must hold in the triangle T' since the maximum and minimum
of D must occur on the boundary and it is non-positive there by (J2). The domains
where two of the weights are negative are the three unbounded triangles 77,75, T3
of Figure 3. By Theorem 2 D is non-negative on the boundaries of these triangles
and so it would be reasonable to conclude that D is non-negative on these triangles
giving a proof of (~ J3). This proof is not quite complete as these are unbounded
regions and this simple argument does not work. Let us look at the second proof of
Theorem 2. O

Proof. (ii) Assume without loss of generality that p; > 0, ps < 0, ps < 0 then

ay = @ — P20z — Pps3asz _ @ — p2d2 — P3ds
p1 1—p>—p3

So, using (J3),

Flar) = f(a — p2ag —p3a3)

L—po
o [@) —paflaz) —paflas) _ f(@) —paf(as) — psflas)
h 1—p2 D1 '
Rewriting the last line gives (~ J3). O

12 Clearly three negative weights is the same as three positive weights.
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It remains to consider what happens if there is only one negative weight. In order
for (J3) to hold we need @ € Iy = [min{al, as,as}, max{a, as, ag}], and for (~ J3)
to hold @ € T\ I. Assume without loss of generality that a1 < az < ag and assume
that p; < 0 then
)a2p2 + asps

a =piai + (p2 + p3
( P2 + P3

The second term on the right of the last term is in the interval ]as,as[ and so @
is to the right of as and can lie either in Iy or not depending on the value of the
negative p;. Further any condition on p; to require one or other of these options
would obviously depend on the values of a1, as, as.

A similar argument applies if the negative weight is ps.

However in the case of the middle term as having a negative weight, po < 0.
Steffensen, [21], obtained a simple condition on the weights that would assure @ € Ij.
Consider

@ =ps(az —az2) + (p3s + p2)(a2 —a1) + a1 = pi(a1 — a2) + (p1 + p2)(a2 — as) + as.

If we assume that ps+ps > 0 the first expression shows that @ > a7 and if we require
that p; + p2 > 0 the second expression shows that @ < az. That is: with these two
conditions on the weights @ € Iy and (J3) should hold.

The conditions can be put in a simpler form:
(Ss) 0<p1 <0, 0<Po=p;+py<l.
(S3) is easily seen to be equivalent to

(Sg) 0<p3 <O, 0<p2:p3+p2<1

Later Pecarié¢, [14], gave an alternative form of this condition: the negative weight
is dominated by both of the positive weights, that is

(P3) P, >0, ]52 > 0.

Thus we have the following result of Steffensen, [21]; several proofs are given, in
addition to the one sketched above since they extend to give different results when
n > 3.
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Theorem 4. If f is convex on the interval I and if 0 < p; < 1,0 < P, < 1 and
either a1 < as < ag or a; = as > as, with a1, a2,a3 € I, then

(J3) f(pra1 + p2az + pzas) < p1f(ar) +p2f(az2) + psflas).

There is no loss of generality in assuming no two of a1, as, as are equal.

Proof. (i) [5, p.39] Assume, as we may, that a1 < az < as and write a =
Psas + psas; note that a1 <@ < ag and a2 < a < ag. Now

p1f(ar) +p2f(az) +psf(as) — f(@)

= —p1(f(az) — f(a1)) + Pof(az) + p3f(as) — f(a)
> —pi(f(a2) — f(a1)) + f(a) — f(@), by (Jo2),
(a2_a1>( fla é( a) f(az)—f(a1)>

az — ay

D1
0,

WV

y (C1).

O

Proof. (ii) [14] In this proof we use the condition ps < 0, a fact that was not
used in the first proof.

Again asuming a1 < az < az we have that for some ¢, 0 < t < 1 that ay =
(1 —t)a; + tas. Then:

@ =pia1 + p2(1 —t)ar +tas + psas = (p1 + (1 — t)p2)ar + (ps + tp2)as

So by (J2), noting that the coefficients of the last expression are positive and have
sum equal to 1,

f@) = f((pr+ (1 —t)p2)ar + (p3 + tp2)as)
< (p1+ (1 = t)p2)f(a1) + (ps + tp2) f(as)
=p1f(a1) +p2((1 — 1) f(a1) +tf(as)) + psf(as)
<piflar) +p2f((1 —t)ar + taz) + ps f(as)
= p1f(a1) + p2f(az) + p3f(as),

O

Proof. (iii) [16; 19, pp. 57-58] Assume without loss in generality that a1 < @ <
as < ag and define A by: Sz(z) = f(@) + Mz — a@).
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Using (C2) we get:

p1f(a1) +p2f(az) + psf(as) — f(a)
=p1(f(ar) = f(@) + (p2 + p3)(—=f(@) + f(az)) + p3(f(az) — f(az))
= piA(a1 — @) + (p2 + p3)A(az — @) + psA(az — az) = 0.

O

Proof. (iv) [17] Without loss of generality assume that by = a1 > by =@ >
b3 = ag > by = a3. Further define ¢; = p1, ¢ = —1, g3 = p2, q4 = p3; then if
ci=a,1<i<4

@ib1 = pra1 2 p1a = qa

q1b1 + q2ba = p1a1 — @ = qic1 + qace

q1b1 + q2b2 + q3bs = p1a1 + peaz — @ 21 ¢1 + q2c2 + gsc3
q1b1 + gaba + q3b3 + qabs = 0 = qic1 + q2c2 + g3c3 + qacy

hence by (C4), HLPKF:

@1 f(b1) +q2f(b2) +qp(b3) + qaf(ba) = a1 f(c1) + q2f(c2) + q3f(c3) + qaf(ca) =0,

which is just (J3). O

Proof. (v) The Steffensen condition tells us that the point (a@,pif(a1) +
pa2f(az) +p3f(a3)) lies in the convex hull of the points (ai, fla;), a < i< 3, and so
lies in the convex set {(x,y); y > f(z)} and this implies (J3). O

Using the notation in the definition of D3 and assuming that z < y < z and s < 0
the condition (S3) is just: 0 < s+t < 1,0 <t <1 and so (J3) holds in the triangle
S1 of Figure 3. Depending on the order of x, y, z and provided the central element
has the only negative weight and (S3) holds then (J3) will hold in one of S7, Sa, Ss
of Figure 3.

5. THE n VARIABLE CASE

In this section we turn to the general situation and the notations are those of
Theorem 1.

Let us first consider the extension of Theorem 3. The second proof of Theorem 3
can easily be adapted to the following result of Pecarié; [6, p.43; 19, p. 83; 22].
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Theorem 5. If f: I - Risconvex,n € N, n >2 a; € I, w; € Ryw; # 0,
1 <@ < n, further assume that all the weights are negative except one, W,, # 0, and
that a € I then:

(N Jn) f<WL Zwiai> > WL Zwif(a’i)v
" oi=1 =1

or, using an alternative notation,

(~ 30) f(Zp) > ipiﬂai).

The case n = 2 is Theorem 2, and the case n = 3 is Theorem 3.
Assume then n > 3 and, without loss of generality, that p; > 0 and p; < 0,
2 < i < n, then:

T+ (-plai @+ 3 (-pias

a1: =

So by (J,),

_pl

which on rewriting is just (~ J).

We now turn to the situation where (J,,) holds but there are negative weights, the
generalization of Theorem 4 due Steffensen. Note that from Theorem 5 we will need
at least two positive weights for (J,,) to hold.

The important conditions put on the weights by Steffensen and Pecari¢, (S3), and
(P3) above, now differ and are as follows, using the alternative notion of Theorem 5.

(S) 0< P, <1,1<i<n—1;and of course P, = 1.

This implies that 0 < Pk < 1,1 < k < n, and in particular that 0 < p; < 1 and
0<pn <l

For (P) we introduce the following notation:

IL={5;1<i<nAp >0tand I_ ={;;1 <i<n A p; <0}
obviously Iy NI =@ and Iy UI_ ={1,2,...,n}.
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P) p1,pn € Iy and Vie I, p;+ > p; > 0.
jel-

It is easy to see that (P) implies (S). Further we have the following simple result,
[6, p. 38; 19, pp. 37-38].

Lemma 6. Ifa is monotonic, a1 # a, and (S) holds thena € Iy = Jmaxa, minal.

Proof. Assume without loss in generality that the ntuple is increasing. Since

n
Z az—an—i—ZP a; — Giy1)
—a1+ZP i — 1)

the result follows by (S). O

All the proofs of Theorem 4 can be extended to give a proof of the general case.

Theorem 7. Letn € N, n >3, I CR an interval, f: I — R convex then for all
monotonic ntuples with terms in I (J,,) holds for all non-zero real weights satisfying
condition (S).

Proof. (i) The standard proof is by induction starting with then case n = 3,
Theorem 4; see [6, pp. 37-39]. O

Proof. (ii) This proof, due to Pecarié¢, [14], assumes the stronger condition (P)
but in a weaker form that still implies (S):

(P’)  pipn€lyandpi+ Y p;>0,i=1n.
jeIl_
We also assume without loss in generality that the ntuple is increasing and distinct.
If i € I_ then a1 < a; < a,, and hence for some ¢;, 0 < t; < 1, a; = (1 —t;)a1 +t;a,
and so

a= ) pia;+ Z pi((1 —t;)ar + tian)
iely iel_
=\{p+ Z pi((1 - t?,))) a1+ Z Piai + (pn + Z piti) an,
iel_ i€l \{1,n} iel_
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Note that the sum of the weights in this last expression is 1 and that by (Pb) they
are all positive. Hence by Jensen’s inequality

@ < (m+ Sl - )i+ X mfa)+ (o ;piti>f<an)

I\ {1,n}
=Y pif(a) + D pil(1—t:) f(a1) + tif (an))
el iel_
< Y pif(a) + > pif(ai) by (J2) and
i€l iel the negativity of the p; in the last sum,
= pif(a:).
i=1
which is (J,,). O

Proof. (iii) [19, pp. 57-58]. First note that if A is defined as in Theorem 4 then:
Sz(z) = f(@) + AMa — @); and by (C2):

a<u<v= f(v) - fu) 2 Av—u); u<v<a= f(v)— f(u) <A(v—u).

By Lemma 6 we have that a1 > @ > a,, and let a1 < @ < ai for some k,
1<k<n-1. Then
n k k41
f@ = pif(a)=f@ > pif(a:)— > pifla)
i=1 i=1 i=1
k—1

= f(@) — Z-Pi(f(ai) — f(ai—1)) — Puf(ax)

= Pi(f(ai—1) — f(a:)) + Pu(f (@) — f(ax))

=1
n—1
+ Py (f@) — flar)) + Z pi(f(ai) — flait1))
k—1 = ~ n—1 ~
> )\Pi(ai,1 — ai) + AP (E — ak) + APyt (a — ak+1) + Z )\Pi(ai — ai“)
i=1 i=k
= A a—zn:piai) =0
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Proof. (iv) [14] Using the notations and assumptions of the previous proof
define the three ntuples x1,...,Zp41, Y1y-- - Yntls Gls- - - Qnilt

T =aq, ¢ =p;, 1<i<k;

Tp+1 =T, Gr+1 = — 15
T =a;-1, ¢ =pi-1, k+2<i<n+1;

yi=a, 1<i<n+Ll

Simple calculations show that:

P;, 1<j<k,
Qi=1{ P, k+1<j<n,
and,
j Pja, 1<j<k,
Mavi={ =Paa k+1<j<n,
i=1 :O7 j :n+1
j—1
Pi(x; — zit1) + Pja;, 1<j<k,
J i=1
Z%xz: Uity - _
i=1 :2Pz(xi_xi+l)+Pj71a, k+1<]<n’
1=
Hence:

n+1 n+1

k k
doqiwi =Y qys, 1<k<n Y qwi= Y ayi
i=1 i=1 i=1 i=1
and by HLPKF if f is convex then
n+1 n+1
> aif(@i) = aif(yi) =0,
i=1 i=1
which is just (Jj). O

A variant of this result can be found in [1].

While (P”) makes much more demands on the negative weights than does (S) its
real advantage in its stronger form (P), as Pecarié¢ pointed out, is that no requirement
on monotonicity of the elements of the ntuple is needed. This allows an extension of
Theorem 7 to convex functions of several variables as we shall now demonstrate; [11].
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If U C R*, k > 1, where U is a convex set then the definition of convexity is, with
a slight change in notation, just that given in (1): for all x,y € U

D(t) = Dalt) = f((1 — O)x + ty) — (1 = (x) + t/(y)) <0, 0<t<1,

and the convexity of U ensures that (1 — t)x + ty € U. Further one of the standard
proofs of (J,,) can be applied in this situation to obtain Jensen’s inequality for such
functions f. Of course we cannot hope to extend the Steffensen result, if k& > 2, as
the concept of increasing order of the points in U is not available but the Pecari¢
argument can be extended using the same proof as the one given above in the case
k =1 and uses the same notations.

Theorem 8. Let U be an open convex set in R*, a; € U, 1 < i < n, and Iet p;,
1 <4 < n, be non-zero real numbers with P, =1 and I_ = {i;1 <i<nAp; <0},
Iy ={i;1 < i< nAp; >0} Further assume that Vi, i € I_, a; lies in the convex
hull of the set {a;;i € I.} and that ¥j, j € Iy, pj+ >.pi 2 0. If f: U — R is
convex then (J,,) holds. el

Proof. (ii) of Theorem 7 can be applied with almost no change although the
notation is a little messier.

If i € I_ then for some tg-i), 0< t;i) <1, Y t;i) =l,a,= > tg.i)aj and so
Jely Jelt

a= Zpiai = Z pja; + Z pi< Z t§-i)aj)
i=1

JeEI+ i€l jelt
= 3 (e )
jEIL4 iel_
Jel

where, as in proof (ii) above, 0 < ¢; <1, > ¢; = 1. In this proof we now use the
JEL+

strong requirement (P) and incidentally provide a needed proof that @ € U. The

rest of the proof proceeds as in proof (ii) of Theorem 7. O

Note that in the case kK = 1 the hypotheses imply that the smallest and largest
element in the ntuple have positive weights each of which dominates the sum of all
the negative weights.

We now turn to (~ J) and note that proof (iv) of Theorem 7 can with a suitable
change of hypotheses lead to this inequality; [14; 16].
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Theorem 9. Let n,I, be as in Theorem 7, p1,...p, a real ntuple with P,, = 1,
then the reverse Jensen inequality holds for all functions f convex on I and for every
monotonic tuple with terms in I if and only if for some m,1 < m < n, P, < 0,
1<k<m,and]5k<0,m<k<n.

Proof. Looking at proof (iv) of Theorem 7 we see that the present hypotheses
imply that

n+1 n+1

k k
Z%‘xi < Z(h‘yi; 1<k <ng Z qiT; = Z(Iiyia
i=1 i=1 i=1 i=1

and by HLPKF if f is convex then

n+1 n+1

> aif(xi) <> aif(yi) =0,
i=1 i=1

which is just (~ J,). O

6. APPLICATIONS, CASES OF EQUALITY, INTEGRAL RESULTS

The most obvious application of these extensions and reversals of the Jensen in-
equality are to mean inequalities. A large variety of means derive from the convexity
of a particular function and so we find that these inequalities will now hold with
negative weights satisfying the above conditions or will hold reversed.

6.1 An Example. If pi, p2, p3, p4 are non-zero real numbers with P, = 1 and
ai, asz, a3, a4 are distinct positive numbers then, using the convexity of the negative
of the logarithmic function, the particular case of (GA)

alah?ak? at < prag + paas + p3as + paag
can be deduced from Theorem 7 provided one of the following holds:
(i) all the weights are positive;
(ii) a1 < ag < az < agora; >az >a3 >asand 0 < p; < 1,0 < P <1,
0< P3<1;
(iil) a1 < az2, a3 < aq, and p1 >0, py > 0 and P; > 0, Py > 0.
The reverse inequality

al'ah?a?ayt > prar + paas + p3as + paaa,
can be deduced from Theorem 5 or Theorem 9 if one of the following holds:

442



(i) ounly one of the weights is positive;

(ii) either a; > as > ag > a4, or a1 < ag,a3 < a4 and either 0 < p; < 1 and
Py, Ps,ps < 0,0r 0 < pp < 1andp,Ps <0, pg <0, or0< pg <1 and
p1, Po,ps <0or 0 < py<1andp;, P, P3<0.

6.2 The pseudo means of Alzer. A particular case of Theorem 5 has been
studied by Alzer under the name of pseudo-means, [3; 6, pp. 171-173].

Corollary 10. If f is convex on I and p;, 1 < i < n, are positive weights with
P, =1 then

f(pil <a1 - gmw)) = p%(f(al) - épif(ai)>a

n
provided a;, 1 <1 < n, pl_l(al -3 plal) cl.
i=2

A particular case when f(x) = %7, 0 <r < s, x>0, leads to the inequality

1 n 1/s 1 n 1/r
—(af =) piaj > (— (ar - pla;)> .
i) > G2

A related topic is the Aczél-Lorenz inequalities; [2; 6, pp. 198-199; 19, pp. 124-126].

6.3 The inverse means of Nanjundiah. Nanjundiah devised some very inge-
nious arguments using his idea of inverse means, [5, pp. 136-137,226; 13]. In the case
of » > 0 Nanjundiah’s inverse r-th power mean of order n is defined as follows: let
a, w, be two sequences of positive numbers then

1/r
M sw) = (2o - Doty )

W, w, n—1

An immediate consequence of Theorem 2 with f(z) = z5/7, 0 <r<s,x>0,is the

inequality
Nl(a; w) = N (a; w).

6.4 Comparable means. If ¢ is a strictly increasing function then a quasi-
arithmetic mean is defined as follows:

M (a;w) =~ (Win gwiw(ai)) :
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An important question is when two such means are comparable, that is: when is
it always true that:
M, (a;w) < My (a; w)

Writing ¢(a;) = b;, 1 < i < n, this last inequality:

1 < 1 <
o 1<— wibi> <— Y wipop (b)),
Yoo o ; W ; Yot (b;)

Lis convex, [6,

showing, from (J,), that the means are comparable exactly when ¢op™
pp. 273-277]. Using Theorem 7 we can now allow negative weights in the comparison
and by using Theorem 5 or 9 get the opposite comparison; [1].

Daréczy & Péles, [7], have defined a class of general means that they called L-

conjugate means:
m n
LI (@i v) = L(aiuwv) = ¢! (Z uip(as) = 3_vipo m@(a))
i=1 j=1

where Up, =V, =1, 4; > 0,1 <i<m,v; >0,1<j<n, M, 1< j<n, are means
on ntuples and ¢ is as above.
Now suppose we wish to compare two L-conjugate means:

Ly(a;u;v) < Ly(a;u;v),

Using the above substitution, ¢(a;) = b;, 1 <4 < m, and writing M; = ¢ o M; this
last inequality becomes

Yoyl (Zuibi - Zvjmj<b>) <D upo T (bi) = D w0~ 0 My(b)
i=1 =1 =1 =

which, from Theorem 8 in the case k = 1, holds if ¥ o ¢! is convex, as for the
quasi-arithmetic means; [11].

In this sense this result of Pecarié¢ gives a property of convex functions analogous
to that of Jensen’s inequality but useful for these means whereas Jensen’s inequality
is useful for the classical quasi-arithmetic means.

It should be remarked that extensions of this comparison result can be obtained
allowing the weights u, v to be real and using Theorem 7; see [1].

6.5 Cases of equality. Clearly the function D of (1) is zero if either t =0, ¢t =1
or x = y; if otherwise D < 0 then f is said to be strictly convex. If this is the case
then Jensen’s inequality, (J,,), is strict unless a1 = ... = a,.

444



It follows easily from the proof of Theorem 5 that (~ J,) holds strictly for strictly
convex functions under the conditions of that theorem unless a1 = ... = a,,.

In Theorem 7, Steffensen’s extension of Jensen’s inequality, the same is true by a
consideration of proof (ii); see [1].

6.6 Integral results. Most if not all of the above results have integral analogues
but a discussion of these would take us beyond the bounds of this paper; [6, p.371;
15; 19, pp.45-47, 84-87].
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