THE CZECH ACADEMY OF SCIENCES

INSTITUTE OF MATHEMATICS

On GMRES for singular EP
and GP systems

Keiichi Morikuni
Miroslav Rozloznik

Preprint No. 23-2017
PRAHA 2017






On GMRES for singular EP and GP systems

Keiichi Morikuni* Miroslav Rozloznik®

Abstract

In this contribution we study the numerical behavior of the Generalized Minimal Residual
(GMRES) method for solving singular linear systems. It is known that GMRES determines
a solution without breakdown if the coefficient matrix is symmetric in its range (EP); or if
its range and nullspace are disjoint (GP). We show that the accuracy of GMRES iterates
may in practice deteriorate due to three distinct factors: (i) the inconsistency of a linear
system; (ii) the distance of the initial residual to the nullspace of the coefficient matrix;
(iii) large principal angles between the ranges of the coefficient matrix and of its transpose.
These factors lead to poor conditioning of the extended Hessenberg matrix in the Arnoldi
decomposition and affect the accuracy of computed least squares solution. We compare
GMRES with the range restricted GMRES (RR-GMRES) method and the simpler GMRES
method. Numerical experiments show typical behaviors of GMRES for small problems with
EP and GP matrices.

1 Introduction

Consider solving linear systems of equations
Ax =0, (1.1)

where A € R™™ may be singular and b € R" is not necessarily in R(A) = {y € R" | y =
Az, = € R"}, the range of A. We say that Az = b is consistent if b € R(A), and otherwise
it is inconsistent. If (1.1) is inconsistent, instead of (1.1), it is natural to consider solving the
least squares problem

b A = min b - Au]. (1.2)

where || - || denotes the Euclidean norm. We call a minimizer & € argmin, g ||b — Au|| a least
squares solution, which is not necessarily unique.

We will analyze iterative methods for solving (1.1) in terms of the spaces associated with
A and prepare some required definitions and notations. If N(A) = {& € R" | Ax = 0} is the
nullspace of A, we have N (AT) @ R(A) = N(A) @ R(AT) = R?, dim N (AT) = dim N (A), and
dimR(AT) = dimR(A) = rank(A), where @ denotes the direct sum of subspaces. Let r =
rank(A) and denote the singular value decomposition (SVD) of A by ULV, where U € R"*"
and V € R™" are orthogonal matrices U'U = UUT = V'V = VVT =1, I is the identity
matrix, ¥ = diag(o1,09,...,0,,0,0,...,0) € R"" and o; is the ith largest nonzero singular
value of A. Let U = [Uy,Us] and V' = [V1, V] be partitioned, where the columns of U; € R"*"

*Division of Information Engineering, Faculty of Engineering, Information and Systems, University of Tsukuba,
Japan. Email: morikuni@cs.tsukuba.ac.jp, URL: http://researchmap.jp/KeiichiMorikuni/. The work was sup-
ported in part by JSPS KAKENHI Grant Number 16K17639.

fInstitute of Mathematics, Czech Academy of Sciences, Prague, Czech Republic. Email: miro@math.cas.cz.
The work was supported by the project GA17-12925S of the Czech Science Foundation.



and Uy € R™(™=7) form orthonormal bases of R(A) = R(U;) and R(A)* = N(AT) = R(Uy),
respectively, and the columns of V; € R™*" and V5 € R™ (™) form orthonormal bases of
N(A)+ = R(AT) = R(V1) and N(A) = R(Vz), respectively. If ¥, = diag(oy,02,---0;), we
call At = iz, 1, T the Moore-Penrose generalized inverse of A. The condition number of A
is denoted by x(A) = || A||||AT].

For convenience below, we define the index and the group inverse of a matrix. The smallest
nonnegative integer k such that rank(A¥) = rank(A**!) is called the index of A [6, Definition
7.2.1], and is denoted by index(A). In addition, k& > index(A) <= N(A4*) + R(A*) = R" [6,
p. 137]. Let index(A) =1 and X € R™*" be such that AXA = A, XAX = X, and AX = XA.
Then, X is unique, and we call X the group inverse of A and denote it by A#. The group
inverse can be characterized by the Jordan canonical form. If there exists a nonsingular matrix
S such that J = S7!AS is the Jordan canonical form of A, then A# = SJTS~1. In particular,
we have R(A#) = R(A), N(A#) = N(A), and A#A = AA# = P’R(A),./\/(A) [ ]

Now, we express solutions of egs. (1.1) and (1.2). The solution x, = ATb = V;X1Ub of
(1.1) or (1.2) is unique and is called the minimum-norm least squares or pseudoinverse solution,
which belongs to R(AT). We next give the expressions of the residual of (1.2). Denote the
orthogonal projector onto R(A) by Pra) = U1U] and that onto N (AT) by Prriamy = UsUy .
For any ¢y € R™ and any b € R", the corresponding residual of (1.2) is 79 = b — Axy =
blar(amy + briay — Azo = T« + To|R(a), Where T = b|yur) = Prramyb € N(AT) is the least
squares residual and b|R( 4) = Pr(a)b. In particular, we have r, = 0 for b € R(A). Assume
index(A) = 1. It holds that xx = A%b is a solution of Az = b <= b € R(A) [0], and it is
a unique solution of Az = b in R(A). Furthermore, the minimum Euclidean norm solution of
(1.2) satisfies @ = Pg(a1)Ts.

In this paper, we are interested in the numerical behavior of the Generalized Minimal Resid-
ual (GMRES) method [16] applied in particular to singular systems (1.1). In section 2, we
give some well-known conditions under which GMRES determines a solution without break-
down when applied to certain classes of singular matrices. We discuss also a relation to the
range-restricted GMRES (RR-GMRES) method proposed in [5]. In section 3, we examine the
conditioning of the coefficient matrix A restricted to the Krylov subspaces that significantly
influences the numerical behavior of GMRES. We consider first the case of EP (equal pro-
jection) or range-symmetric matrices and distinguish between the consistent and inconsistent
cases showing that the consistent case is similar to the nonsingular case. Then we discuss the
inconsistent EP case where GMRES suffers from an instability, since the convergence means
ill-conditioned restriction of A to the Krylov subspaces. In section 4 we study the case of group
projection (GP) matrices. We show that the numerical behavior of GMRES applied to such
problems depends substantially on the principal angles between the subspaces R(A) and R(AT).
Surprisingly, difficulties can be expected for range-nonsymmetric problems even for consistent
systems. In section 5, we conclude the paper.

2 GMRES methods and its convergence for singular systems

GMRES for the linear system (1.1) with initial iterate &y € R”", independent of any par-
ticular implementation of the algorithm, determines the kth iterate xj over xg + Kr(A, 7o)
that minimizes ||b — Axyg||, where 79 = b — Axp is the initial residual and Ky(A,7rg) =
span{rg, Arg, ..., A¥~1ry} is the Krylov subspace of order k. Note that there exist x; and
hence rp, = b — Axy, for all £k > 0 but x; may not be unique in the singular case. Denote
Kr(A, 7o) by K for simplicity. It is clear that K = span{ro} U AK;_1 C span{r.} + R(A)



holds. If dim AK; = dim K, then the problem

1 — Az || = min [|b— A(zo + 2)|| = min |Iro — Azl[ = [lro — Az (2.1)

has a unique solution x; = xg+ 2z and hence r, = b— Axy, € ro+ AKy is uniquely determined.

General studies on Krylov subspace methods in the singular case were done in [12], [18],
[25], [L7]. Particular studies on GMRES-type methods in the singular case were done in [7],
[19], [15], [20], [9]. See [10] for GMRES on ill-posed linear systems, and [26] for GMRES with
preconditioning. See also [11] for GMRES and [I] for GMRES with preconditioning in Hilbert
spaces.

In the nonsingular case, GMRES determines the solution of Ax = b for all b € R™ and for
all g € R™ within n iterations. In the singular case, GMRES may fail to determine a solution
of (1.1), and is said to break down at some step k if dim AKXy, < dim Ky, or dim Ky < k [4,
p. 38]. Note that, in general, dim AKX < dim K < k holds for each k.

We give an explicit expression of the iterate &y for GMRES using the Arnoldi decomposition
AQr = Qu41Hiyk, k=1,2,..., where the columns of Qi = [qy, g5, ..., q,] form an orthonor-
mal basis of the Krylov subspace ICi,, and Hyy1 = {hi;} € RE+FDXE ig an extended Hessenberg
matrix. Then the iterate is given by @) = xo + Qryj, With y, = argmingcpr||Ber — Hiy1,1yl,
where e; is the first column of the identity matrix and ||b — Axi| = ||ro — AQrysll =
18e1 — Hiv1,kypll-

It is clear that if h;1q1; # 0 for i = 1,2,...,k — 1, the breakdown does not occur until step
k —1 of GMRES with dim AK; = 4, or rank(H;1,;) = ¢, ¢ = 1,2,...,k — 1. At breakdown of
GMRES at step k with hg41 = 0, one of the following cases holds [13, Appendix A] (cf. [4,
Theorem 2.2]):

Case I. dim A1 =k < dim Ky = k + 1, whereas rank(Hy ;) = k — 1.

Case II. dim AKX, = k = dim K41 < k + 1, whereas rank(Hy ;) = & (GMRES determines a
solution of Ax = b at step k).

A variant of GMRES called the range restricted GMRES (RR-GMRES) method was pro-
posed in [5]. RR-GMRES determines the kth iterate by minimizing the same objective function
as GMRES over a different Krylov subspace

b— Azl = i b— A = i — Az|| = — AZR.
| x| zech(liffm)” (xo + 2)|| zezci?i&m)”m z|| = [|ro — Azy||

It was shown in [7, Theorem A2] that if RR-GMRES applied to (1.2) breaks down at step m
with rank(A) = m — 1 and dim AK,,(A4, Arg) = m — 1, then it determines a solution of (1.2).
Here, RR-GMRES is said to break down if AK(A, Ary) < Ki(A, Arg) or Kr(A4, Arg) < k.
We give an explicit expression of the RR-GMRES iterate x; using the Arnoldi decompo-
sition AQR = QEHHIEH,M k =1,2,..., where the columns of QF = [¢%},q%,...,q}] form an
orthonormal basis of the Krylov subspace K, (A, Arg) with the initial vector g%t = Arg/||Arol,
and H15+1,k = {h,ﬁ‘j} e R+DXE i an extended Hessenberg matrix. Then, the iterate is given

by @i = xo + Qyy with Y}t = argmingcpi|[(QFy1)Tro — Hilyy 4yl where

b — Azif|[* = |lro — AQF il
= 1(Qk41) Tro — Hiwyid 1 + 1T — Qia (Qi) Mol

, R \T R R (R T
= iy QK1) Tro — Hide kI + (1T — Q1 (@) ol



The last term is equal to the kth residual norm for the simpler GMRES method [23], which is
not larger than the kth residual norm for RR-GMRES, i.e., |b— Azy|| < ||b— Az}||. Note also

that |yl = [AQR_ || < [1Alro, Q1] = [[Hy+1]l and
o AQF Ly R
op(Hpy1k) < min  ——p——" =0y 1(Hp ;1)
vert-1\(o} QL yl o
leading to an interesting bound /@(H,ffk_l) < K(Hpgq1) for k=2,...,n—1.

In the following, we present conditions under which GMRES determines a solution of (1.1).
We start with the observation that in the case of N'(4) NR(A) # {0}, GMRES breaks down
and fails to determine a solution.

Proposition 2.1. If b € R(A) and ro € N(A) N R(A) # {0}, then GMRES breaks down at
step 1 without determining a solution of Ax = b.

Proof. Since o # 0, we have dim Ky = dimspan{rg} = 1. Since ro € N(A) gives Ary = 0,
we have dim AKX; = dimspan{Ar,} = dimspan{0} = 0. Hence, dim AKX; < dim Xy holds.
Therefore, GMRES breaks down at step 1. O

Similarly to GMRES, RR-GMRES also breaks down at step 1 without determining a solution
of Az =bif b€ R(A) and ro € N(A) NR(A) # {0}. Therefore, we will restrict our attention
to the cases of N(A) NR(A) = {0}. The following statement holds.

Theorem 2.2 ([, Theorem 2.6], [25, Theorem 3.2]). If N(A) N R(A) = {0}, then GMRES
determines a solution of Ax = b without breakdown for all b € R(A) and for all xy € R™. The
solution is vy + (I — A%A)x.

The condition N'(A) N R(A) = {0} is equivalent to rank([Uy, V2]) = n, or R(U1) N R(Vz) =
{0} [6, Lemma 7.2.1]. Denote the projection onto R(A) along N(A) by Pr(aya(a)- Then,
we have Prayna) = A#A = [Uy, O][Uy, Vo] 7t = U1 (ViTU1) 7'V}, because of [3, Exercise 30,
p. 148] and

(Vu)! O

-1
(U, Vel = —VU,(VTU)™ T

[V17 ‘/Q]T

Thus, k(A#A) = x(V} Uy) holds.
For a special class of singular matrices, GMRES determines a least squares solution.

Theorem 2.3 ([4, Theorem 2.4]). If R(A) = R(AT"), then GMRES determines a solution of
mingegn ||b — Azx|| without breakdown for all b € R™ and for all o € R™.

A matrix A € R™*" satisfying N (A) N R(A) = {0}, is called a GP (group) matrix. A GP
matrix satisfying in addition R(AT) = R(A), or equivalently R(U;) = R(V1), is called an EP
(equal projection) or range-symmetric matrix. Now, we characterize the GP and EP matrices
in terms of their singular value decompositions. The matrix A can be decomposed as

A—U =, ViU, ErvlTUQ] 0T _ [VfU@r o] ST _p [VlTUl

.
0 0 V, T %, O VQTUJ s

with the identity (V;TU1)(VTUL)T + (V,TU2)(ViTU)T = L. The equivalences for GP matrices

R(U)NR(Va) ={0} <<= rank([U;,Va])=n <= V|'U is nonsingular



follow from the equation

[Vl,VQ]T[Ul,Vﬂ — [%TUl O]

Vyoup 1

The conditioning of V;'U; is independent of conditioning of A but it gives a difficulty in solving
singular linear systems with GMRES. The EP case R(AT) = R(A) is equivalent to that V;'U;
is orthogonal, since V;T Uy = O.

Next, we characterize GP and EP matrices in terms of the principal angles. In the EP case
R(AT) = R(A), the matrix V;TU; is orthogonal and the cosines of the principal angles between
R(A) and R(AT) are all zero. In the GP case, since the columns of U; and V; form bases of
R(A) and R(AT), respectively, the cosines of the canonical angles between R(A) and R(AT)
are the singular values of V;"U; [%, section 1.2]. Hence, the condition number of V;'U; is related
to the extremal principal angles.

Note that due to ||[V;TU1|| < 1 all singular values of VT Uy are less than or equal to 1 and the
number of those equal exactly to 1 gives the dimension of R(U1) N R(V4). So, if |V{'UL|| < 1,
then R(U1)NR(V1) = R(A)NR(AT) = {0}. If a matrix A € R"*" satisfies R(A)NR(AT) = {0},
it is called a disjoint range (DR) matrix [2].

3 GMRES and EP matrices

As it was already noted, the GMRES iterate )y = xg + zj solves the least squares problem
(2.1). Therefore, the restriction of A to the Krylov subspace K C R™ denoted by Alx, plays
an important role in the numerical behavior of GMRES. Indeed, the ill-conditioning of A,
was studied and its condition number

max,cxe, o) Az /|12
k(Alx,) = ) /

min e, g0y 42 /|12

was introduced by Brown and Walker in [1]. In practical computations, the iterate xj is
computed as xy = xo + QrY;, where the columns of @ form an orthonormal basis of the
Krylov subspace Ky and the vector y; is a solution of the extended Hessenberg least squares
problem min, g [|[Be1 — Hyy 11yl (see section 2). The accuracy of xy is thus affected directly
by the conditioning of the matrix Hj1, whereas the identity x(Hyi11) = ~(A|x,) follows
from the identities

[ He41 6w

{max, min} Az = {max, min}M = {max, min}
zek\{oy |1zl werk\{0}  Qrw| wERF\ {0} [[w]

Next, we give bounds on the extremal singular values of Hj. . The norm of the matrix
Hj 41 can be always bounded above by that of A

e |Az] _ e 1Azl _ e [Az[|
zeK\{0} [|1Z]| T zespan{r.JUr(AN{0} |Z|| T zern\{o} |z]|

1Al

| Hit1,k

This approach cannot be used to bound the kth (or smallest) singular value of Hj41j due to

min 1A=l in A=l in [Az]|
zeKi\{0} ||z T zespan{r.}ur(A\{0} [|Z| T zekRm\{o} |z||

o (Hyt1,k) = (3.1)

as the last equality holds for A singular.



In the consistent case, the condition number is bounded by k(Hyy1x) < k(Alg(a)) from
Kr € R(A) and

i Azl
zer(A\{o} ||z’

ok(Hiq1,5) >

where Al 4) denotes the restriction of A to the range R(A). If A is an EP matrix R(AT) =
R(A), then

A=) _ N

min = in =0,.(A)>0
zeR(AN{0} |[2]|  zer(AT)\{o} ||z]|
and
A
w(Alrea) 1Al w(4).

 mingerean oy 14z[|/[z]

Indeed, the consistent EP case is similar to the nonsingular case, and the condition number
of the extended Hessenberg matrix Hyy;y is bounded by x(Hyi1x) < £(A) (cf. [27, Remark
3.2, Theorem 3.6]). Consequently, the rank deficiency of the least squares problem (2.1) cannot
occur and GMRES will terminate if a solution is reached at some step with a degeneracy of the
Krylov subspace at the next step.

In the inconsistent EP case, the equivalence R(AT) = R(A) <= N(AT) = N(A) shows
that the nonzero least squares residual 7, € N(AT) belongs also to N(A) and

e Azl
zespan{r. JUR(A)\{0} HzH

ox(Hpy1x) >

It follows from (2.1) that the residual 74_; at step k — 1 belongs to the Krylov subspace K}, and
satisfies rp_1 — 7« € R(A). In addition, due to Ar, = 0 we have

[Az] _ [Arg—all

H —
ok Hir1k) = 00T S el
A = =
Tl el

This result was derived in a somewhat different form in [/, Theorem 2.5]. It is clear that in
the inconsistent case, the least squares problem (2.1) becomes ill-conditioned as the GMRES
iterate converges to a least squares solution. This situation is illustrated in Figure 3.1. Note
also that (3.2) can be written for the step k =1 as

[Aroll _ [lAllIrolmeanll _ lIAlllrolwca |

ok(Hipg15) < < =
7ol 7ol 7ol

This bound indicates that if the norm of Arg is too small, the inaccuracy can be expected at
all subsequent steps of GMRES. Note that if rg € N(A), then GMRES breaks down at step
1 with xg being the least squares solution of (1.2) (see also Proposition 2.1). Finally, since a
symmetric matrix is an EP matrix, the above discussion also covers the MINRES method [14]
applied to symmetric singular systems.

The conditioning of the extended Hessenberg matrix Hj4q for GMRES and its relation
to conditioning of A are illustrated on small examples. First for simplicity, consider applying
GMRES with £y = 0 to Ax = b, where

A= [(1) 8] b— E] (3.3)
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Figure 3.1: Geometric illustration of residual vectors in the EP case.

for ¢ > 0. The matrix A is EP, it has the range R(A) = R(AT) = span{[1,0]"} and the
nullspace N(A) = N(AT) = span{[0,1]"}, and its minimum nonzero singular value is o1 (A4) =
min_er(a oy [|[42(l/[z]| = 1. The first two steps of the Arnoldi process for A and the initial
vector g; = b/||b|| give the decomposition AQ2 = Q2Hz 2, where

1 1 e 1 1 ¢
Q2—[Q17‘12]—\/1+—€2L _J, H2,2—1+€2[€ 52]-

Hence, Hs is singular and we have 01(A) = 01(Ha,1) = 01(H2,2) = 1. Solving min,cp2 ||Be; —
Hsoy| = €, where 8 = v/1+ €2, we have y, = [V1+¢2,0]T and |ly,|| = V1 + €2, Therefore,
xs = [1,£]" and thus the norm of the iterate does not represent a problem here. It is also clear
that for £ = 0 the system (3.3) becomes consistent and then GMRES will deliver the minimum
norm solution x, = [1,0]7 in one iteration.

In the following numerical examples, we examine the accuracy of the GMRES iterate due
to the consistency of linear systems by using the test matrix and right hand side vectors

D0 128128 e
A_{O O}ER , b_M, (3.4)

where D = diag(lo%,l()l%,lo%,...,10_4) € R4~ = [y,7,...,7]T € R% and § =
[0,9,... ,5]T € R%. Hence, A has the condition number 10%, and b ¢ R(A) <= 6 # 0. An
inconsistency of the linear system Ax = b can be controlled by the ratio between v and §. Since
R(A) = R(AT), GMRES should determine the least squares solution of mingegn ||b — Ax|| for
all b € R'?8 (Theorem 2.3). Throughout all our numerical experiments, we use GMRES and
RR-GMRES with the Householder orthogonalization process [22] to ensure the best possible
orthogonality among the Arnoldi basis vectors q, q», ..., q; and we compute the kth residual
rr, = b — Az, explicitly from x; by solving the extended Hessenberg least squares problem
mingcgr [|f€1 — Hi 1,4yl with the Matlab backslash solver, which utilizes the column pivoting.

Figure 3.2 shows the relative residual norm || ATr]||/||ATd|| versus the number of iterations of
GMRES in the weakly inconsistent cases (7, ) = (1,0), (1,10712), (1,1078), and (1, 10~%) on the
left, and and in the strongly inconsistent cases (v,4d) = (1,1), (107%,1), (1078,1), and (10712, 1)
on the right. Similarly, Figures 3.3 and 3.4 show the relative residual error norm ||ry —r.||/||7%||
and the extremal singular values of A and Hj 1, respectively. If the inconsistency is small
(6 < 7), then GMRES is sufficiently accurate (Figure 3.2a); otherwise the relative residual norm
|ATr,||/||ATb|| stagnates before attaining the accuracy on the level of ux(A) (Figure 3.2b). In
contrast to nonsingular case, GMRES deteriorates not only due to the condition number of A
but also due to the inconsistency measured here by é > 0. For strongly inconsistent systems



2 2
0 Re
o \\.\\
—4
AN
—6 \,
5 \
[=}
. \
\\
-0 5=10"4
“i2} Rt T |
5=10"8
—14 }
~16 . . . . . . —16 . . . . . .
0 20 40 60 80 100 120 0 20 40 60 80 100 120
Number of iterations Number of iterations
(a) Weakly inconsistent cases (v = 1). (b) Strongly inconsistent cases (§ = 1).

Figure 3.2: Relative residual norm ||ATr||/||ATb|| for GMRES.
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Figure 3.3: Relative residual error norm ||ry — r.||/||rx| for GMRES.
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Figure 3.4: Extremal singular values of A and Hj 1 for GMRES.

with § > ~, i.e., for 7o close to N(A), even though |ATry||/||ATd| is large and stagnates,
and ||r.| and hence ||| are large, the residual r; approaches r.. Figure 3.4b shows that
for strongly inconsistent problems, Hj1 ) has a condition number significantly larger than
A, tends to be ill-conditioned in the subsequent steps, and is numerically rank-deficient with
UHHk—&—LkHHHIiJrl,k“ > 1 within several iterations. In particular, for vy = 0 and § = 1, GMRES
breaks down at step 1 but gives a least squares solution. Comparing Figures 3.3b and 3.4b, we



see that in these cases the bound (3.2) gives a reasonably good upper estimate for the smallest
singular value of Hj 1 j.

A remedy for the ill-conditioning occurring in GMRES due to inconsistency is to form a
Krylov subspace by starting with the initial vector Arg in R(A) instead of r( for the Krylov
subspace (A, Arg) such as it is done in RR-GMRES. Note that on the other hand, the
RR-GMRES residual norm is always larger than or equal to the GMRES residual norm (see
section 2). Similarly to the above, we show numerical results for RR-GMRES on the same
inconsistent linear systems (3.4). Figures 3.5 to 3.7 show the same quantities as Figures 3.2
to 3.4 for RR-GMRES. For any inconsistency parameter § > 0, the condition number of H ’§+1Jf
is bounded above by the condition number of A and RR-GMRES is sufficiently accurate, as

Az||
HR _ H
r(Hiarp) = o i o Tz
> min [Az]| . | Az|| o (4)
zeR(AN0} [|2]|  zer(aT)\{o} =]

for R(A) = R(AT). Thus, the accuracy of the RR-GMRES iterate is affected only by the
condition number of A, even though the inconsistency increases or ro approaches N'(A). Hence,
for inconsistent problems with EP matrices RR-GMRES is a successful alternative to GMRES.

4 GMRES and GP matrices

We have shown in section 3 that the condition number x(A|g(4)) plays an important role in
the behavior of GMRES and in the EP case we have r(A|g(4)) = k(A). Thus for consistent
problems with EP matrices, the condition number of A represents an upper bound for the
condition number of Hy i1y due to k(Hpy1x) < K(Algea)) = K(A) and the accuracy of the
GMRES iterates is actually determined by the spectral properties of A. Consider now applying
GMRES to Az = b, where A is a GP matrix (Theorem 2.2). We will show that in the GP case
#(Alr(4)) can be significantly larger than x(A) and thus the condition number x(Hg11) can
become larger than x(A) even in the consistent case. The accuracy of the GMRES iterates can
be then affected by the inaccurate solution of the extended Hessenberg least squares problem
that can be ill-conditioned even if A is well-conditioned.

According to Theorem 2.2, GMRES in the consistent GP case determines @4 + (I— A%A)x.
The vector x that belongs to R(A) can be related to the vector . that belongs to R(AT) as
follows:

or (VU [l < sl < flzgl), (4.1)

which follows from the identity . = Ppam)Ty = ViVIU ULz y. Note that xy has a large
component in N (A) which may affect the accuracy of GMRES iterates (see Figure 4.1).
In the consistent case, the extremal singular values of Hj 1 can be bounded as

1Az _ IOz

H, < = < || A|[|ViT UL,
Ul( kJrl,k) _ZE'R(A)}i{O} ”Z” ZER’“\{O} ||U1,Z|| = H ||” 1 1”
. ||Az]| . U121 Vi UL 2| T
or(H > min = ———— >0, (A)o. (V] U7). 4.2
) 2 o Tl scbilloy (a2 AT 2

Consequently, x(Hyy1x) < k(A)k(ViTU1) is related to the extremal principal angles between
R(A) and R(AT) (cf. [24, Theorem 2.1]). The lower bound (4.2) shows that in the consistent
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Figure 3.5: Relative residual norm ||ATrY||/||ATb|| for RR-GMRES.
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Figure 3.6: Relative residual error norm ||r¥ — r.||/||rR|| for RR-GMRES.
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Figure 3.7: Extremal singular values of A and H,lirl’k for RR-GMRES.

case the smallest singular value of Hj 1 can be smaller than the nonzero one of A, depending

on that of V;TU;. In addition, it is easy to see that of(Hg11 ) can be bounded by

J4z] _

|Aroll _ l[Allllrolzcamll

ok(Hyq1,1) =

Here, the last inequality is implied by the splitting Aro = A(ro|x(4) + Tolr(am)) = ATolr(aT)-

zeki\{o} [lzl] — lroll T

[l7oll
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Figure 4.1: Geometric illustration fo solution vectors in the GP case.

Although Brown and Walker mention in [4, p. 50] that the condition number of A|x, cannot
become arbitrarily large through an unfortunate choice of b and xg, it is clear that if the residual
ro has a very small component in R(AT) then such situation can be achieved for any singular
matrix A.

In the following, we give illustrative examples that lead to ill-conditioned extended Hessen-
berg matrix Hj; in GMRES. First, we consider GMRES with xy = 0 applied to Az = b,

where
e 1 x [1/e 1/ [t
A= [0 0]’ AT = { 0 0 |’ b= 0]"

The matrix A has the following range and nullspace

. -]}
R(AT) = span { m } . N(AT) = span { m } |

It is clear that for ¢ = 0 the matrix A is DR. In addition, the initial vector r( satisfies r¢ €
N(A)NR(A) and thus the GMRES method breaks down at step 1. Now suppose that 0 < ¢ < 1.
Then, the matrix A is GP but not EP (R(AT) # R(A)), and because o1(V;'U;) = & we have

|Az] min 1Azl _
zer(A\{0} |z T zer(AT{0} ||zl

1+ 2.

The smallest singular value of Hj is significantly smaller than the smallest nonzero singular
value of A, 01(Ha1) = ¢ < V1 + €2 = 01(A). Indeed, the components of Ha 1 are Ha1 = [g,0]".
Furthermore, by solving mingcp: ||fe1 — Ha 1yl with 8 = 1, we have y; = 1/¢, i.e., y; has a
large component. We see that @1 = Qiy, and 1 = x4 = A%b = [1/,0]T for b = [1,0]T.
Therefore, ||x1]| becomes very large even if the condition number of A and the norm of the
right-hand side are small. Indeed, the vector ., = 1/(1 + £2)[e,1]7 and thus the vector z4
contains a large component in N (A) and satisfies the inequalities (4.1).

Note that if we consider the inconsistent system with the right hand side b = [¢,1]7, then

GMRES method will break down in the second step with

— _ 1 [e 1 Hyo = ig 4
QQ—[QDQQ]_WL €:|7 32 = 0 0 ) (-3)
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whereas rank(Hs3 o) = 1 < rank(Q2) = 2 and g, € N(A) (see Case I in section 2).
The above observation is tested on numerical examples Ax = b with an even size of A
satisfying N'(4) N R(A) = {0} and having the structure:

A {8 (I)] cRIZX1B b Lﬂ’ (4.4)

where D = {d; ;}R%%*%* is a diagonal matrix whose values of the diagonal entries have the
so-called Strakos distribution [21]

64 — j
63

§=2,3,...,63, and f = {f;} € R" has the entries f, ;1 = 10-0=Dr/63 =12 .  64. This
setting gives A well-conditioned for x(A) = /2/(10~7 + 1) ~ /2 and V;"U; ill-conditioned for
k(V]TUL) = 10°1/(10-20 4+ 1)/2 ~ 10” /+/2 for p > 1. Furthermore, the norms of vectors f, D f,
D? f decrease and this reduction is pronounced as the value of p increases.

Figures 4.2 and 4.3 show the relative residual norm and the smallest singular value of Hy 1
and H 1§+1,k versus the number of iterations for GMRES and RR-GMRES, respectively, applied
to the above linear systems with p = 1, 4, 8, and 12. As the value of p increases, the condition
number of the extended Hessenberg matrix increases and however the accuracy of the relative
residual for both GMRES and RR-GMRES is significantly lost. It is clear from our experiments
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Figure 4.2: GMRES on (4.4) with b= [f7,07]T and different x(V}' Uy) ~ 10°/1/2.
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that while RR-GMRES does help in the inconsistent EP case by starting with a vector in R(A)
to construct the Krylov subspace, in the GP case both GMRES and RR-GMRES may not be
accurate for large condition number of V;"U; even in the consistent case.

5 Conclusions

In this paper we have considered the behavior of the GMRES method for solving a linear
system Ax = b, where A is singular. We have discussed two classes of singular matrices (EP
and GP) satisfying the conditions under which GMRES converges to a least squares solution and
to the group inverse solution, respectively. We have distinguished between the consistent and
inconsistent cases and studied the conditioning of the extended Hessenberg least squares problem
that can significantly affect the accuracy of approximate solutions computed by GMRES in finite
precision arithmetic.

It appears that the consistent EP case is similar to the nonsingular case. The rank deficiency
of the extended Hessenberg least squares problem does not occur and GMRES converges to the
accurate approximate solution and terminates with a degeneracy of the Krylov space in the
next step. If the coefficient matrix is EP, but system Ax = b is inconsistent, then despite of
the theoretical guarantee to the least squares solution, the extended Hessenberg least squares
problem becomes seriously ill-conditioned and this may lead to very inaccurate approximate
solutions in GMRES. This happens when the distance of the initial residual to the nullspace
is too small or when the residual vector converges gradually to the least squares residual. A
remedy is to use RR-GMRES for such cases.

It is known that if the coefficient matrix is GP, then theoretically GMRES converges to
the solution given by the group inverse of A. We have shown, however, that the extended
Hessenberg least squares problem can be ill-conditioned even in the consistent case. Indeed, the
conditioning of the extended Hessenberg matrix Hjqj in GMRES depends not only on the
conditioning of the coefficient matrix A (as it is in the case of consistent EP problems) but also
on the smallest principal angle between the spaces R(AT) and R(A) that can be quite large.
In such cases, both GMRES and RR-GMRES may compute inaccurate approximate solutions.

We believe that under conditions guaranteeing the convergence of GMRES to the generalized
least squares solution considered in [25], these results can be extended to singular systems with
a general index index(A). Note also that in this paper we assume only exact arithmetic and
our considerations form a groundwork for the future rounding error analysis.
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