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A model arisin

g in astrophysics
Primitive system
Oro + divx(pu) =0
9 (ou) + divi(ou @ u) + E%VX(QO)"’ = e*div,S(Vxu) + E%QVXF
0:(09) + divi(0Bu) =0
S(Vxu) = (qu + Viu-— %divxuﬂ) + Adiveul, A >0,

Gravitational potential

F e C®(R), F(x) >0, [x]’V<F(x)| + |x|}|VZF(x)| < c for all x € R®
FL <F()<F—
x|

for all |x| > R
x|

Far field conditions

0—90>0,u—0, ©®—1as|x| > 0

A4O0>» «4F > «E» «=>»



Low Mach number approximation of (certain) supernovae

Target system
divy(V) =0
OV +V-VV 4 Vil = — DV, F
O:(R) + div<(RV) =0

Static density profile

Viog = 00V<F in R®, 9o — 3> 0 as |x| — oo




Initial state of the primitive system

Initial data

00,:(0,-) = 00 + £0p
ug:(0,-) = Vo + V.dg
©0:(0,-) = 1420

Generalized Helmholtz decomposition

v = Hg[v] + V.o
divy (00Vx®) = divy(gov), ® € D"*(R®) for v € L*(R*, R®).

Well vs ill prepared data

Well: g5 =0, V,® =0, 8P e L' nL™

lll: otherwise




Expected conclusion

Convergence
0= A 0o + — 00

ugz«,v+5_>v

Potential temperature

o.~1+%0%, o — &




Acoustic waves

Acoustic equation

€0tse + divy [00Vx®P:] =0

£000:Vx®. + 00Vx { (ng) ] —0
0

or, in a concise form
22 P,(Qo) .
€°0;, P — ——divx (00Vx®P:) =0
©o
Initial data
s¢(0, )—QO , Vi®.(0,-) = Vi

Acoustic propagator

é@o) lex (QOVX V)



Basic properties [DeBiévre and Pravica

Self-adjoint operator

/
Agy Vi _¥divx (00Vxv)
0

uv Q0
P’ (0o0)

Spectrum
m the point spectrum of A, is empty

m the operator A,, satisfies the Limiting absorption principle
Operators
Vo (Ap —A£in) oV [3(Q) — [3(Q),

Vvl = (L+x*) 7% s> 1

| are bounded uniformly for A € [a,b], 0 < a< b, n>0, |




Local decay properties

Theorem (Kato)

Let C be a closed densely defined linear operator and H a self-adjoint
densely defined linear operator in a Hilbert space X. For A ¢ R, let
Ru[\] = (H — Md) ™! denote the resolvent of H. Suppose that

r= sup € o Ru[A] o C*[v][|x < oo
A¢ER, veD(C*), |lv]x=1

sup E/ | C exp(—itH)[w]||% dt < .

weX, |lwlx=1 —oo

Local decay estimates

/:: H“’G(Ago) exp (iv/Ayt) [

2
2
2R3 dt < c(i, G)[hll2(r3)

p € CZ(R?), GeC(0,00)




Improved decay estimates

Strichartz estimates (frequency localized)

/:: HG(AQO)exp (v Aut) [h]H;( ,, 4t < (G Al e

for any any G € CZ°(0, o)
1
p
Decay for the scaled equation

/ “G(AQO exp (il\/ATO )[h] dt

L9(R3)

:e:/ HG Ag) eXp(il\/,Tgo )[] dt

L9(R3)

T/e p
:g/o G(Ag) exp (+iy/Agt) [h]HLq( ,, At <[EJe(O)lAlEx ey




Strichartz estimates by Metcalfe and Tataru

A wave equation

02,V — div, (Z\(X)vxv) +B(x) ViV = Z, V(0,) = Vo, 8:V(0,") = V4

Strichartz estimates

IV lp(—oo,00ta(rzy < (IVxVollizererey + 11 Vallizgrey + 1211 e (— oo 00i15(R3)))
3

r S

Flatness of coefficients

>~ sup (IxPIVZAR)] + [XIAR)] + |A(x) - A

jez XEA;

>~ sup (IxPV.B(x)| + xIIB()]) <4
jezxef
A={2 < x| < 2"}

A4O0>» «4F > «E» «=>»




Decomposition method

A new density profile

8, 0 flat on a large ball {|x| < R}, 8 = 0o for {|x| > 2R}

Modified operator

= divy (p'(8)Vxv) + Q" (8) V8 - Vv,
A(x) = P'(8)(x), B(x) = 8Q"(8)Vxd.

Strichartz estimates

The operator A,, satisfies the flatness condition of Metcalfe and Tataru




A method by Smith and Sogge

Desired estimates

7 stamren (s v, ., de< @

U= G(Ay)exp (:ti Ao, t) [A]

1for|z| <R

X € €T (R), x(2) = { 0 for |z| > 2R

U= x(Ix)U+ (1 - x(Ix))U,

Local + Strichartz

X(|x|)U satisies the localized frequency cut—off estimates as U does




Decay estimates for the far field component

Far field vector field

Wave equation

82,V — div, (Z\(x)vx v) +B(x) V.V = 2,

= AV.x - ViU + div,(AV.xU) — B - V,.x U
(1 —x)Uo, 9:V(0,-) = (1 — x)Uh.

Strichartz estimates

The result of Metcalfe and Tataru applies to V




Convergence proof

Relative energy

& (g,@,u ‘ r,U)

2

H(Z)

Test functions

(r—2) € C([0, T] x R®), r>0, Ue C([0, T] x R*; R®)




Relative energy inequality

Inequality
[ (e.0.u[r,U)] ZO g /O [ S(V.u - 0)): V() dxde

g/ / 0(9U +u-V,U) - (U — u) + £°S(V,U) : V(U — u) dxde
0o JR3

+§2 /0 /R [(r = 0©)0:H'(r) + Vi H'(r) - (rU — ¢@u)] dxdt

_Elz /OT /R3 [diVxU((ge)” - r") +0ViF - (U— u)] dxdt

Ansatz

r=re=g0+

acoustic component acoustic component




