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TRIVIAL GENERATORS FOR NONTRIVIAL FIBRES
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Abstract. Pseudoconvex domains are exhausted in such a way that we keep a part of
the boundary fixed in all the domains of the exhaustion. This is used to solve a problem
concerning whether the generators for the ideal of either the holomorphic functions contin-
uous up to the boundary or the bounded holomorphic functions, vanishing at a point in C"
where the fibre is nontrivial, has to exceed n. This is shown not to be the case.
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1. INTRODUCTION

The boundary of an open set M will be denoted bM and the set of strictly pseudo-
convex boundary points by S(bM). By B(M) we denote one of the Banach algebras
H® (M) (the bounded holomorphic functions on M) or A(M) (holomorphic func-
tions on M which can be continuously continued up to the boundary). A point in
space will have the form z = (21, 22,...,2,) € C* and B(p,r) is the ball with center
at p and radius r. The set of strictly plurisubharmonic functions on a set M will be
denoted SPSH(M). The projection, 7 from the spectrum M? into C" is given by
7(p) = (p(21),- .-, p(2n)) and the inverse projection, m—1(p), is called the fibre over
peCr.

In the article [6], Gleason asked whether the Banach algebra A(B(0, 1)) was finitely
generated, if this was the case then he proved that the maximal ideal consisting of
functions vanishing at the origin, is generated by the coordinate functions. The
question whether these ideals in the algebras of holomorphic functions are generated
by the coordinate functions has been named the Gleason problem. The only known
counterexamples to the Gleason problem are domains where the fibres are nontrivial.

121



In that case it easily follows that the coordinate functions cannot generate the ideal,
see e.g. [2].

In this paper we go back to the original question of Gleason. There has for some
years been a question around, concerning the number of generators in maximal ideals.
The question was whether there is a relationship between the number of elements in
the fibre and the number of generators. We show that there is no such relation.

Also we show that Proposition 1 in [1] is false.

2. EXHAUSTION OF NONSMOOTH DOMAINS

In the rest of the article we use a smooth convex function b.: R — R} equal to
|z| if |2 > €. See e.g.[7]. If r,t € SPSH(D) N C*(D) then Guan also shows that

s(z) i=r(z) + t(2) + be(r(2) — t(2))

is a strictly plurisubharmonic, C* smooth, function on D.
This is useful when creating a C* smooth strictly pseudoconvex domain which is,
except for a arbitrary small set, the intersection of two C* smooth strictly pseudo-

convex domains.

Proposition 1. Let D C C" be a bounded pseudoconvex domain. Assume that
M C C" is a nonempty, open set, such that M NbD cC S(bD)NC¥, k > 2. Then
there is a family of domains {D }]Oil which exhaust D with the following properties;

o0
(1) D= U1 D;j
j:
(2) D; is strictly pseudoconvex with C* boundary,
(3) MNbD CC bDj,
(4) m%xdist(bD,z) <1/4,5=1,2,...,n.
zeD;

Remark 2. We only demand that D has a C* smooth boundary on a neighbor-
hood of M.

Proof. Let M; and Ms be such that M CcC M; CC M and My NbD CC
S(bD)NC2.

Pick a x € C§°(Mz), 0 < x < 1, such that x =1 on M. Let o € SPSH(Uys,) be
a defining function for D on M,, where Uy, C C" is an open set with

M, NbD CC Uy, NbD cC S(bD) N C?

such that
DNUpy, ={z € Un,: 0(2) <0}.
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Fix Ny > 1 so large that

D::DU{zGUM2: 0(2) ::g(z)+%z)<0}

has a strictly pseudoconvex boundary at My, i.e. bD N My CC S(bD). Since D is
pseudoconvex, we can find an exhaustion of strictly pseudoconvex domains Dj, with
bD; € C*. For some N > 0 we have that if j > N then

M;NbD cC D;.
For each j we fix a defining function p; € SPSH(Dj+1) such that
D;={z€C": g;(2) <0}.

Fix a sequence ¢; > 0, such that ¢; > €41, with €1 small enough such that r;(z) :=
0j(2) + 0(2) + b, (0j(2) — 0(2)) is a strictly plurisubharmonic defining function for
D;:={z € C": rj(z) <0}, and such that bD; € C* (Sard’s theorem) and M NbD C
bD;. If necessary pick a subsequence j; such that property (4) holds. The domains
D;, satisfies properties (1) to (4). O

3. NEBENHULLE AND PSEUDOCONVEXITY

The following definition is equivalent to the one given in [5].

Definition 3. The Nebenhiille of a domain D C C" is defined as

N(D) = interior( ﬂ D(y) )

where the intersection is taken over all D, which are smooth strictly pseudoconvex
domains such that D CC D,,.

Proposition 4. Let D be a domain in C". Let K be a nonempty compact
subset of S(bD). If there is a strictly pseudoconvex domain D and a neighborhood
V < S(bD)NC? of K such that D C D and that V C bD then K is included in the
boundary of the Nebenhiille of D, i.e. K C bN(D).

Proof. From the definition it is obvious that N(D) c N(D) and since D
is strictly pseudoconvex it follows that N(D) = D. Since D C N(D), we have

K = KNbN(D) due to the hypothesis.
But since

K cDc N(D) c N(bD)
we must in fact have that K C bN (D). O
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The following example is a counterexample to Proposition 1 in [1].

Example 5. The worm domain W, defined in [5] is pseudoconvex and has
C* smooth boundary. The worm domain satisfies the property that there exists a
compact set K with nonempty interior in S(bW) which is disjoint from the boundary
of the Nebenbhiille. By Proposition 4 there can not be a strictly pseudoconvex domain
D and a neighborhood V C S(bD) of K such that D ¢ D and V C bD.

3.1. Pseudoconvex domains in strictly pseudoconvex domains.

Lemma 6. Let D be a pseudoconvex domain. Let V' C bD be an open set
satisfying V' C S(bD) Nb(N(D))NC*.

Assume K C V is a nonempty compact set, then for every ¢ > 0 there ex-
ists a strictly pseudoconvex domain U with C'*° boundary such that D CC U and
dn,(K,bU) < e.

Here we use dp, (K, bU) := sup d, (x,bU) where d, (x,bU) is the Euclidian distance
reK
from x to bU in the direction of the normal vector pointing out of D.

Proof. Lete > 0 and x € K be arbitrary. From Proposition 4 we choose a
pseudoconvex domain U, DD D such that d,(z,bU,) < /2.

Let V, CC V be an open neighborhood of = such that d,(V,,bU,) < &, this is
possible since V is a C! surface and U, can be chosen to be C*°. Then {V,} is an
open covering of K and since K is compact there is a finite number of V,, call them

{Va,}iL, such that
N
Kcc UV

J=1

- N - -
Let U = () U, then U is a pseudoconvex domain such that D CC U. Let U be a
j=1

strictly pseudoconvex domain with C* boundary so that D cc U ccC U. O

Proposition 7. Let D C C* be a bounded pseudoconvex domain. Let V C
S(bD) Nb(N(D)) be an open set, which is C* smooth, where k > 2.
Assume that K is a nonempty, compact subset of V. Then there exists a bounded
strictly pseudoconvex domain D c C" with C* regular boundary such that
(1) Dc D,
(2) K CbD.

Proof. Fix compacts Ky and K5 such that K € K;°, K1 C K3° and Ky C V.
From Proposition 1 we get a strictly pseudoconvex domain D C D such that
V CbD € C*.
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Let 7 € SPSH N C*(Up) defining function for D, where Uz C C" is a domain
such that D CcC Up. Let w C Up be a domain such that # € SPSH(w) and
KocwnbD CV.

Let w; CCw and K7 C wy NbD. Let x € C°°(C") be a cutoff function such that
x = 0 on w; and x = 1 outside w.

Let r(z) = 7(z) — x(2) be locally defined on w and R = {z € C*: r(z) < 0}. Then
DNwC RNw and K; C bR.

Close enough to w; the boundary bR will be strictly pseudoconvex since r &€
C’“(UE). Let wg be an open set so that this property holds on a neighborhood and
so that w1 CC wy.

From Lemma 6 we pick a strictly pseudoconvex domain 2 with C'*° smooth bound-
ary such that D CC Q and

QNwygNbR CC wyNDLR.

Choose it close enough so that r is strictly plurisubharmonic in a neighborhood of
QNwyN R. Let t be a smooth strictly plurisubharmonic defining function in a
neighborhood of €.

On wy we define s(z) = r(z) + t(2) + be(r(z) — t(2)). Choose € > 0 so small that

DcS:={zeC": s(z) <0}

and s = r on wy and bS Nbw = b N bw.

Outside wy we let s = t. From [7] we have that s is a strictly plurisubharmonic
C* function.

If the boundary of S is C* we are done, but this needs not be the case, the
derivatives of the defining function may vanish and thereby creating a cusp. Due to
Sard’s theorem, there exists a sequence A; “\, 0 such that

Sy, i={z€C": s5(2) :=s(2) = A\; <0}

has C* boundary for each \; and by Theorem 1.5.16 in [8] the domain is regular.
Observe that  CC S, .
We don’t want any interference from ¢ now, and therefore we choose two new
domains ws, w3 € C", such that wy CC w3 CC w1, K1 Cwy N D and bQ Nwsz = 0.
Fix another cutoff function y2 € C°°(C") such that xy2 = 0 on we and x2 = 1
outside ws. Define r; = (1 — x2)r + x25; and

D;={z€C": rj(2) <0}.
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Since D; coincides with S ; outside wg and with D inside ws the boundary bD; is
strictly pseudoconvex there. On ws \ wy we have r; =1 — \;xa.

If we fix k big enough we have the same properties of r; as r because of the
continuity of the derivatives of 7 and because the C?-norm of y2 on the closure of
ws is finite. We are therefore done with D = Dj,. O

3.2. An example.

In this section we show that for any given m > 2 and n > 2 there exists a bounded
smooth domain R C C" such that the envelope of holomorphy EZE is an m-sheeted
Riemann domain spread over C" with a point p € R™ such that #7*(p) > m and
with the interesting property that the maximal ideal

Jp(Ry) ={f € B(Ry): f(p) =0}
is generated by n functions in J,(R}"). I am very pleased to announce that the idea
to the case R3 was shown to me by Nils @vrelid.

Example 8 Let m > 2 and n > 2 be integers.

Let o5(z) :=|z|> — 1 be a defining function for the unit ball in R™. Let
V={x=(2,2,) € R": oy(x) =z, — booi1(]2'|’) <0,]z[* — 4 < 0}.

Define the function Va: C* — R as Va(z) = (|z1], 22|, -, ]2nl) -
Set op1 () = ov (z) + 0B (z) + bo.01 (ov () — o5 (x)) and define the domain

Bl ={zeC": op: (Va(z)) <0} .

The following is true for B}
e Bl C B(0,1) c C".
e The boundary bB] is C*°-smooth.
e B! is a Reinhardt domain.
B((0,0,...,0,4),0.11) N B = 0.
B(((0,0,...,0, %), 0.11) is a subset of the envelope of holomorphy of B}.
In fact the envelope of holomorphy of B} is just the convex hull. This domain

can be thought of as an hour-sand-glass.

Denote by B2 the domain

B%:{zécni 10 - (z—(Ovo,...,0,371)) GBTIL}
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Fix a smooth curve v: [0,1] — C* which only takes real values such that: ~(0)
(1,0,0,...,0) € bBL, 7(1) = (~0.1,0,...,0,3°") € bB2, +((0,1)) N (BLUB2) =
and that

0,

~(10,1]) n B(((0,0,....,0,),0.11)

is equal to the straight line segment starting at (1) and ending at (—0.11,0,...,
0,371); also we demand that +/(0) intersect bB} transversally, and finally that
max(|y(t)],0 <t < 1) < 1.05.

For a set M C C* let M(®) = {z € C": |z —¢&| < ¢ for some £ € M}. Fix g9 =
0.001.

We construct a domain R2 (see Theorem 4.1.43 with proof in [9] for the construc-
tion) with the following properties,
BLuB2U~([0,1]) € R2 ¢ B U BX) U~([0,1))E),
(B 0 R2)\ B(3(0),20) = By ™ \ B(7(0), ).
(B2 N R2)\ B(7(0),20) = B2\ B((0), o).
bR? € C> (here we use Proposition 1).

The envelope of holomorphy, R2, is a two sheeted Riemann domain spread over
C" where B2 is lifted to the second sllveet. The envelope of holomorphy R2 has
a Stein neighborhood basis and S(b(R2)) € C*°.

Now assume that RP has been created, let

1, 1 1 1
TR+ (0,0,...,0,§(1+1—0+...+—10p_1))),

so we retrieve our domain R!™ as m copies of B} of different sizes nestled in such

Ri = Ri U (

a way that we lift every B, 1 < j < m to a new sheet and thereby getting an
m-sheeted Riemann domain spread over C".

To prove the promised result in this section we will look at the zero set of an ana-
lytic function g, denoted Z,. The common zero set of a family of analytic functions
G=(q,92,-..,9m) will be denoted Z¢, that is

Zoa={2€C": q1(2) = g2(2) = ... = gm(z) = 0}.
Lemma 9. Let

1 1 1
=(0,0,....0=(14—+... —)) m.
» (oo 03(+10+ + o)) € B

Let EZE denote the envelope of holomorphy of R]'. Then there exist a V. CC
S(b(Ryr)) M C° which is open in b(R}') such that there exists functions G :=
(91,92,---,9n) € A‘X’(]’%\n%)" such that Zg N Er’? = {p} and

Z, NbRT) CV,1<j<n—1.
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Proof. Let w CC C" be the domain given by

1 1
:RmﬁB(,— —)
W=t P gm T Tgmez

rounded off so we get a smooth strictly pseudoconvex domain. Let the distance from
the origin to the boundary be denoted by d = dist(bR!",0). Define a neighborhood
of the point p as

O, = {z Ew: |zn —pnl < glo—m}.
and let V = bB]" N bO,.

Then V, lifted to the m-th sheet, satisfies the hypothesis since E,’? has a Stein
neighborhood basis. By Proposition 7 there exists a smooth strictly pseudoconvex
domain 2 such that R* C Q and V' C bQ) (the proposition is true in this case since
the result is a local one).

Let ¢ be a cut off function on w such that ¢(0,) =1, ¢ € C*°(w), and 50|bw\v =0.
Observe that this is only done locally in the m-th sheet of the domain so we may
continue ¢ to be identically 0 on Q2 \ w.

Let v be the curve in the construction of R". Since +y is real, the argument of z;,

i=12....n —_1 on w \ B}, stays away from %TE there exists an analytic branch of
log(z;) on supp(dy).
Let

dplog(z;), when z € supp(dyp),
= {0, otherwise.

Then \; € C’&il)((l) with \; = 0, so by Corollary 5.2.7 in [4] there is a solution
v; € C°(Q) such that Jv; = A;.

Defining

95(2) = exp(p(z) - log(z;) — v;(2))

for j=1,2,...,n—1 and g,(2) = 2, — pp, yields the desired functions. O

Remark 10. The function ¢g; € AOO(J’%E) satisfy g1(p) = 0 on the m-th sheet
but g1(p) # 0 on the first sheet, so g; separates the two sheets apart. Using the
construction of g; above, we can construct a function that separates all the sheets

at 7~ (7 (p)) in En';, that is: The number of elements in the fibre over p € C* are at
least m.

Claim 11. With R}’ as in Example 8 we have that the maximal ideal J, =
Jp(R™) (where R™ is the envelope of holomorphy of R!") is generated by n functions
g; € H®(R™), i.e. for any f € J, there exist f; € B(D), i =1,2,...,n, such that

f(z) = Zgi(z)fi(z)-
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To prove this claim we will use the Koszul complex argument, following [10],
we will use a trivial generalization of two of the lemmas there. We introduce the
necessary notation for the classes of forms which we work in.

Notation 12. Let
K, ={ue (C&"dr) N L‘(DS’,,))(D): Ou € L‘(DS’T,H)(D)},

and K7 = K, ®c Es, where E; = \ E and FE is just an n-dimensional space.

Notation 13. Let U; be a fixed open set in D, with p € U;. We denote by M
the set {k € K?: k|y, = 0}.

Obviously 0K C K3, and OMS C M7,

In his article [10], Qvrelid assumes that D is a domain in C". Using the result
of Theorem 4.10.4 in [8] one sees that the result of the following two Lemmas holds
true when D is a smooth Riemann domain as well.

Lemma 14 (Lemma 1’. [10]). If k € K2 and 0k = 0, v > 1, there exists a
k' € K2 _,, such that Ok’ = k and k' has a continuous extension to D.

With G as in Claim 11 and §g: K$ — K~ ! as the interior product.

Lemma 15 (Lemma 3. [10]). If k € M? and dgk = Ok = 0, there exists a
k' € K3t with 6gk’ = k and Ok’ = 0.

Proof of Claim 11. Let V and G be as in the proof of Lemma 9. Given
f € Jp. Choose a smooth strictly convex set w C R] with V C bw, it follows
that p € w. By Proposition 7 (which works in this case since E,’? has a Stein
neighborhood basis) we get another bounded smooth strictly pseudoconvex Riemann
domain 2 spread over C" such that ]’%\n% C Q with V C b€. Using the 0 result from
Theorem 4.10.4 in [8] together with technique in the proof of proposition 2.2 in [3]
we get a solution f? € H®(w), i =1,2,...,n, such that

f(z) = Zgi(z)fio(z), Z € w.
=1

Let ¢ be a smooth cutoff function with supp(¢p) CC w, wo(U1) = 1 where U; is a
neighborhood of p in w.

For 1 < j < n —1 we fix open sets w; C EZE such that Z,, ﬂﬁ,’? C wj; and bw; N
bﬁf CC V sosmall that (w; \ U1)NZg; = 0, where G7 = (91,92, -, Gj—1, Gjt1s- - - »
gn) is the vector G with g; omitted.
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For each 1 < j < n —1, let ¢; be a smooth cutoff function, with supp(¢;) C wj,
@(Oggj ) = 1 where Oz, is an open neighborhood of Z; in Er’? such that Oz, C w,
and bOggj Nbw; C V.

Define ¢1 = (1 — ¢p)(1 — ¢1). Assuming that ¢k_1 has been defined, let

ok =pr—1(1 = @k), k<n-—1,

n—1
and g, =1— Y ¢;.
§=0
Letting
05
fi(2) = flo + fj7

we get a smooth solution f! € C>=(R™) N L>®(R™), that is
n
F=> gt
i=1

Notice that supp(df}) NbR? C V and can hence be extended trivially to Q. Fur-
thermore df!(z) = 0 when z € U;.
Defining

7j=1

we get (that the extension of) OF! € M{ = M} (Q).
Applying Lemma 15 and then Lemma 14, we find a form k € K2 continuous on
Q, with 06gk = 60k = OF". Let F be the form defined by

F=F'—éck

_ . n __
then OF = 0 on R™. Writing F' = )" f; ® e;, it follows that f1, fa,..., fn € B(R™)
1

and f = > g;fi, which completes the proof. O
i=1

Proposition 16. The domain R]", defined in Example 8, contains the point
p= (O,O7 ...,0, % (1 + 1—10 +...+ 10*’7;—1)) with #7~1(p) > m and the ideal J,(R)
is generated by n functions in B(R]").

Proof. This is just a combination of Claim 11 and Lemma 9 together with
Remark 10. (]
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