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Abstract

The aim of the paper is to extend the result by Novotny and Necasova
[19] to the case of dissipative measure-valued solution and derive a relative
energy inequality.

1 Formulation of the problem

We consider the compressible non-Newtonian system of power-law type. The
aim of paper is to extend the result given by Novotny and Necasova [19] to
the more general case of measure-valued solution and derive relative energy
inequality for this system.

Before stating the problem let us first explain the meaning of a measure-
valued solution. It is a map which gives for every point in the domain a prob-
ability distribution of values and the equation is satisfied only in an average
sense. In case that the probability distribution reduced to a point mass almost
everywhere in the domain it means that measure valued solution is a weak so-
lution of the problem, see e.g. the case of incompressible non-Newtonian case
in work of Necas et al. [13] or Bellout and Bloom [4].

The advantage of measure-valued solutions is the property that in many
cases, the solutions can be obtained from weakly convergent sequences of ap-
proximate solutions.

Measure-valued solutions for systems of hyperbolic conservations laws were
initially introduced by DiPerna [6]. He used Young measures to pass to limit



in the artificial viscosity term. In the case of the incompressible Euler equa-
tions, DiPerna and Majda [7] also proved global existence of measure-valued
solutions for any initial data with finite energy. They introduced generalized
Young measures to take into account oscillation and concentration phenomena.
Thereafter the existence of measure-valued solutions was finally shown for fur-
ther models of fluids, e.g. compressible Euler and Navier-Stokes equations [18].
The measure-valued solution to the non-Newtonian case was proved by Novotny
and Necasova [19]. The generalization was given by Alibert and Bouchité [2].
More details can be found in [16], [17] and [21].

Recently, weak-strong uniqueness for generalized measure-valued solutions of
isentropic Newtonian Euler equations were proved in [11]. Inspired by previous
results, the concept of dissipative measure-valued solution was finally applied
to the barotropic compressible Navier-Stokes system [12].

We will consider the motion of the fluid is governed by the following system
of equations

0o+ divy(ou) =0 in (0,7) x £, (1.1)

O(ou) + divg(ou @ u) + Vep = divyS in (0,7) x £, (1.2)

where o is the mass density and wu is the velocity field, functions of the spatial
position z € R? and the time ¢t € R. The scalar function p is termed pressure,
given function of the density. In particular, we consider the isothermal case,
namely p = Ap, with A > 0 a constant. The stress tensor is given by

Sij = ﬁu”(sij + 2wei,j (u), (13)

where
Ouy Ouy;
- u i x ) . ) = A, i x ) . ) 1'4
8 ﬁ(u,dlvudet(axj)) w w(u leUdet(ﬁxj)) (1.4)

R 1 /0u; Ou,;
u=/eij(u)eij(u), eij(u)= 9 (8:0- + 893]) ’
J 1

and

2
ﬂzfgw, w > 0.

We consider the Dirichlet boundary conditions
u=0 in (0,T) x 00 (1.5)

and initial data

u(0) = ug, 0(0) = go. (1.6)



We consider the following hypothesis:

2w (a, div,u, det (8%)) [l
alL'j

18 (a div,u, det (aui
6$j

2w (ﬁ, div,u, det (gz)) eij(u)
~ qs ou; . ~7—1
+5 | 4, divyu, det E divyu 05 < ki lul’™ ", (1.8)
J

for i,j5 € 1,2,3 with k1,ks > 0, v <7 < v+ 1, v > 2. Further, we assume the
existence of a positive function 9¥(e;;) such that

oY Ou; L Ouy; .

der = 2w (ﬁ, div,u, det (QZJ)) eij(u) + 058 (u, div,u, det (a—g])) div,u.
(1.9)

Remark 1. We consider power-law type of fluids. For more details see [13].

>) divyu diveu > ko |a|”, (1.7)

2 Mathematical preliminaries

We define ¢(t) = ¢! —t — 1 and ¢y(t) = e’ — 1 the Young functions and by
Y(t) = (1+t)In (1 +1t) —t, and 1y 5(t) the complementary Young functions to
them. The corresponding Orlicz spaces are Ly (€2), Lg, (), Ly(S2), Ly, ,,(9).
These are Banach spaces equipped with a Luxembourg norm

lull, igf{h YN <@> dr < 1} cie.  (@1)

where f stands for ¢1, ¢o, 1, ¥1/2. Let C () be the set of bounded contin-
uous functions which are defined in Q. We denote Cy, Cy, Cy,,, and Cy,
the closure of C'(Q) in Ly(S2), Ly(Q), Ly, ,(2), and Lg,(Q), respectively.
We have (Cy ()" = Ly(Q), (Cy ()" = Ls(Q), (Co, ()7 = Ly, ,(),
(Cyy s (Q))* = Ly, (), where Cy, Cy, Cy,,, and Cy, are separable Banach
spaces. Further, 1, vy /o satisfy the Az-condition and we have Cy, () = Ly, (Q2),

Cyypp () = L, (). LY (QT,M (RNz)) denotes the spaces of all weakly
measurable mappings from @ into M (RN2> with finite L>° (QT, M (RNQ))
norm; v € L™ (QT,M (RN 2)) is a weakly measurable map if and only if
(z,t) — (Vat,g(,t)) is Lebesgue measurable in Q for every g € L! (QT, Co (RN2) );

N is dimension. We define by LP(Q2), WP(Q) (resp. Wol’p), 0 <lIl,p< +o0,
the usual Lebesque space, Sobolev spaces. We denote VF = WF2n W01’2,
QT = x (0, T)



Remark 2. For more details about Orlicz spaces see [15].

Definition 3. (Measure-valued solution) Let (g, v,r) be such that

0 € L>®(1,Ly), (2.2)
ve LI, Vi) N LY (I, Wy), (2.3)
veLy (QT,M (RN2>> : (2.4)
the functions
oij, B(0,Tro,det (0)) Tro, w (7, Tro,det (o)) 0yj (2.5)

are v-integrable in RN’ (Tro = 0y;) and

du; ,
/ , oijdve . (0) = 3u" a.e. in Qr. (2.6)
RN i

Then, we define a measured-valued solution for the system (1.1) - (1.9) in the
sense of DiPerna [6], in the following way:

0p;
—/ ou; é;i dacdt—/ Quiujgoi7jdxdt—/ Qouoapi(O)dx—kz/ op; idzdt
T T Qo

T

+/ dadt ( B (0, Tro,det (o)) Trod;; + 2w (0, Tro, det (0)) 04;dvy & (a)) wi; =0,
T RN?

(2.7)
for all p € C™ (Q1), ¢(t) € Wy () and for any t € I, p(t) = 0.

Remark 4. In the Definition 3 the Young measures are defined for the gradient
of the velocity field. In the next Section the measures are considered for the
density and the velocity field.

Theorem 5. Let ug € Vi, 00 € C4Q), 00 > ¢ >0,d=1,2,.... Let assump-
tions (1.7) - (1.9) be satisfied, k > N. Then, there exists (o,u) and a family of

a probability measure v, ; on RY * with properties such that

(@) v e Ly (QrRY'), |val

=1, forae. (x,t) € Qr;
(1) supp Vg, C RN2, for a.e. (x,t) € Qr;
(i) u e L7(I, W) N LY (I,Wol’“) ,ay >N, a<l;

(iv) 0 € LI, Ly(Q)) N L2 (I, W)



(v) ou € LY(IL,LW™ "), ay >N, a< 1, y+y ' =1;

(vi) pusuy € L7V(I,W™7)
and such that (o,u,v) satisfies (2.7).

Proof. To prove the existence of measure-valued solutions we introduce the fol-
lowing approximation scheme (multipolar fluid introduced by Nec¢as and Silhavy,
[201)

b
Tij = —pdij + iTig§7U)7 (2.8)
5=0
where
Tz’(js R i(js’v’lm) + Sijs (2.9)
with
Ti(js’m”n) = (—1)° (ui A%ui16i5 4 2u5 0% (u)) . (2.10)

The second law of thermodynamics requires additional stress tensors with the
power on an elementary surface

dsy o

L
etnd 9y By,

The higher stress tensors are defined as follows

k—1
Lo =9 1)t ATTm 2.11
Tiix .. im ym (;n( ) oz, .0z, Oz |’ (2.11)
where
s s aul s
qij = u3 (—axl) 5ij + 2M2€ij (u) (212)

and symmetrization is taken with respect to (i1, ..., 4, ). We assume that pf and
15 are constants and

) 2 X
,ujélzfgluga N§>0a 0<s<k-2

ph=t > Skt ket . (2.13)

We denote



k—1 ) X
_ s 0%ij(v)  9%eyy(w)
((071U)) o /Q (; (2#2 axil...axis 6.%1‘1...81‘1'5 *

i Perp(w) %en(v) ))dx (2.14)

+
! 6$i1 63519 8Ii1 ...8:51-5

Moreover, we consider

2,
pi> =g (s=0,k—2), (2.15)

The system is defined by the following equations:
0 0 (ou;
90 | 9 (ow)

= 2.1
ot 8Ii 07 ( 6)
9 (oui) 0 (oujuy) 07 do
—— =—k 2.17
ot &rj al‘j 8:@-’ ( )
with the initial data
u(0) = up, 0(0)= 0o (2.18)
and boundary conditions
u=0 ondNxI, [[v,w]]=0 ondQxI, (2.19)
where
= Awm
= Yoo p.dS. 2.20
[[Ua w]] mz::l /6(2 Tul...zm] 39% ...8:@-7” VJ ( )
Weak formulation of (2.17) reads
0 (ou; T
s R ()
T T 0
+ / 3 (a div,u, det (‘9“1')) div,u2® 4
T 6$j 6.%1
~ s Ou; Op; Op;
2 d det | — i(u)=— — k
+ /Tw (u, iveu, de (8:Ej)) e”(u)azj /QT Qa:ci
— / obip;, Vo € L? (I, Vi N W()l”) . (2.21)

T

Let us formulate the existence and uniqueness results for the approximation
scheme:



Lemma 6. Assume that ug € Vi, and g9 € C¢ (ﬁ), where g9 > ¢ > 0 and
d=1,2,... Let assumptions (1.7) - (1.9) be satisfied, k¥ > N. Then, there
exists at least one solution (g, u) of (2.16) - (2.17) satisfying (2.21) such that

o€ L™ (I,Wr1), (2.22)
where
p=min(d,k—-2), 1<¢<6(N=3), 1<g<oo(N=2), (2.23)
90 2 p—1,q
— e L (I,wP=ha), (2.24)
ot
ue L*(1, Vi) NL>® (I, WH2(Q)), (2.25)
ou
—cL? 2.2
5 € L7 (Q1), (2.26)
wel? (I, Wi (Q)) . (2.27)

Moreover, assuming that 6(e;;) satisfying (1.9) is continuously differentiable in

RV’ Then, in the class of solutions satisfying (2.22) - (2.27), there exists at
most one solution of the problem (2.16) - (2.21).

Proof. The methods of characteristic applying to the continuity equations to-
gether with Galerkin approach on the momentum equation we get existence of
solution. For more details on the proof see [19]. O

Passing with higher viscosity in the limit the most problematic point is to
find a representation in terms of

Ouy; .
/ ﬁ (auadivl‘auadet (a—u)) U’fi,i(tpi,’i'i_
T Ty
TR divoTH Ou; I
+2 w | u*, div,u", det Fp. ) ) YiiPi (2.28)
T J

We follow the classical theory introduced by Ball [3]. We define for each (z,t) €
Q1 a sequence

V:-Z,t = 5ij (z,t)» (229)

where 4, is the Dirac measure which lives in the point z € RN (Vv“ (z,t) € RN2)
and let us put

v o (x,t) € Qr — I/i,t. (2.30)



Since {Vj } is uniformly bounded in LS (QT; M (RN 2)), thanks to the repre-

sentation theorem

([0 (@ (=) =tuoras (=) o

and the separability of 17, we have v € LY (QT; M (RN2)) such that
v — v, weakly — *in LS° (QT; M (RNQ)) . (2.32)

Let us recall the special case of the Ball theorem (see [3]).

Lemma 7. Let Vo? : Qr — RN’ be uniformly bounded in L (Qr) and let the
continuous function 7 : RN — R satisfy
¢|37] < 7 (3, Tro,det o) < c(1+[5))7 ", (2.33)

where v > 7% — 1 and

sup / n(](¢, Tro,det 0)]) dedt < oo (2.34)

j=1,2,...

with 1 being Young function. Then,

Vel =1, ace. inRY (2.35)

and

7 (0, Tro,det o) — (T,vgt) = / 7 (0, Tro,det o) dvy ¢ (0) (2.36)

RN?Z

weakly - * in L, (Qr).
Applying Lemma 7 with 5 (£) = £€/0-1 we get

/ [8 (@, dive, det )]/ Y dzdt < / 67| dadt < const., (2.37)

T T

which give us the measure-valued solution in the sense of DiPerna. O

3 Dissipative measure-valued solutions to the com-
pressible isothermal system

We introduce the concept of dissipative measure-valued solution to the system
(1.1) - (1.2) in the spirit of [11] and [12].



Definition 8. We say that a parameterized measure {Vt,x}(t 2)€(0.T)x Q.

ve Lz’o ((O’T) x Q’P ([0700) X RN)) ’ <Vt,x;5> =0 <Vt,ac§’U> =u,

is a dissipative measure-valued solution of the compressible Navier-Stokes sys-
tem (1.1) - (1.2) in (0,7) x §, with the initial conditions vy and dissipation
defect D,

DeL>*(0,T), D>0,

if the following holds. -
(i) Continuity equation. There exist a measure r¢ € L' ([0,7], M (Q)) and
x € L (0,T) such that for a.a. 7 € (0,T) and every ¢ € C* ([0,T] x Q),

|(r (1) Vat)| < x (N D7) [¥llcr ) (3.1)

and

| s o myde= [ i) 60, do

Q
= / / (V25 8) Optp + (Vg4 5V) - Vptp] dadt +/ <7’C; de)> dt. (3.2)
o Jo 0
(i) Momentum equation.

U= (Vz;0) € L? (O,T; Wol’2 (Q;RN)>

and there exists a measure r™ € L' ([0,7], M (Q)) and ¢ € L' (0, T) such that
for a.a. 7 € (0,T) and every ¢ € C* ([0, T] x L RY), o], =0,

(M (1) Vag)| <€) D () el ey (33)

and

[ sy ryde = [ isihp(0.)da

Q

= / / (Vi3 80) O+ (Vi gy $ (V@ W)) : Vi + (Vg,2;0(8)) divee] dedt
o Jo

- / / S(ﬂ,divzu,det (6“"
0 Q alL'j

(iii) Energy inequality.

)) :vwdde/OT (rM;Vap)ydt.  (3.4)



)) : Veu dadt

<1/0; (%s lu|® + P(s)> > dz, for a.e.T € (0,T),

where P(s) = (1+s)In(1+ s) — s. Moreover, the following version of Poincare’s

inequality holds
T < 9
/ / Vig; [v — ul >dxdt <D (7).
0 Jo

We introduce the relative energy functional

ol 2 ) paes [1 5 (mamenan (55
Vezs | =s|ul® + P(s dr + S| u,divyu, det
/Q< " (2 lu =) 0 Ja Ox;

+D(7) g/

Q

£l n0) = [ |Gelu= U+ Po) - Pl =) = Pl as. (35)

P(o) = (1+0)In(1 + o) — 0.

In fact it is shown in [8] that any finite energy weak solution (g, u) to the
compressible newtonian barotropic Navier-Stokes system satisfies the relative
energy inequality for any pair (r,U) of sufficiently smooth test functions such
that » > 0 and Ulsq = 0 and this inequality is an essential tool in order to
prove the convergence to a target system. For other details see [9].

In the framework of dissipative measure-valued solution (in the spirit of [11]
and [12]) we define the functional

1
Em (0.1 0) = [ (vrsigslo = UF 4 Pl) = P0)e =) = P() ) do
Q
Theorem 9. Let the parameterized measure {vta}, . c0.m)xq With

v e Ly ((0,7) x &P ([0,00) x RY)), (vrais) =0, (vewiv) =,

be a dissipative measure-valued solution to the compressible non-Newtonian sys-
tem (1.1) - (1.2) with the initial condition vy and dissipation defect D. Then,
(s,v) satisfies the following relative energy inequality

gmv+/07/ﬂs(a, divyu, det (g;‘j)) (e(u) — e(U)) + D(7)

< [ (s (golo = VO + Plo) = P = o) = Plro) ) do

+/0 R(s,v,r,U)(t)dt (3.6)

10



Jor a.a. T € (0,T) and any pair of test functions (r,U) such that U € C* ([0, T]x
Q,R™), Ulpa =0, r € CX(Qr), r > 0, where

R(s,v,r,U)(t) = —/ (U, 50) OU + (Vg 5550 @ v) - V,U) dz
Q

/OT /Q ((vt,2; =p(s)) divzU) dx
/((Vt,x;5> UBU + (Vya; 50) - U - VoU) do

Q
— /OT/Q <1/t7m; (1- f)>p’(7’)8t7’ — (Vg SV) - p/fjn) Vrdx

r

s[vnyas [T (CgvauE v e e
0 0 Q

Proof. Using the continuity equation (3.2) with test function 1 U, we get

1 ) 1,
[ 50 0P (e = [ 5 i) [UP 0.:)da

2

T T 1
:/ /[(yt,x;s>U0tU+<Vt,x;sv)-U-VxU]dxdt—i—/ <rc;§VxU>dt,
0 Q 0
(3.8)

provided U € C* ([0, T] x Q;RY). Testing (3.2) by P'(r)

[ s Py () de = [ i) P0) (0,

Q

= /OT /Q [<Vt,x;5> PH(T)atT + <Vt,x§5U> P”(T) . er] dzdt + /OT <7“C; Vg,PI(T)> dt

= /OT/Q [<ut,z;s> plir) O + (V23 80) plir) 'Vzr] dzdt+/OT (r9V,P'(r)) dt,
(3.9)

provided r € C! ([O7 T] x Q; RN). Moreover, we use (3.4) tested by U

/Q (We,z;50) U (1,-) do — / (vo; sv) U (0, ) da

Q

= / / (V55 50) OU + (V438 (v @ 0)) : VU + (v 43 p(s)) divp Ul dedt
0o Ja

11



_/ /S(a,divxu,det (aui
0 Q alL'j

for any U € C*! ([O,T] x Q; RN), Ulyq = 0. Summing up (3.8) - (3.10), we get
(3.6) - (3.7). O
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)) :vadde/ (rM;v,U)dt, (3.10)

0
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