~
—
(aa]
)
(¥
(8
[ad
1
O
(8 8
N
O
Q
<
G
o
o]
(8 8
Y
=z
—
U
o]
[
o
=
(88
A
<
O
<

INSTITUTE of MATHEMATICS

Robust error bounds for finite element
approximation of reaction-diffusion
problems with non-constant reaction
coefficient in arbitrary space dimension

Mark Ainsworth
Tomds Vejchodsky

Preprint No. 7-2014
PRAHA 2014






ROBUST ERROR BOUNDS FOR FINITE ELEMENT
APPROXIMATION OF REACTION-DIFFUSION PROBLEMS
WITH NON-CONSTANT REACTION COEFFICIENT IN
ARBITRARY SPACE DIMENSION

MARK AINSWORTH AND TOMAS VEJCHODSKY

ABSTRACT. We present a fully computable a posteriori error estimator for
piecewise linear finite element approximations of reaction-diffusion problems
with mixed boundary conditions and piecewise constant reaction coeflicient
formulated in arbitrary dimension. The estimator provides a guaranteed upper
bound on the energy norm of the error and it is robust for all values of the
reaction coefficient, including the singularly perturbed case. The approach is
based on robustly equilibrated boundary flux functions [1] and on subsequent
robust and explicit flux reconstruction. This paper simplifies and extends the
applicability of the previous result [2] in three aspects: (i) arbitrary dimension,
(ii) mixed boundary conditions, and (iii) non-constant reaction coefficient. It
is the first robust upper bound on the error with these properties. An auxiliary
result that is of independent interest is the derivation of new explicit constants
for two types of trace inequalities on simplices.

1. INTRODUCTION

Consider a linear reaction-diffusion problem in a domain Q C R? with mixed
boundary conditions:

—~Au+r*u=f inQ; u=0 onI'p; Ju/On =gy on I'y, (1)

where n stands for the unit outward normal vector to the boundary 9€2. The
dimension d > 2 is chosen arbitrarily. For simplicity we assume () to be a
polytope. The portions I'p and I'y of the boundary 0f) are open, disjoint, and
satisfy TpUTyN = 99Q. The reaction coefficient x > 0 is considered to be piecewise
constant. In order to guarantee unique solvability of (1), we consider £ > 0 in a
subdomain of €2 of a positive measure or a positive measure of I'n. We use the
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2 MARK AINSWORTH AND TOMAS VEJCHODSKY

finite element method to approximate the exact solution u by a piecewise affine
function u; with respect to a simplicial partition 7, of 2.

In this paper we derive a computable a posteriori error estimate based on
robust flux equilibration and explicit flux reconstruction. This error estimate 7
provides a guaranteed and fully computable upper bound on the energy norm of
the error ||u — uy|| and it is robust with respect to both x and the mesh-size h.

A posteriori error estimates are useful for adaptive algorithms, where they play
two roles. Firstly, they indicate where the computational mesh should be refined
or coarsened. Secondly, they provide quantitative information about the size of
the error for reliable stopping criterion. Unfortunately, many existing estimators
do not provide actual numerical bounds that can be used as a stopping criterion.

Adaptive algorithms are convergent [3] provided the error estimates are locally
efficient and reliable. If nx stand for local error indicators on elements K € 7Ty,
and n* = > KeT, n3 is the global error estimator, then the indicators nx are said
to be locally efficient if there exists a constant ¢ > 0 such that

e < Jlu—unllg,

where ||u — u|| 7 stands for the energy norm restricted to a patch K of elements
consisting of K and neighbouring elements sharing at least one vertex with K.
Similarly, the error estimator 7 is reliable if there exists a constant C' > 0 such
that

lu = unll < Cn.

The error estimate 7 is robust if the constants ¢ and C are independent of x and
mesh-size h. The error estimate 7 is a guaranteed upper bound if ||u — uy| < 7,
i.e. the reliability constant C' is equal to one. Finally, the error bound 7 is fully
computable if it can be evaluated in terms of the approximation u; and given
data without the need for generic (unknown) constants.

A robust, reliable, locally efficient explicit a posteriori error estimate for prob-
lem (1) was first derived by Verfiirth in [4]. This estimate, however, does not
provide guaranteed upper bound on the error. An estimator which does provide
an upper bound along with robust local efficiency was obtained by Ainsworth and
Babuska in [5], but this upper bound depends on an exact solution of a Neumann
problem and as noted in [5] is not fully computable. Subsequently in [2] we were
able to develop fully computable error bounds in the two dimensional setting
by a complementarity technique combined with robustly equilibrated fluxes and
explicit flux reconstruction. Here, we develop a simpler flux reconstruction that
is suitable for any dimension d > 2 and is applicable to the case of piecewise
constant coefficient s including the situation where x can be very large in some
parts of the domain and vanishingly small in others. Furthermore, we extend the
previous results by considering nonhomogeneous Neumann boundary conditions.
In order to achieve these goals, we develop some new techniques and tools for the
analysis that are of wider applicability than the problem addressed here.
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The question of robust a posteriori error estimates for singularly perturbed
problems is studied by other authors as well. In [6], an error estimate that is
robust with respect to anisotropic meshes is obtained, but unfortunately does
not provide guaranteed upper bound on the error. A robust, locally efficient
and fully computable guaranteed upper bound was obtained in [7] for the finite
volume method and d = 2 and 3. Recently, a robust estimator for the error in
the maximum norm was obtained in [8] for the case d = 1.

The basic idea behind our work can be traced back to the method of the
hypercircle [9] and later to [10, 11, 12]. This approach has been adopted by Repin
[13] and his group for a wide class of problems in conjunction with the solution
of a global minimization problem to compute the error bound. We avoid any
global computations and instead develop local algorithms for guaranteed and fully
computable error bounds based on flux equilibration [5, 14, 15, 16, 17, 18, 19, 20]
etc. In the present work we will utilize the robust flux equilibration from [5].

The rest of the paper is organized as follows. Section 2 defines the finite
element approximation and corresponding assumptions. The core of the paper
lies in Section 3, where we present new trace inequalities on simplices, and develop
two new flux reconstructions both of which are used to derive the a posteriori
error and our main result. Finally, Section 4 provides an illustrative numerical
example and Section 5 draws the conclusions.

2. MoDEL PROBLEM AND ITS APPROXIMATE SOLUTION

The weak formulation of (1) reads: find u € V. ={v e H'(Q) :v=0o0nI'p}
such that

B(u,v) = F(v) YveV, (2)

where B and F are bilinear and linear forms, respectively, defined on V' by
B(u,v) = /(Vu Vo + k) de;  F(v) = / fvdx —|—/ gnvds.
Q Q I'n

In order to discretize problem (1) we consider a family of partitions G = {7}
of the domain . Each partition 7}, consists of simplices (elements), their union
is Q, their interiors are pairwise disjoint, and every facet of each simplex lies
either in 02 or it is completely shared by exactly two neighbouring simplices.
We assume that all partitions in G are compatible the coefficient £ meaning that
k is a constant kg in any element K of 7, for all 7, € G.

We denote by hg, g, px, and ng the diameter, the incentre, the inradius
of simplex K, and the unit outward-facing normal vector to the boundary JK,
respectively. The family of partitions G is assumed to be regular, i.e. there exists
a constant C' > 0 such that

hi

sup max — < C, (3)
Theg K€Tn pK
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but is not requested to be quasi-uniform, thereby permitting the use of locally
refined meshes. Throughout the paper we use symbol C' for a generic constant
whose value is independent of x and any mesh-size and whose actual numerical
value can differ in different occurrences. Furthermore, we define

K=t {JF:FnE #0} (4)

to be the patch consisting of K and elements sharing at least one common point
with K.

The regularity assumption implies several facts that we will use in the subse-
quent analysis. Firstly, the number of elements in any patch is uniformly bounded
over the family G as is the number of patches containing a particular element. Sec-
ondly, within each patch K, a local quasi-uniformity condition chx < hrr < Chg
holds for all elements K’ C K with uniform constants ¢ > 0 and C > 0 over the
family G. Thirdly, the elements are shape regular meaning that there exists a
positive constant € such that

1
o K S PK S Copx (5)
0

for all elements K’ C K, all K € 75, and all T;, € G.

The coefficient x is assumed to be piecewise constant, and such that for some
constant C' > 0 the following conditions hold for all triangulations 7, € G and
all elements K € Tp,:

if kg #0 then kg < Crg forall K' C K; (6)
if kg=0 then kg <C forall K'C K. (7)

These assumptions rule out the case of arbitrarily high jumps in values ki be-
tween neighbouring elements.

One consequence of assumptions (6)—(7) together with the quasi-uniformity of
hx is existence of a constant C' > 0 such that for all 7, € G, all K € Ty, and all
elements K’ C K, we have

C'min{hg:, ket } < min{hg, k' } < Cmin{hgr, kg }. (8)

The quantity min{h, /il_{l} appears extensively throughout the paper, and for
the avoidance of doubt, we note explicitly that

min{hy, k' } = hx if K = 0. (9)

Let X} be the space of continuous and piecewise affine functions with respect
to the partition 7, and let the subspace Vj, = X, N H}(Q). The finite element
approximation uy € Vj, of (1) is then given by

B(uh,vh) = ./T"(Uh) Yy, € Vj,. (10)
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Finally, we use local counterparts of the bilinear and linear forms defined by

BK(u,U):/(Vu-VU—I—/ﬁ(uv)dm; ]-"K(v):/ fvdw—i—/ gnvds.
K K r

NNOK
The associated global and local energy norms || - | and || - || are defined by
lv]I*> = B(v,v) and ||v||% = Bx(v,v), respectively. Analogously, we use ||| and

||l for the L*(Q) and L*(K) norms, respectively.

3. A POSTERIORI ERROR ESTIMATOR

3.1. Trace inequalities on simplices. The derivation of complementarity based
error estimates for problems with nonhomogeneous Neumann boundary condi-
tions requires certain types of trace inequalities. Moreover, the constants ap-
pearing in these inequalities are present in the final error bounds. We derive
two new trace inequalities for simplices together with explicit formulas for the
corresponding constants.

Lemma 1. Let K be a d-dimensional non-degenerate simplex and let v be one of
its facets. Let hy be the diameter of K and kg > 0 a constant. Let v € H'(K)
and let v, denote the average value of v on . Then

[oll, < Crllvlle for mx >0, (11)
lv =21, < Crllvlx, (12)

hold with constants Cp,Cr > 0 given by

2 vl 1 1
=L = JChr)? + (AR )
C1T |K|d—|—1liK ( K) +(/"£K>7
@2 Dl 1
T K|d+1

min{hx /7, k5" } (2hi + dmin{hg /7, 65" }) -

Proof. Let xy be the vertex of K opposite to the facet . Define p(x) = x — x
for ¢ € K. Note that ng - =0 on 0K \ v and n - ¢ = gx on v, where ng
is the unit outward normal to 0K and gk is the distance between v and x, i.e.
the altitude of K. In particular, ox = (d + 1)|K|/|v|.

Let v € H'(K) then

d+1
i|K| ||v||i:/1)2n;<-cpds:/ UQnK-cpds:/ div(v?ep) de
V| ~ oK K

:2/ vgo~Vvda:—|—/ 2 divepda < |[o]| . (2hk Vol +d|oll,). (13)
K K

Using [[v,c < #~ Jollic and 2D [| Vo +d o]l ¢ < ((2hi)? + (d/rx)) " ollc
in (13), we obtain (11).
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Now, consider o, = |y|™* fvvds and g = |K|™ [, vde. Applying estimate
(13) to v — vk yields

2 2 ’7| 1
o=, 15 < o=l < 12

[o = vkl (2R [Vl + dlJo = vl )
(14)
The norm ||v — vk ||, can be bounded in either of the two ways:

_ _ _ hx hx
lo = xll < lollg < Aol and o= ol < = [ Vol < X o],
T T

where we use Poincaré inequality [21]. Thus, [[v — k|| < min{hg /7, 55 Hvllx-
Using this estimate and inequality ||Vv||, < |v|lx in (14), we derive (12). O

The constants Cp and C'p from Lemma 1 have the correct asymptotic behaviour
with respect to hx and kg, but they are not optimal in terms of absolute values.
Optimal values for trace constants are not known in general, but their two-sided
bounds can be computed numerically for quite general domains [22].

3.2. General framework. We define I : L*(K) — P'(K) to be the L*(K)-
orthogonal projector to the space of affine functions defined over an element
K € Tp. Similarly, for a facet v C 0K we define IL, : L*(y) — P'(v) to be the
L?(~y)-orthogonal projector to the space of affine functions defined over the facet
v C 0K. The following generalization of the corresponding result in [2] forms the
basis of our approach:

Lemma 2. Let uw € V be the weak solution (2) and w, € V be an arbitrary
function. Further let 7 € H(div,Q) be such that g f + divr = 0 in those
elements K € Ty, where kg =0 and T -n =1l,gx on facets y C 'nNOK. Then

2

llu —wnl® < ) [nK(T)JrOSCK(f)Jr > o0scy(on)

KeT, yCTNNOK

where Nk (1) > 0, osci(f), and osc,(gn) are defined by

2 - a2
2 (7) = { |7 — V| + 67 1k f — k%up +divr||  if kg >0, (15)

K Ir = Vunlls if ri =0,

. hrg 1

oscr (f) = min { X, — L)l F — g £l
T KK

osc,(gx) = min{Cr, Or} [lgn — Mgl -

Proof. Let v € V be arbitrary. Using the weak formulation (2) for u, the fact
that the global forms B and F are sums of the local forms By and Fg, and the
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divergence theorem, we obtain the following identity

B(u — up,v) ZfK — Bx(up,v) = Z [/(T—Vuh).Vvd:c
K

KeTy KeTy

+/(HKf—/<Kuh+d1v7-)vdac+ Z / LN — T -n)vds
K

~yCI'NnNOK
/(f g flvde + Z /gN— 7gN)vds]. (16)
~yCI'NNOK

Now we estimate the five integrals on the right-hand side of (16). The sum of the
first two integrals is clearly bounded by nx (7)||v||x for both kx > 0 and kg = 0.
The third integral on the right-hand side of (16) vanishes since 7 - n = II,gx on
I'y.

The fourth integral can be estimated as

h
/(f HKf)vdw<mm{ . }Hf Wk fllg Nollx = oscx (F)lvllx,

where the constant hy /7 comes from the Poincaré inequality [21] and 1/ comes
from the inequality ||v||, < x5 0]k, see [2, p. 228] for details. The last integral
in (16) can be bounded in the following two ways:

/ (g5 — TLgx)vds < [lgx — Tygxll. [loll,

i

/(QN - HVQN)U ds = /(QN - H’VQN)(U - @v) ds < lgn — vaNHy v — @’YH7>
Y Y

where 0, = |y|™* fyvds. Employing trace inequalities (11) and (12) we end up
with the estimate

/ (gn — T gn)vds < ose, (g)ollx.
i

Hence,

Blu—up,v) < ) [nK(T)+OSCK(f)+ > osey(gn) | ol

KeTy, yCI'NNOK

The Cauchy-Schwarz inequality and substitution v = u—uy, finishes the proof. [

The vector field 7 € H(div, Q) is referred to as a fluz reconstruction and its
specific choice is crucial for the efficiency and robustness of the resulting error
estimators. We reconstruct the flux 7 € H (div,2) in two steps. Firstly, we find
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boundary fluxes gx satisfying the following conditions:

grl, € PY(y) for all facets v C K, (17)
gk = Il,gn  for all facets v C I'n N OK, (18)
gk +9x =0 on facets vy = 0K N OK". (19)

Secondly, we locally reconstruct vector fields 7, € H(div, K) satisfying bound-
ary conditions 7x-nx = g on 0K . The values of 7 in the interior of the elements
will be presented in detail below. Irrespective of this, the resulting vector field 7
is defined elementwise by 7|x = T, for all K € Ty, so that 7 € H(div,2) due
to the consistency condition (19).

Conditions (17)—(19) do not determine a unique set of fluxes. The specific
choice of fluxes satisfying (17)-(19) will be crucial to the robustness of the asso-
ciated estimator. We say that boundary fluxes gx are equilibrated with respect
to linear functions if the following condition holds:

/ feda:—BK(uh,H)—i—/ gxfds =0 V0 e P'(K). (20)
K 0K

or, equally well,

/ (1 — Vu,) - VOdx + / (f — k3up +divr)fde =0 VO € PH(K).
K K

Fluxes satisfying the equilibration (20) yield accurate error bounds for small &,
but are not robust for large values of x [5]. Therefore, we will follow the approach
from [5] for large values of &.

3.3. Robust equilibration of boundary fluxes. A detailed algorithm for the
construction of boundary fluxes gk satisfying conditions (17)-(20) can be found
in [1]. A modification of this approach that is robust for large values of & is
described in [5] and [2] and we will briefly recall it here.

The idea is to replace the affine functions in (20) by their approximate minimum
energy extensions. Clearly, it suffices to satisfy condition (20) for the barycentric
coordinates 6,,, n = 1,2,...,d + 1, in K. The approximate minimum energy
extensions 6 of 6, are defined in [5] for d = 1, 2, and 3 dimensions. Here, we
define them for general d-dimensional simplices.

Consider a simplex K with vertices @1, ..., x4 and facets vq,...,v411 oppo-
site to these vertices. The standard basis functions 6, are determined by the
conditions 0, (.,) = Opm, n,m € {1,2,...,d+ 1}. Foreachn =1,2,...,d+ 1,
define approximate minimum energy extension ¢ as follows. If kxpx < 1 then
0 = 0, If kgpk > 1 then define a point xp by its barycentric coordinates
N i(xp) =0 for i # n and \,(xp) = 1 — dd with § = min{1, 1/(/@KpK)}/d and
consider a submesh in K created by simplices K; = v;@xp, + = 1,2,...,d + 1.
The approximate minimum energy extension 6 is then defined as a piecewise
affine function with respect to this submesh such that 6 (x,) = 1, 6%(xp) = 0,
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FIGURE 1. A graph of the approximate minimum energy exten-
sion % for krpr <1 (left) and for kKxpr > 1 (right).

and 67 (x;) = 0 for all 7 # n. A two-dimensional illustration of functions 7 is
provided in Figure 1.
It is easy to verify that 0%, n € {1,2,...,d + 1}, satisfy

e 0% =0, on the boundary 0K;
o if kxprg <1 then 0 =0, on K;
o Cih min{hg, 1/kr} < 10215 < Coh  min{hg, 1/kk};
o Cihtmin{hg, 1/kr} " < || V025 < Coh%t min{hg, 1/kg} "
These key features of the approximate minimum energy extensions ¢ were iden-
tified already in [5] and are crucial for the robustness of the resulting fluxes.
The robust flux reconstruction is obtained in [5] by replacing functions 6, by
0% in (20) and finding the least squares minimizer of the system. This approach
must be modified to deal with case of variable x considered here.
In particular we require

]:K(0n> — BK(Uh, Qn) + / g, ds =0 (21)
OK\I'x

for all elements K € T, where kgpr < 1, and for allm = 1,2,...,d+ 1. For

elements K € T, where kgpxg > 1, we impose a similar condition in a least-

squares sense:

fK(QZ)—BK(uh,QZ)—i—/ grtrds~0 Vn=1,2,...,d+1. (22)
OK\I'n

The resulting constrained least-squares problem (21)—(22) can be transformed
into a series of small constrained least-squares problems on patches of elements
corresponding to vertices of 7, as follows.

We define the set of vertices N'(7) of a facet v of a simplex K and functions
(DUNS P!(v) satisfying fv Y0, ds = 0y Further, we consider a fixed orientation
ok of facets v of simplices K € Tj,. The orientation ok, is either 1 or —1 and
satisfies

Okny+ 0k ,=0 ony=0KNoK'"
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Finally, we introduce the average and the jump flux across a common facet of
two neighbouring simplices K and K’ as

o 1 0
<3’§Z> = §nK-(VUh\K + Vuy|g)  and {#} = nx-(Vunlx — Vug|g) .-

On the boundary 09 we set (Oup,/0Ong) = Oup/Ong and [Oup/Ong| = 0. The
boundary flux gx on a facet v of a simplex K is then defined in the form

e = <%> tok, S amym, (23)

anK m EN(’Y)

Notice that this construction of gy immediately guarantees the consistency con-
dition (19). Furthermore, if v C I'y then the coefficients ol are uniquely deter-
mined by (18).

The substitution (23) transforms the global constrained least-squares problem
(21)—(22) into small local constrained least-squares problems

Z oA = —Dg(0,) VK € w(x,),where kgpg < 1, (24)
vyCOK\I'N, 72T n

Z ok & —Di(0,) VK € w(z,), where kg pr > 1, (25)
vyCOK\I'N, 72T n

for all vertices @, in the partition 7, where we define w(x,) = {K € T, : @, €
K} to be the set of elements sharing the vertex x,, and

0
Dk (0) = Fi(0) — Bx(up, 0) +/ < h >0ds.
OK\I'y ongk

The summations in (24)—(25) are performed over those facets v C 0K \ I'y that
contain the vertex x,,.

Observe that the system (24)—(25) is always solvable. It was shown in [5]
and [1] that if kxpx < 1 for all elements K € w(x,) then the linear system
(24) is always solvable. Trivially, removing some (or all) equality constraints
and replacing them by the requirement of least-squares fit (25), preserves the
solvability of the remaining system of linear constraints (24).

To summarize, we require the satisfaction of the exact equilibration condition
(24) for those elements where the coefficient kg is small. For the other ele-
ments we mimic the equilibration by the least-squares fit (25). The resulting
constrained least-squares problem (24)—(25) is always solvable and its solution
depends continuously on the data.

3.4. Auxiliary results. In this section we recall several estimates from [5] and
extend them to include the case of piecewise constant x and to Neumann bound-
ary conditions. Lemma 5(2) from [5] says that if 7 is an interior facet (i.e. shared
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by two elements) then

auh
8nK
where 7 is the pair of elements sharing the facet v and IIf is defined piecewise

by (Ilf)|x = Ik f for all K € 7T,. Notice that thanks to the assumption (8)
estimate (26) holds for any K € 7.

Further, Lemma 6 from [5] provides the estimate
duy, . —1y-1 . —141
o= ()| < [mingi, iyl = g + mingh gV 1 = 171
gl
(27)
for all K' € Ty, where 7 is a facet of K that is either interior or it lies on the
Dirichlet boundary I'p. The patch of elements K was defined in (4) and condition

(8) is needed to generalize the proof from [5] to the case of piecewise constant k.
The final estimate on page 343 in [5] states that

Mxrnllye < € [minfhse, m Hlu —wnllic + 1f = Wi fllx] (28)

for all elements K in 7,. Here, r, = f — x%u; + Auy, stands for the residual on
K. This bound is local and independent of values of x in the other elements and
therefore applies to the case considered here.

We emphasize that estimates (26)—(28) are proved in [5] for the case of pure
Dirichlet boundary conditions and constant coefficient x. However, their proofs
remain valid even in the presence of Neumann boundary conditions and due to
the condition (8) also for piecewise constant k. Nevertheless, estimate (27) is not
valid for a facet on the Neumann boundary. We use a slight modification of the
proof of Lemma 5(2) from [5] and derive the estimate

< € [min{hy, w31} HJu = unlls + minghy, w1 f 1075 (26)

‘ Y

lgx = Vunlic - mucl, < C |minfhic, w3}~ lu = unlli

. _17 4L
 minghye, w3} L = T fle + low = Thowll, | (29)

for those facets v of K located on the Neumann boundary I'y. Thus, defining
R = gx — Vuy|k - ng, using (26), (27), (29) and the fact that

R— _ 8uh B 1 8uh
— 9K 0nK 2 anK

we easily derive the estimate

|Rllosc < € (minfhuc, mzly 3w — unllz

. 1451
Fmindhuc, w FIS = Tl + o = 0| o) (30)

for all K € T,. In view of notation (9) and thanks to the assumption (7) the
above estimates hold even if kg = 0.
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3.5. Flux reconstruction #1. For each simplex K € 7, on which kxpx < 1,

we use a reconstruction of the form
‘rg) = Vu|k + TIf( + T?{. (31)

The vector field 7% is defined as

d+1  d+1
Th==3 Y Ry (@) [Vl tam, (32)

=g
where x,,, n = 1,2,...,d+1, stand for vertices of K, v, are the facets opposite to

the vertices x,,, A, are the corresponding barycentric coordinates, t,,, = x,, —x,,
denote the edge-vectors from x,, to x,, and function R = gx — Vu,|g - ng is
affine on each facet of K. The quadratic vector field ‘r([% is given by

d+1 d+1

1
¢ = ) DD Attt Vr(Ex) (33)

n=1 m=2
m>n

where r = Ilg f — k%uy is affine on K, and Ty denotes the centroid of simplex
K.

It can be easily shown that TI;( -ng = R and T% -nx = 0 on each facet of K.
Indeed, if we denote the outward normal unit vector to the facet ~, by ny then
the following identity holds

d+1
T Tl = = D MRy (@) [Vt - 1
ek
d+1 d+1
= Z)‘ R|’Yk Ty) Loy - VA, = Z)‘ R|’Yk ) = Ry,
nZh nZh

where we use the facts that: \y|,, = 0; if n # k then ¢t,,, - ny = 0 for m # k;
ny = —VA/|Vl; and ¢, - VA, = 1. Similarly, we show that

d+1 d+1

1
TK Ty, = d+1 ZZ)‘ |y An by (B - V(T k) (B - 7o) = 0,

n=1 m=2
m>n

because if n = k then \,|,, =0 and if n # k then m # k and t,,,, - nj, = 0.

Lemma 3. Let K € T}, then the vector field Tg) defined by (31), (32), and (33)

satisfies 7-([? ‘ng = gg on all facets of K and, if kxpr < 1, then

i f — k3up, +divrly) =0 in K.
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Proof. The first assertion is a consequence of the foregoing arguments. Suppose
krpr < 1, then since 7'];( has constant divergence over the element K and Vuy,|x
has vanishing divergence over K, we have

L

= — ngS
K] Jox

div T T ongds =
K

1K Jox

Since kxpr < 1, the exact equilibration condition (21) is satisfied in K for
n=1,2,...,d+ 1 and, consequently, using the fact that Zifl 0, =1on K in
(21) we end up with equality

/ ngs:—/(f—/i%(uh)dm:—/(HKf—n%uh)dm.
oK K K
Observing that div(A,Antmn) = Am — A, and that

d+1 d+1

Z Z (Am(®) = An(@)) (X7 — Tr) = —(d + 1) (@ — Tk),

n=1 m=2
m>n

where & = Y @, A\, (2) and B = S0 @,,/(d + 1), we can compute the

; Q
divergence of 7 as

d+1 d+1

div 7% () = d—i1 S () = An(@)) (@0 — ) - V(@)

n=1 m=2
m>n

= (Fx — ) Vr(Fx).

Using the fact that r = IIx f — k%uy is affine and the centroid quadrature rule
for simplices that is exact for all linear functions, we obtain

ivrl(z) = —r(z r(®g) = —r(x L rdax.
divr (@) = =r(z) + r(3) = —r(@) + 7 [ 7

The statement of the lemma follows by summing the above equations. 0J

The next result shows that Tg) gives and efficient estimate of the local error

in element K:

Lemma 4. If K € T}, is such that kgpx < 1 then
1 1/2
e (7)< € (e = wnllg + hac I = T e + Bil% low = Tl ) -

Proof. Let
d+1

C, = Z Rhm (mn) |V>\m| tnm7

m=1
m#n
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then 7% = — 32" \ ¢, and we have
d+1 d+1
len| < Z R (@) [ [V A [Em| < CZ Ry (@),
m=1 m=1

because d|K ||V A, = |vml, [twm| < hi, and due to the shape regularity assump-
tion (3). Further, thanks to the linearity of R,

d+1
> IRy, (xa)]> < C— |RI,
— Iv |
n#m
We utilize these results to bound
, d+1 dt1l d+1
2
[Tkl < CIKID leal” < CIKIY 0D Ry (@a)l” < Chic Rl (34)
n=1 m=1 #;7}1
Similarly, we have
d+1 d+1
|72 X3 [t deltan 19012 < CHilK] 197 < Ot [Vl
n=1 m= 2
m>TL

where we used the fact that Vr is constant over K. Since r € P!(K), we have
the inverse inequality || Vr||, < Chy'||r||, and we obtain

|78]|,. < Chuclirllc = Chuc Tl (35)

because r, = f — k%up, + Auy, and Hgr, =r on K.
Finally, using estimate (30) in (34) and estimate (28) in (35), we derive

I7tlle < € (b= il + A 1 = T+ 2 o~ ] (36

[78]|, < = wallc + B 117 = 1171 (37)

Notice that the assumption kxpx < 1 and the shape regularity (3) imply the
existence of a constant C' > 0 such that Chyx < min{hg,rg'} < hg. Due to
Lemma 3 and definition (15) we have

(i) = i = v = e ] < Mkl [

and estimates (36)—(37) finish the proof. O
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xs3

€

FIGURE 2. Division of K into subsimplices K, and the local
Cartesian coordinates.

3.6. Flux reconstruction #2. On elements K for which kxpx > 1, we use a
flux reconstruction given by

7-‘[? = Vuu|g + 72, (38)

where the vector field 7% is defined piecewise on each element K in the following
way. We consider d 4 1 subsimplices K, of K that are defined as convex hulls of
the incentre x and facets v of K. In each subsimplex K, we define 7% to be

7)) = pit (1 — kgwa) (x — ) R(71,. .., 24-1) in K.,
where 2z = (|z| 4+ z)/2 stands for the positive part of z, R = gk — Vup|x - ng
as before, pg is the inradius of K, and @ = (xy, 22, ...,1x4) are local Cartesian
coordinates defined in such a way that points (z1,...,z4 1) lie in the plane of

~v and x4 corresponds to the direction perpendicular to v aiming inwards K, see
Figure 2 for a three-dimensional illustration

Clearly, 7% vanishes for x4 > r'. We also observe that the normal component
of 7% vanishes on 9K, \ v whilst on

o)
Tr Ngly = R(x,...,24-1),
because x4 = 0 on v and (x — xx) - ng = px on 7. These conditions guarantee

that Tg) € H(div, K) and Tg) ‘ng = gk on OK. Moreover, the flux leads to a
locally efficient estimator for the error in the case kxpg > 1:

Lemma 5. Let K € T}, then T(Q) ‘ng =g on OK and, if kxpx > 1, then
—1/2
e () < C (e = wille + 5 1 = Tl + i flow = T ) -

Proof. The first assertion has been shown above. Suppose ki px > 1, then since
| — x| < hg and hg/pg is bounded uniformly thanks to (3), we obtain

2 h? o3 h2 1 B
Il < 2 [ (0= s doa IR = S5 RIS < Ot IRIE. (39)
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For z, < li;(l, a simple computation yields inequality

|divrR| < pi' (1= wxza)” (d|R| + hi| V4 R|) + pi kirchic| R,

where V., denotes the gradient with respect to x1, ..., x4-1 only. Consequently,
c ([
: 2 2 2 2
Jaiv R, < ( 0= i e (IR + B 19 R + ||R||7) .

Since R € P!(v), we use the shape regularity and the inverse estimate VR, <
-1 .
Chy'[|R]l, to derive
. 012 C 1 2 2 2
Hle‘l’K”K < ——max{l,kxhk} ||R||7 < Ckg ||R||7, (40)
7 K

— 2

Pk K
where the last inequality follows from the shape regularity (3), from (5), and from

the assumption kg pr > 1.
Hence, thanks to (30) and (39):

H"'g) - V“"”K = |79« < Crr IR o

- ~1/2
< 0 (lu = wnll + 55 1F = Tl + 7 o — Il o)
Similarly, estimates (40), (28), and (30) yield the bound

i T f = wheun + dive@|| < IWiennlc + et [laiv 72

_ —1/2
< Kt [ gernlle + Crig”? | Rll i

_ ~1/2
< € (e —wnllz + s 1S = TN+ 1 low = T o) -
Combining these estimates gives the result claimed. 0

3.7. Main result. We combine the flux reconstructions rﬁ? and Tﬁ? in a natural

way and construct 7 € H (div, §2) elementwise as

(1)
T if K <1,
T|K — { g) KPK > (41)

T it Kgprx > 1,
where ‘rg) and T&? are defined in (31) and (38). The following theorem shows
that the associated error estimator provides a guaranteed upper bound on the
error, which is robust with respect to x and h.

Theorem 6. Let u be the exact weak solution given by (2) and and uy, € Vj, be
its finite element approzimation (10). Let the fluz reconstruction T € H (div, Q)
be given by (41). Then the error in wuy, is bounded by

llu —unll® < ?(r) = Y [oc() + oscre(f) + oseryror (9n)]7
KETy,



ROBUST ERROR BOUNDS IN ARBITRARY SPACE DIMENSION 17

Moreover, there exists a positive constant C, independent of any mesh-size or any
values K satisfying (6)—(7), such that

mie(r) < O (Jlu = wnll + minghue, 5} 1 = 11f |

+ min{hy, 52(1}1/2 HgN - H’I}’(gNHFNﬂ8K>'
Proof. Tt follows immediately from Lemmas 2, 4, and 5. 0J

In view of convention (9), this result holds even if kx = 0 for any number of
elements K € T,. Theorem 6 provides a robust, computable upper bound, but
it is possible to improve the bound at the expense of having to compute both
nK(Tg)) and UK(T(I?)) on every element. The associated flux is defined by

Pl = { T(Ip if kg =0 or if nK(Tg)) < nK(T%)),

2 otherwise.

i (42)

and the corresponding estimator is given by n(7*), which in turn involves the
local indicator ng(7*) = min{nK(Tgp),nK(Tg))}. This flux reconstruction is
slightly more expensive to compute, but it yields more accurate estimator than
T, because N (7*) < k(7). Clearly, if we replace T by 7* in Theorem 6, both

its statements remain valid.

4. NUMERICAL EXAMPLE

This section illustrates numerical performance of the a posteriori error estima-
tors n(7) and n(7*) for a three dimensional example. In particular, the example
confirms the robustness of both estimators with respect to the discontinuous re-
action coefficient £ and with respect to the mesh size.

We consider problem (1) in a cube Q = (—1,1)%, with piecewise constant
coefficient x defined by

K1 for T < O,
(1, 22, 73) = ko foraxz; >0
— )

where 0 < k; < Ky are constants. The right-hand side is f = x?. Homogeneous

Dirichlet boundary conditions are assumed on I'p = {(z1, 29, x3) € 0Q : x; = 1}

and homogeneous Neumann boundary conditions are prescribed on I'y = 0Q\I'p.
Its exact solution can be expressed as

(i, w2, 75) = Aje 71 4 Agef®t ] for x1 < 0,
D237 Agemm2mt 4 Ager2® 4 k2 k2 for 1 > 0,
where constants Aq,..., A4 are uniquely determined by the Dirichlet boundary

conditions and by the requirement of C' continuity of u(z1, zs,z3) for x; = 0.
In the subsequent computations we fix ko = 10° and hence the solution has a
boundary layer at least in the vicinity of the face xy = 1. Although the true
solution has a univariate nature, this plays no role in the computations.
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—Ju—wl] Npop=4335 @ 4 e
Y ot = N e T
2 * ko = 106 o n(7)
| * n(r")
3,
©)
1
I >
Ieﬂ"

® . . . ... o
10°107°10" 10° 10° 10" 10° 10° 10° 10° 107 107 10" 10° 10' 10” 10’ 10° 10° 10°
1 1
FIGURE 3. Dependence of ||u — u|, n(7), and n(7*) on x; (left)

and corresponding effectivity indices (right). These results corre-
spond to ky = 10% and to a mesh with Npop = 4335 (M = 16).

We approximate this problem using linear finite elements on uniform tetra-
hedral meshes that are constructed in two steps. First, the cube {2 is uniformly
divided into M? subcubes and then each subcube is split into 6 tetrahedrons along
its diagonal. The resulting mesh then has Npop = (M — 1)(M + 1)? degrees of
freedom.

Figure 3 presents the results for a fixed mesh (M = 16, Npor = 4335). The left
panel shows the dependence of the true error ||u — uy|| and the error estimators
n(7T) and n(7*) as K is varied in the range (0, k3]. The right panel presents the
effectivity indices Iz = n/||u — up||. We observe that both estimators provide
upper bound on the error and that they robustly capture the behaviour of the
error in the whole range of values of k1. Thus, they are independent of the ratio
K1/Ko in this case. As expected, the effectivity index for n(7*) is smaller than for
n(7T). Both indices exhibit values around 2 for small values of x; and they are
close to 1 for k; > 1000.

Similarly, Figure 4 demonstrates the behaviour of these error estimators and of
the true error with respect to the number of degrees of freedom. In this case we fix
k1 = 100 and solve the problem on a series of meshes with M = 2,22 23 ... 27
We have chosen the most unfavourable value x; = 100 for which both error
estimators exhibit the highest overestimation in Figure 3.

As above, the left panel of Figure 4 presents the values of the true error ||u—uy||
and of the estimators n(7) and n(7*), while the right panel shows the effectivity
indices. Again, we verify the upper bound property of the estimators and observe
their robust behaviour with respect to the mesh size. The effectivity indices have
values around 1 and 2 with an exception of the intermediate case, where the mesh
size h is comparable to 1/k;.
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k1 = 100 —llu— ] —Ju—wl| ®m=100 O
ke =10 o 77(7'2 511 0 n(r) Ky = 100
* (7 * ()
4+
Ieﬁ'37 O
* * ®
2 ® ®-
® &
1,
é 7‘5 Sé7 43‘35 337‘59 266‘175 2115407 é 7‘5 567 43‘35 33‘759 266‘175 2115407

degrees of freedom degrees of freedom

FIGURE 4. Dependence of ||u—uy||, n(7), and n(7*) on the num-
ber of degrees of freedom (left) and corresponding effectivity indices
(right). These results were computed on a sequence of uniformly
refined meshes with x; = 100 and x4 = 10°.

5. CONCLUSIONS

We presented a robust a posteriori error estimator on the energy norm of the
approximation error for a reaction-diffusion problem in arbitrary dimension. The
reaction coefficient x is assumed to be piecewise constant and mixed Dirichlet-
Neumann boundary conditions are allowed. The estimator is robust with respect
to the reaction coefficient x, including the singularly perturbed case, and it pro-
vides a computable upper bound on the error. The upper bound is guaranteed
up to round-off errors and quadrature errors in the evaluation of n(7).

The approach is suitable for the piecewise linear finite element approximations.
The Galerkin condition (10) is required in order to guarantee the exact equilibra-
tion condition (21) in case of small values of the reaction coefficient x. On the
other hand, the exact equilibration is not needed for large values of k and the
presented error estimator can be used for an arbitrary (conforming) approximate
solution u, € V.

Finally, we note that whilst we have assumed conformity of the approximation,
this is not essential. Methodologies derived in [23, 24, 25] could be used to extend
the error bound to any piecewise linear non-conforming approximation.
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