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Abstract
The equation Au + Mu + g(\, u)u = 0 is considered in a bounded domain in R? with

a Signorini condition on a straight part of the boundary and with mixed boundary con-
ditions on the rest of the boundary. It is assumed that g(A,0) = 0 for A € R, A is
a bifurcation parameter. A given eigenvalue of the linearized equation with the same
boundary conditions is considered. A smooth local bifurcation branch of non-trivial solu-
tions emanating at Ag from trivial solutions is studied. We show that to know a direction
of the bifurcating branch it is sufficient to determine the sign of a simple expression en-
volving the corresponding eigenfunction ug. In the case when Ag is the first eigenvalue and
the branch goes to the right, we show that the bifurcating solutions are asymptotically
stable in W12-norm. The stability of the trivial solution is also studied and an exchange

of stability is obtained.
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1 Introduction

This paper concerns the questions of a direction of bifurcation branches and of stability of

solutions to Signorini boundary value problems of the type

Au+Au+ g\ uw)u=0 in Q, (1.1)
u=0onIp, Ju=0 only, (1.2)
u<0, Ju<0, udu=0 only. (1.3)

Here 2 is a bounded domain in R2, I'p, 'y, Iy are parts of its boundary, I'y; being a flat
segment (see Section 2) and 0, denotes the outer normal derivative. It will be always assumed
that g : R?> — R is a C*-smooth function such that

g(A,0)=0 forall A € R. (1.4)

We suppose that there is given an eigenvalue \y > 0 and a corresponding eigenfunction ug to
the eigenvalue problem
Au+Adu=0 inQ (1.5)

with the nonlinear boundary conditions (1.2), (1.3).

All solutions are understood in the weak sense as solutions of a variational inequality on
the cone K := {u € W'?(Q) : u<0on Ty, u=0o0nIp}. See Section 2, which summarizes
basic assumptions and notation used. Main results are given in Sections 3 and 4 (Theorems 3.1,
4.2 and 4.12).

In Section 3 we suppose that there is a smooth branch A\ = A(s), u = @(s) (parametrized
by s € [0,50) with s, > 0) of solutions to (1.1), (1.2), (1.3) with A(0) = Ao, @(0) = 0 and
@' (0) = g, see Assumption (ESB). In [6] we have proved the existence of such smooth branches
for a particular case when €2 is a rectangle and under certain “activity conditions” on the
eigenfunction ug. Such smooth branches exist also in more general situations, but it is compli-
cated to formulate and verify sufficient conditions for their existence. However, we do not need
such assumptions for our study of bifurcation direction, and therefore we simply assume that a
smooth branch exists. Roughly speaking, we show that it is sufficient to verify the inequalities
(3.12) or (3.13) in order to know if N'(0) > 0 or X'(0) < 0 (Theorem 3.1).

Section 4 concerns the question of stability of solutions to (1.1), (1.2), (1.3) as stationary

solutions to the corresponding evolution problem
Ou = Au~+ du+ g\, u)u (1.6)

with the Signorini boundary conditions (1.2), (1.3) (where 0; denotes the partial derivative with
respect to time t). We consider only the smallest eigenvalue Ag of (1.5), (1.2), (1.3). In this
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case ug < 0 on 'y, therefore )¢ is simultaneously the smallest eigenvalue of the problem (1.5)

with the classical boundary conditions
u=0onTp, Jdu=0onTyUTIy. (1.7)

Due to Crandall-Rabinowitz bifurcation theorem there exists a smooth local branch of non-
trivial solutions to (1.1), (1.7) emanating at A\¢ from trivial solutions. It consists of two half-
branches bifurcating in the direction uy and —uy. The half-branch bifurcating in the direction
ug is simultaneously a branch of solutions to the Signorini boundary value problem (1.1), (1.2),
(1.3). The well-known principle of exchange of stability (see, e.g. [3, Theorem 1.16], [13,
Section I1.8] and [15, Section 1.7]) yields that if this half-branch goes to the right from Ag
then it consists of solutions which are stable as stationary solutions to (1.6) with the classical
boundary conditions (1.7). In general, stability in W12(Q) of a stationary solution wu, to the
classical problem (1.6), (1.7) does not imply stability in W'2(Q) of u, as a stationary solution
of the unilateral problem to (1.6), (1.2), (1.3). Indeed, if u(t) is a time-dependent solution of
the problem (1.6), (1.7) with the initial condition u(0) € K (in particular u(0) € K arbitrarily
close to u,) then it can happen, in general, that u(t) ¢ K for arbitrarily small times ¢ > 0.
Therefore the solution of the unilateral problem (1.6), (1.2), (1.3) with the same initial condition
(which must satisfy u(t) € K for all t) can differ from that of the classical problem (1.6), (1.7)
(even for initial conditions close to u,). However, we show by using the stability criterion for
variational inequalities [20] that in our particular situation, the W12(Q)-stability of 4(s) as a
stationary solution to (1.6), (1.7) implies W12(Q)-stability of @(s) as a stationary solution to
(1.6), (1.2), (1.3). In particular, we obtain an exchange of stability for Signorini problem. To
our best knowledge, up to now no analoga of the principle of exchange of stability for variational
inequalities are known, with the exception of some special cases (for example obstacle problems
with finitely many obstacles, see [4, 5]).

We do not know any example of a W12(Q2)-stable stationary solution u to the evolutionary
Signorini problem (1.6), (1.2), (1.3) which does not simultaneously satisfy the classical boundary
conditions v = 0 on I'y or d,u = 0 on I'y. In particular, we do not know any result of the
type of exchange of stability in the case when a bifurcation branch of nontrivial solutions to
the Signorini problem (1.1), (1.2), (1.3) is not simultaneously a branch of solutions to the
corresponding classical boundary value problem (1.1), (1.7). Let us remark that in [4] we have
shown an example of a supercritical bifurcation for a variational inequality when the bifurcating
non-trivial solutions are stable although they are bifurcating not from the first eigenvalue but

from a higher eigenvalue — a certain surprising non-standard case of exchange of stability.



2 Basic Assumptions and Notation

We will consider a bounded domain € in R? with a boundary 9 = Tp Uy ULy, where I'p,

I'y, I'y are pairwise disjoint relatively open subsets of 92, T'p # 0, T'p N Ty is finite,
Iy ={(2,0) : z € (n1,72)}
with some v; < 5. We will assume that
there is py > 0 such that I'y ,, = {(2,0) : 2 € (1 — p0,71) U (72,72 + o)} CTv. (2.1)

In particular, Iy and its pp-neighbourhood in 9€) are supposed to be flat. We introduce a real
Hilbert space H with the scalar product (-, ), defined by

H:={uce€ WLQ(Q) cu=0onTp}, (u,<p>::/Vu-V<,0d:pdy for u,p € H,
Q

and with the corresponding norm || - || which is equivalent on our space H to the usual Sobolev
norm.

We will assume that the function g is such that
the map (X, u) — g(A, u) is C'-smooth from R x W?(Q) into L"(Q) for some r > 1. (2.2)

For example, the assumption (2.2) is satisfied with any r > 1 if g is MA-independent and C'-

smooth and if there exist positive constants ¢, p and ¢ such that
19'(u) = g’ (V)] < clu =[P (L+ [ul* + [v]7)

for all u,v € R (cf. [1, Proposition 1.1.4]). In particular, (2.2) is true if g is a polynomial in w.

Let us consider the closed convex cone
K:={ueH:u<0only}

and introduce the weak formulation of (1.1)—(1.3) and (1.5), (1.2), (1.3) in terms of the varia-

tional inequalities
ue K: / (Vu-V(p—u)— (Au+ g\ u)u)(e —u)) dedy >0 for all p € K (2.3)
Q

and
ue K: /(Vu-V(go—u)—/\u(go—u)) dedy > 0 for all p € K, (2.4)
Q

respectively.



3 Direction of the bifurcation branch

Let us define the parts of I'yy

Ing:={(z,0)el'y:a<x< B} =(a,0) x {0},
anﬁ::{(l',O)GFUI/}/l<IL‘<O[OI‘5<.T<’)/2}:FU\KW3,

where o and 3 are parameters with 73 < a < f < 5. For a continuous function v € H we will

denote by
A(u) :=={z € (11,72) : u(z,0) =0}

the contact set of the function u. We assume that there is a given solution (Ao, ug) to (2.4).

Moreover, we assume that the contact set of uq is a closed subinterval of (v, 72), i.e.
A(ug) = [, Bo] with v < ag < By < 7e. (3.1)
This implies
ug € Hy : /Q(Vuo -V — Mugp) dedy =0 for all ¢ € Hy, (3.2)
where the subspace Hj is defined by
Hy:={u€e H :u=0o0nl,g}
Let us remark that (3.2) is a weak form of (1.5), (1.2),
u=0onl,3 0Ou=0o0nkFE,g, (3.3)

with (a, ) = (ao, Bo). An essential part of our considerations will be related to mixed boundary
value problems of this type.

Let us introduce coordinate transformations in € which map I,p3 onto I, 5, and E, g3
onto E,, g, They will be used to transform the mixed boundary value problem (1.1), (1.2),
(3.3), which has (a, #)-independent coefficients in the equation but («, #)-dependent boundary
conditions, into a mixed boundary value problem with («, (3)-dependent coefficients in the
equation but («, #)-independent boundary conditions. Let v; < ag < By < 72 be the parameters

from the assumption (3.1) and set
1 .
0= gmlﬂ{ao =780 — a0, v2 = Bo}, D= {(a, B) @ |a—apl <9, |B— Bo| <3}
For any (o, ) € D let &5 = (5&123, fg%) : 0 — Q be a function such that

the map (o, 3,7,y) € D x Q'+ &, 5(z,y) € Q is Cl-smooth, } (3.4)

€45 is a diffeomorphism of © onto 2,
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€u.5 = id on a neighbourhood U of Ty UTp, (3.5)
€ao.p0 = id on Q, (3.6)
20 (x,y) =y in [ag — 6, By + 6] x [0,4], (3.7)
{as(lv) =Ty, &ap(l'p) =Tb, (3.8)
§ap(2,y) = (2 + g —a,y)  for |z —agl <9, [y| <6, } (3.9)
Sap(t,y) = (x+ o = B,y)  for |z —fo| <9, [y| <0

For (a, ) € D let us define the linear bounded operator @, 5 : L*(Q) — L*(Q2) by

(Pasf)(2,y) == f(Cap(z,y)) for any f € L*(Q). (3.10)

Now we are ready to formulate our basic Assumption (ESB) about existence of a smooth
branch of non-trivial solutions to (2.3) bifurcating in Ay from the trivial solution. For a par-
ticular case when 2 is a rectangle, the existence of a branch with properties described in
Assumption (ESB) is proved in [6, Theorem 2.3] under certain assumptions concerning ug (cer-
tain “activity conditions”). It is not hard to see that this result can be shown for more general
cases but a formulation of the assumptions and their verification in concrete examples is then

even more complicated than in [6].

Assumption (ESB): There exist sy > 0 and C'-smooth mappings WNE [0,s0) — R and

2 [0, 50) — Hoy with A(0) = Ao, 6(0) = 0, &(0) = o and $(0) = B, such that for all s € (0, s0)
i(s) = 5Py (s) (U0 +0(s)) (3.11)

is a solution to (2.3) with A = A(s), @ is continuous from [0, s¢) into H and C'-smooth from

0, 50) into € L*(Q2) and u(s) € WP(Q\U) for some p > 2, where U is from the assumption (3.5).

In this section we will show that the conditions

/ 9.9(No, 0)ud dzdy < 0 (3.12)
Q
or
/ 9ug(No, 0)up dzvdy > 0 (3.13)
Q

determine the direction of the branch of non-trivial bifurcating solutions introduced in Assump-
tion (ESB).

Theorem 3.1 Let (Mo, up) satisfy (2.4), (5.1). Let g be C'-smooth and satisfy (1.4), (2.2).
Let us assume (ESB). Then

ij\(s)

-1
q =— (/ ul dz dy) /aug()\o,O)ug dz dy. (3.14)
§ Q Q

In particular, if sg is chosen sufficiently small then under the assumption (3.12) or (3.13) we

s=0

have 5\(3) > \g or 5\(5) < Ao, respectively, for all s € (0, s).
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Proof. Let us denote @, := @4 5, &(2,Y) = &40 56 (T Y)s As = A(s) and v, == 0(s).
Since (g, U(s)) satisfies (2.3), it follows (by the choice ¢ = 24(s) and ¢ = 0) that

| (90 = Ao = g s)als)?) dody =0,

Realizing (3.11) and dividing by s* we get

/Q (|V<I>S(u0 + 05)[2 = N (P (g + 15))2 = g(Ns, 5P, (g + v) ) (P (ug + vs))2) dxdy = 0.
(3.15)

Let us denote ' R _
foi= M), b= E0(s), &lwy) = ey
’lU()(ZL’, y) = VUO(‘Ta y) : 50(1[’, y)

Formal calculation using the commutativity of integration and differentiation and the chain

(3.16)

rule gives

% [fQ (|V®5(u0 + US)|2 — X (g + v5)? = g(As, 5Py (o + vs)) Ps(ug + US)Z) dz dy] 5=0

. 3.17
= 5,2 (Vug - V(wg + 09) — Muo(wo + 09)) — Xo|uo|* — dug (Ao, 0)ug dz dy, (3.17)

but the integrand is not smooth enough to enable us to use these considerations. We will prove
(3.17) in details later.

First, let us assume that (3.17) is true. Then we obtain by using (3.15) that
2/Q (Vg - V(wo + ) — Aoto(wo + ) d dy = /Q (Aoyuo\Q + a9 (Mo, O)ug) dedy.  (3.18)
Because of (3.5) and Assumption (ESB) we have
&o(z,y) = (0,0) for all (z,y) € U and uy € W>2(Q\ U), (3.19)

where U is the neighbourhood of Ty UT, from (3.5). Hence, Vug - & € H. We have even
Vug - & € Hy because the second component of fo(:c, 0) vanishes for all = € [y, (o] by (3.7),
and the first component of Vug(x,0) vanishes for all z € [y, ] because uy € HyNW22(Q\U).

Hence, in terms of the notation (3.16) we have
wo € Hy. (320)

Moreover, since vy € Hy for any s € (0,s9), we have 99 € Hy. It follows that the choice
@ = wy + Vg € Hy in (3.2) implies that the left-hand side in (3.18) vanishes. Hence, the
right-hand side vanishes as well, and (3.14) follows.

It remains to prove (3.17). Let us focus on the leading term, which can be rewritten as

L[, VO (up)|? da dy] o 2L [, VD (ug) - V() ddy] _ +

3.21
+ % UQ |V<I>s(vs)\2 dz dy] 5=0" ( )
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Let 1, : © — Q be the inverse of the differemorphism &,. Then clearly

E(ns(z,y)) = (z,y) for all (s,z,y) € [0,50) x 2. (3.22)

Denoting & and 7} the Jacobian matrix to & and 7, respectively, we get from (3.22) that

& (ns(z,y))n.(z,y) =1 for all (s,,y) € [0,50) x Q. (3.23)

Moreover, (3.6) implies that

&(z,y) = mp(w,y) =1 forall (z,y) € Q. (3.24)

Furthermore, because of the chain rule we have
(VO,u) (z,y) = V(uo &)(x,y) = &, y)(Vu)(&(z,y)) forall u € H. (3.25)

Therefore the change of integration variables (z,y) = 1s(Z, ) in the first and the second integral
of (3.21) yields

fQ |V(I) u0|2 dz dy = fQ ‘5/ 775 ~v:&))vu0(jv§)|2 det 77;(55733) dz d:lj
= [ (€(ns(,9))Vuo(Z,7) - & (ns(Z, §)) Vuo (&, 7)) det n,(Z, §) dz dg (3.26)
= Jq (5/ (%, 7)) (ns(2, 7)) Vuo(E, ) - Vuo(Z, §)) det n,(z,7) dE dy

and

fQ Vo,uy - VO,u, drdy
= Jo &ns(2,9))Vuo(2,9) - £(0s(2,9)) Vs(, §) det 1,(2, 7) dT dg (3.27)
= Jo &5s(2,9))7E (n(2,9)) Vuo(7,7) - Vus(2, §) det (2, §) 7 dg.
Denote by ws(z,y) the integrand in (3.27). Due to Assumptions (ESB) and (3.4) the map
s € [0,s0) — wy € L*(Q) is C'-smooth. It follows that the derivative < (w,(z,y)) exists for
all s € (0,s0) and a.a. (z,y) € Q, and as a function of s,z,y it is in L*((0, sp) x Q). Due

to known results concerning differentiation of an integral with respect to a parameter (see e.g.
[21, Theorem 8.4]) we have

L [fo Vo - VO, dady] _ = [, [&(w.(E,9))] _,
- fQ ds [ 775 T y))T§/< (iag»vuO(fh@) : V’US<J~7,?]) detn;<j;7g)}8:0 dfd?]

Similarly one shows that

(3.28)

a5 o IV @suol* dedy]
= Jo 4 [(Ens(2 y))Tﬁ’(ns(ﬂf D)) Vuo(, §) - Vuo(, §)) det 11, (2, )] _, d dg.
Now, we will prove that

d
— [/ VD, uo|” da dy} = 2/ Vug - Vwgy dz dy. (3.30)
dS Q -0 Q

(3.29)
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Denoting 7, := <7, and differentiating (3.22) by s we obtain

E(ns(x,y)) + EL(ns(, 9)) s (2, ) = (0,0)  for all (s,z,y) € [0, s0) x Q. (3.31)

Expressing (3.31) at s = 0 and realizing (3.6) and (3.24) gives

Eo(z,y) + Moz, y) = (0,0) for all (z,y) € Q. (3.32)

We obtain for the Jacobian matrices corresponding to &(z,y) and 7g(z, y) that

&z, y) = —nh(z,y) for all (z,y) € Q. (3.33)

Differentiating (3.23) by s we get

d / / / d / _
3 (&ss(@ y)lm (@, y) + & ns(z, y)) 7 [n.(2, )] = 0.
Expressing this at s = 0 and realizing (3.6), (3.24) and (3.33) we obtain
d

)]s = — €0 g - B ) = () = i),

Moreover, a simple calculation yields

d d _ :
et (@ )], = - [(@et&(zy) Y] = —trgay),

sS=
where tr B stays for the trace of the matrix B. Summarizing, we get by the product rule

d

— (€ ) el y) det @ )] = () + €l — (wéioy) I (3.34)

For any h € R? we have h-&(x,y)Th = &)(x,y)"h-h = h-&)(z,y)h and we obtain by the choice
h = Vuyg from (3.34) and (3.29) that
%fﬂ |V<D5u0|2 dxdy{szo (3.35)
= Jo Vuol@,5) - (26(5,9) - (tr&(3.9)) T) Vuo(7, 5) Az d.

Integration by parts gives
/ |V |*tr &) da dy = —/ V|Vug|? - & da dy + / V|2 - v dD
Q Q o9

where the last boundary integral vanishes because the vector & is zero on the domain ¢ due to
(3.5) and tangential to Q2 on I'y due to (3.8), and consequently & -v = 0 on Q. We obtain by

using the notation (3.16), direct calculation and the integration by parts discussed above that

fQ Vug - Vwgdxdy = fQ Vug -V <Vu0 . éo) dz dy
= Jo (3VIVuol* - &0 + Vug - f()VU@) dz dy
= Jo (—3/Vuol*tr & + Vg - ééVuo> dx dy,

9



and (3.30) follows from (3.35).
Differentiating the integrand in (3.28), using (3.19), (3.24) and realizing in addition that

vy = 0 we obtain that

d

— [/ Vo,ug- VO, dx dy] = / Vug - Vg da dy. (3.36)
ds Q s=0 Q

It remains to express the last integral in (3.21). The map s € [0, s9) — v, € H is C''-smooth
by Assumption (ESB), hence vy = 0 yields that ||vs]|?> = o(s) for s — 0. Therefore, we get

d v, |” O )1* s
< U VD02 de dy} i 12l gy DRl (3.37)
ds Q 5=0 s—0 S s—0 S

The lower order terms in (3.17) are such that we can directly exchange differentiation and
integration and we get by using (1.4), the form (3.11) and (3.24) that

LT NPy (uo + vs)? + g(As, sPs (g + v5))Ps(uo + v5)?) da dy] o
=/, <A0]u0|2 + 2 oup(wo + 99) + Fug(Ao, 0)ug> dx dy.

Hence, (3.30), (3.35) and (3.37) yield that (3.17) is true. This finishes the proof. ]

Example 3.2 We will consider the same situation as in [6, Example 2.7]. Let Q := (0,1) x
(0.0, Tp = ({0} x (0,0)) U ({1} % (0,0)), Tyr := ((11,75) x {0}) with 0 < 7 < 7 < 1 and
Iy =00\ ([pUTy). First, let us consider the eigenvalue problem (1.5) with the boundary
conditions (1.7). The eigenvalues and eigenfunctions of this problem are

2
)\m7n:(m7r)2+(%>, um,n(:c,y):sinmwx-cos%y, m=1,2,....,n=0,1,2,...,

respectively. If 1/v/15 < £ < 1//8 then the first four eigenvalues are Ao < Moo < Az < A11-
Let us assume that 1/3 < v < v2 < 2/3. Then

Uz <0, —u;; <0 on Ty.

The method developed in [16] shows that there is at least one eigenvalue N\g € (A30,A11) of
the variational inequality (2.4). This eigenvalue and the corresponding eigenfunction can be
calculated numerically and (3.1) is seen as well as the activity condition (2.19) from [6], see
Fig. 1. (Everything coincides with ideas coming from the method [16] mentioned). It follows
also that Ao is simple as an eigenvalue of the problem (1.5), (3.3) (with o = v, B = By) because
standard numerical approaches usually fail in the case of multiple eigenvalues. The condition
(2.21) from [6], which is fulfilled generically, can be also verified numerically for a given .
It follows from [6, Theorem 2.3] that a branch from our assumption (ESB) exists. Now, our
Theorem 3.1 guarantees that this branch bifurcates to the right or to the left from \g under the
assumption (3.12) or (3.13), respectively.
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Figure 1: The eigenfunction ug from Example 3.2 with ¢ = 0.27, Ay = 99.8, ap = 0.38 and
Bo = 0.62.

4 Stability of bifurcating solutions, exchange of stability

In this section we will study the stability of the trivial solution and of the nontrivial solutions
bifurcating from the first eigenvalue to (2.4) (i.e. to (1.5), (1.2), (1.3)) as of stationary solutions

of the corresponding evolution variational inequality

ut) e K={ue H:u<0only}:
Jo (%(gp —u)+Vu-V(ip—u)— (Au+ g\ uw)u)(p — u)) dedy >0 (4.1)
for all p € K, a.a. t € (0,T).

Instead of the assumption (2.2) we will need the stronger condition
the map (\,u) — g(\, u) is C*-smooth from R x W2(Q) into L"(Q) for some r > 2. (4.2)

Let us remark that (4.2) is true if, for example, g(},-) is a polynom in .

By a strong solution we mean u € C([0,T], K) such that u : (0,7) — L?*(Q) is differentiable
a.e. on (0,7) and satisfies (4.1). By stability of a stationary solution u, in W? we mean that
for any € > 0 there exists 6 > 0 such that if u;. € K, ||u;e — us|| < 0 then there is a unique
strong solution w of (4.1) on [0,00) satisfying the initial condition u(0) = wu; and we have
|lu(t) — us|] < e for all t > 0. By asymptotical stability of a stationary solution us; we mean

that ug is stable and limy; . ||u(t) — us|| = 0.
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Simultaneously, we will discuss the problem (1.1), (1.7) having the weak formulation
ueH : /Q(Vqup — Aup — g(A\, u)up) dedy = 0 for all p € H, (4.3)
and the eigenvalue problem (1.5) with (1.7) having the weak formulation
uGH:/Q(Vu~Vg0—>\ug0) dedy=0 forall p € H. (4.4)
We will introduce operators A: H — H and G : R x H — H by

<A’U,, (p) = fQ ’U,QD dJJ dy7

4.5
(G(\u),p) = [o9(\ w)updzdy forall p € H. (45)

Under the assumption (4.2), these operators are well-defined, A is linear, symmmetric, positive
and compact,
G is C*-smooth, G(),0) = ,G(\,0) = 0 for all \. (4.6)

For fixed A, u, the linear map 0,G(\,u) : H — H is symmetric and compact. An abstract form
of (2.3) is
ANeRue K : (u—Mu—G\u),p—u)y >0 forall p€ K. (4.7)

Lemma 4.1 The smallest eigenvalue Ny of the variational inequality (2.4) is simultaneously
the smallest and simple eigenvalue of the problem (4.4). There is only one normalized eigen-
function ug of (2.4) corresponding to Ao and it coincides with the negative eigenfunction of (4.4)

corresponding to A\g. We have

up <0 on [y1,7] x {0} =Ty. (4.8)

I

Proof. It is known that the smallest eigenvalue A, of the variational inequality (2.4) is char-

acterized by

1/A\L. = max / u?drd 4.9
/ ueK,|lull=1 Jq y ( )

(see e.g. [22]), and the smallest eigenvalue A, of the problem (4.4) is characterized by
1/Amin = max /u2 dz dy. 4.10

1

The eigenfunctions of (2.4) or (4.4) correponding to AL. or Ay, are exactly all maximizers of

(4.9) or (4.10), respectively. It is well-known that the smallest eigenvalue Ap, of (4.4) is simple
and there is a corresponding eigenfunction u¥ of (4.4) with u¥ < 0 in QUT xyUTy. In particular,
uf € K. Tt follows from the variational characterization above that \g = Al . = A\;, and that
u¥ is simultaneously the corresponding eigenfunction of (2.4). If ug is an arbitrary normalized
eigenfunction of (2.4) then it is a maximizer of (4.9) and also of (4.10). That means wug is

simultaneously an eigenfunction of (4.4), i.e. ug = uf’ because of —uf ¢ K. ]

In the sequel we will assume that (Ao, ug) is the couple from Lemma 4.1.

12



Theorem 4.2 Let Ay be the smallest eigenvalue of the variational inequality (2.4) and let
(1.4), (2.1), (4.2) be fulfilled. Then there exist sy > 0 and C'-smooth maps X : (—sg, 59) — R,
b (=50, 50) — (uo) (the orthogonal complement in H) such that M(0) = Ao, 9(0) = 0 and the
couple (A(s),0(s)) with i(s) := s(ug + (s)) for any s € (—so, so) satisfies (4.3), and for any
s € (0,s0) it satisfies simultaneously the variational inequality (2.3). Moreover, there exists

n > 0 such that for any solution (A, u) € R x (H \ {0}) to (2.3) with
A= ol + [lull <= (4.11)

there is s € (0, so) with u = a(s) and A = X(s).
In addition, let the condition (3.12) be fulfilled. Then

A(s) > Ao for all s € (0,50),  A(s) < Ag for all s € (—sp,0). (4.12)
For s € (0, ), the solution 1(s) is asymptotically stable in W12 as the stationary solution of
the evolution equation corresponding to (4.3) as well as the stationary solution of the evolution
variational inequality (4.1). For s € (—s,0), the solution u(s) is unstable as the stationary
solution of the evolution equation corresponding to (4.3) (and it is no solution of the variational

inequality).

With a knowledge of Lemma 4.1, Theorem 4.2 is very natural. The only non-easy prob-
lem in the proof is to show that any solution of the variational inequality (2.3) near (Ag,0)
is simultaneously a solution of the equation (4.3). The following series of Lemmas 4.4-4.9,
Remarks 4.3, 4.6 and Observation 4.8 will be used just for this part of the proof. They are

similar to the corresponding assertions in [6], nevertheless, the situation now is different.

Remark 4.3 Let (A, u) satisfy (2.3) (i.e. (1.1), (1.2), (1.8) in the weak sense). Since u is
continuous on L'y (see e.g. the first part of Lemma 4.4 below), it follows that I'y consists of
two mazimally countable sets Sy, Sp of unknown open subintervals such that uw < 0 on I" for
allT' € Sy and

u=0onT (4.13)

for for all T € Sp, and some isolated points (x,0) with u(z,0) = 0. For I' € Sy we have
/ Vu- Vo — (Au+ g\ uw)u)pdedy =0 for all p € H satisfying o =0 on 0Q\ T, (4.14)
Q

i.e. (A u) satisfies in a weak sense (1.1)-(1.3) and, in addition, O,u = 0 on I'. If (x0,0) is
an isolated point of the set {(x,0) € T'y : w(x,0) = 0} then (4.14) is fulfilled with an open
neighbourhood I' of (x¢,0) in 0S2.

13



Lemma 4.4 Let Q' C Q be a sub-domain with a smooth boundary such that ' C QU (I'y U
Uno)s Divyy being from (2.1). Then we have u € W*2(Q) for any (A, u) € R x H satisfying
(2.3). Moreover, for any ng > 0 small enough there is C' > 0 such that

If Q' C Q, O € QUT with some T' C (1 — po, Yo+ o) X {0} ((74,0) are now included), then the
same assertion holds for all (\,u) € R x (H \ {0}) satisfying also (4.14) in addition to (2.3).

u

Tl < C forall (AN, u) € R x (H\ {0}) satisfying (2.3), |X — Xo| + ||ul| < no. (4.15)

W2,2(Q/)

Proof. First, let ' be such that ' C QUIy. Then there is C' > 0 such that for any f € L(2),

the solution of the variational inequality
we K: / (Vw-V(p —w) — fp—w)) dedy >0 for all p € K (4.16)
Q
satisfies w € W22(€Y') and

w22y < CO+ [[wllwizq) + | fllz2@) (4.17)

(see e.g. [18]). If u satisfies (2.3) then w := % satisfies (4.16) with

[l

f=2w+ g\ Jullw)w.

We have [|g(A, [Jul|w)||rr@) < C for all A\,u,w such that |A — Xo| + [Ju]| < 7o, ||w|| = 1 (see
the assumption (4.2)) and therefore we get ||g(\, ||[ullw)w][z2@) < ||g(\, |Jullw)]| 2@ lwl|za@) <
Cllw|| < C (with 1/r 4+ 1/q = 1) by using Holder inequality and embedding theorems. Substi-
tuting f from the formula above we get (4.15).

Now, let ' be such that &’ C (QUT'y,,). For the Neumann problem for the equation
—Aw = f on a bounded convex smooth domain ", the estimate |[w||w22 < C(||w||wr2@n+
| fll2()) is known (see e.g. [11, Theorem 3.1.2.3]). It is easy to find a suitable Q" C € with
Q7 C (QUTN,,), & C (" Uint (Q”NON)) where int denotes the interior in €2, and a cut-off
function y = 1in @', x = 0in Q \ " such that w := Xﬁ is a solution of the homogeneous
Neumann problem for the equation —Aw = f in " with

u u u u u
f= Axm +yg (A, HUII—) Xl ~ 2V — - Vx — —Ax (4.18)

i | ]

if u is a solution of (2.3). By similar estimates of f as above we obtain the estimate for w, and
since w = i in ) we get also (4.15).

Combining both situations considered we obtain (4.15) for any Q' from the assumptions of
the first part of our Lemma. The case ' C QUT, T' C (41 — jio, Y2 + fo) x {0} is in fact the
same as ) C (U Ty, ) because it was essential only that the solutions under consideration

satisfy Neumann condition in the weak sense on a straight part of Q' N 9. [ |
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Remark 4.5 IfI' C (I'y Uy ,,) is an open (in Ty ULy ) set and ' C Q is a sub-domain,
' C (QUT), then for any (\,u) satisfying (2.3) and in addition (4.13) we have u € C1(Q)
with some v € (0,1). In particular, the classical normal derivative O,u exists on I'. Indeed, it
follows from Lemma 4.4 and the embedding theorems that u € C°(XY) for any (\,u) satisfying
(2.3). We can prolong it anti-symmetrically by u(x,y) = —u(z, —y) onto the domain ), :=
int {(z,y) : either (z,y) € ' or (x,—y) € Q or (x,0) € V}. Under the assumption (4.13),
the prolonged function is a weak solution of Au = f in Qy, with f = M+ g\, u)u € CO(Q},).
Well-known regularity results (e.g. [14, Th. 11.1.2] imply that u € C ().

IfT C (Ty UTly,,) (the points (v;,0) can be now included) then we can use analogous
considerations for (\,u) satisfying (2.3) and (4.14) (instead of (4.13)) to get u € C*V (V). We

must only use the symmetrical prolongation u(zx,y) = u(x, —y) under the assumption (4.14).

Remark 4.6 Let Q) be as in Lemma 4.4. The estimate (4.15) guarantees that if (\,u) € Rx H
is a solution of (2.3) with |[u|| small enough, A close to Ao then ||lul|c(yy is small. Due to (1.4)
and (4.15), for all (A\,u) € R x H satisfying (2.3) with ||u|| small enough and X\ close to Ay we
have |g(\, u(z,y))u(z,y)| < Au(x,y)|, and consequently sign (Au(z,y) + g\, u(z,y))u(z,y)) =
signu(x,y) for all (z,y) € Q" with u(x,y) # 0.

Lemma 4.7 Let Q' be a sub-domain of Q, ¥ C Q. Then there is C > 0 such that if (\,u) €
R x (H \ {0}) satisfies (2.3) then u € W?%(Q)) and

i

where 1 is from the assumption (4.2).

Ug

SC(|>\—)\0|+ HL—UO
[l

u
Tal ™ ¥ ||g<A,u>||m>) @)
WQ’Q(Q’)

Proof If (A\,u) € R x (H \ {0}) satisfies (2.3) then w := T — Uo satisfies Aw = f with

[[w

f=(- %)ﬁ - /\o(ﬁ —up) — g(Wﬁ.

It is well-known that for such equation, the estimate
[wllw22@) < C(lwll + [1fllz2@)

holds (see e.g. [10, Theorem 8.8]). Due to the assumption (4.2) and the embedding theorems
we have

< g w)llzr@
12(%)

< Cllg\ u)|lr e,
La(Q)

‘ u
]
where 1/r+1/q = 1. Tt follows that || f|| 2@ < C (|/\ — Aol + Ao || o — uoH + Hg(A,u)HLT(Q)),

and our assertion follows. [

HQ(A,U)L

[l

Additional Notation. For € > 0 and a < b we will denote

Q= (a,0) x (0,¢), T5,=(a,b)x{e}.
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Observation 4.8 (/6, Observation 3.11]) Let ¢ > 0, a < b. The smallest eigenvalue of the
problem
Aw+ A w=0inQ,, w=0onl%, Jdw=0o0nd,\T,

is NS, = (216)2 (The corresponding eigenfunction is wo(z,y) = sin ﬂg—j)) It is well known
. ||Vw||L2(Q€ )

that X5y, = min —————== Wy ={w e W"(Q:,) : w=0onT%,}. Hence,

weWy ”wHL2<QZ,b) s 5

2\ ° R .
HwHLQ(QZ’b) < <?) vaHL2(QZ,b) forallw e WY (Q,), w=0onT, (4.20)

Lemma 4.9 There are n > 0 and p € (0, uo/2) such that if (A, u) satisfies (2.3) and

u
lul # 0, Huu+Hm—uo < (4.21)

then for any subdomain Q' C Q, ' C (QUTy UTy,,) we have u € CYV () with some v > 0
and

u(z,0) <0  forallx € (v — p,y2 + 1). (4.22)

Proof. Due to (4.8) and the continuity of ug, there exist p € (0, 10/2), €0 > 0 and ¢ > 0 such
that

: £
up < —C QP 5, o (4.23)
Let us set
/. €0 €0 €0
= Q’YI—QM»72+2M \ <QV1—M,V1+H U sz—;wﬁ#)

= ((1 = 2,71 — 1) x (0,0)) U (71 + p, 72 — ) % (0,€0)) U ((2 + 1,72 +2p) % (0,¢0)).

Let us fix a certain 1y > 0. We have (' C (Q U Ty, UT'y) and it follows by using Lemma 4.4
that there is C' > 0 such that for all (A, u) satisfying (2.3) and (4.21) with n = 1y we have
Jullw22(y < Cllull. Due to the continuous embedding W?2(Q') ¢ C%(Q') with some v > 0

we have also
[ull con @y < Cllull for all (A, u) satisfying (2.3), (4.21) with 5 = . (4.24)

There exists p > 0 such that if u € C%(Q), |lu|| # 0, u(zo,y0) > 0 for some (x¢, o) €
then —“&W > _¢/2C for all (z,y) € B,(z0,y0) N Y, where B,(zq,1o) is the open disc

IIUIICO,’\/(W)
with the radius p centered at (zg,yp). Due to (4.24), we have also “ﬁiﬁ” > —(/2 for all
(z,9) € B,(z0,y0) N if (2.3), (4.21) with = 7 are fulfilled. Hence, we get meas {(z,y) €
O ou(z,y) > —Cllul|/2} > 0 := meas (B,(z9,y0) N ). In particular, we have proved the

existence of § > 0 such that
if (\,u) € R x H satisfies (2.3), (4.21) with n =
and meas {(m,y) e : ”ﬁx’y) > —%} <6, then u < 0 in .

ull

(4.25)

16



Furthermore, let us prove that there is € (0,17) such that

meas {(x,y) e uﬁl? > —g} < 0 for all (A, u) satisfying (2.3), (4.21). (4.26)

Indeed, in the opposite case we would have a sequence u, such that m — UOH — 0 and
meas {(z,y) € U : w,(z,y) > —(||lu,||/2} > 6. However, due to Jegorov Theorem there should
be a measurable M C ¥ such that meas M < 6 and HZ_:H — ug uniformly in ’\ M. This
would contradict (4.23).

Now, it follows from (4.25) and (4.26) that v < 0 in € for all solutions (\,u) to (2.3)

satisfying (4.21). Due to (4.23) and Lemma 4.7 (with Q" = Q2 o ., \Q 5 _ .»,), for any
e we can choose 1) € (0, 7)) simultaneously so small that alsou < 01in Q2 5, o \Q 5, o

for (A, u) considered. Summarizing, for any ¢ € (0, &) there is n > 0 such that
w<0in Q5 5 o, \ (8, U, ) forall (A u) satisfying (2.3), (4.21).  (4.27)
Let u* denote the positive part of u. Due to (4.27), we have in particular

+ ; €
ut =0 1In Fw—umw

for all (A, u) satisfying (2.3), (4.21). (4.28)
We will prove below that there is C' > 0 independent of € € (0, &) such that

HVu*HLz(QE < C’||u+HL2(QE ) for all € € (0,¢¢) and (A, u) € R x H
Y1

Y1—Hv2 1

satisfying (2.3), (4.21) with n such that (4.27) holds.

u,wzﬂt)

(4.29)

First, let us assume that (4.29) is true, choose a fixed ¢ € (O,min {QCLI/Q,&“O}) and the corre-

sponding 7 such that (4.27) holds and let us show that then

u<0inQ ., forall (A u)satisfying (2.3), (4.21). (4.30)
(In fact, only the inequality in Q5 _ _ . is essential, 5 |, is included already in (4.27).)

Let us consider an arbitrary (A, u) € R x H satisfying (2.3), (4.21) with 7 such that (4.27) holds.
Therefore the inequality in (4.29) is true. On the other hand, due to (4.28) and Observation 4.8,
also the inequality in (4.20) holds with @ = v — pu, b = Y9 + pu, w = u’. However, both
inequalities with & < 5717 can be simultaneously fulfilled only if u* = 0. Hence, (4.30) follows.

Now, let us prove (4.22) for all (A, u) satisfying (2.3), (4.21) if n is small enough, where y is
such that (4.23) holds. (We know that u is continuous on I'y UT'y ,,, €.g. Lemma 4.4.) First,

we will show that

u(z,0) <0 forallw € (y1 — p,71) U (71,72) U (2,72 + 1) (4.31)

for all (A, u) satisfying (2.3), (4.21) if 5 is small enough. Let us assume by way of contradiction
that there is (A, u) satisfying (2.3), (4.21) and u(zo,0) = 0 for some zg € [ := (y1 — p,71) U
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(71,72) U (72, 72+ ). Since the set {z € I; u(x,0) = 0} is closed in I, it consists of a maximally
countable set of closed (in I) intervals and isolated points. It follows easily that either it contains
a closure of some open interval [, or it contains an isolated point zy. In the former case, the
classical normal derivative d,u(x,0) exists for any « € Iy by Remark 4.5 (with I' = I, x {0}).
In the latter case we have (4.14) with I' = I, x {0}, Iy being an open interval containing z, (see
Remark 4.3). Hence, the normal derivative exists in the classical sense on I" by the second part
of Remark 4.5. Consider a sub-domain Q' C QF _ . with [ (i YT U TN ),
(x0,0) € . We have u < 0 in € by (4.30). Hence, it follows from (1.1) and Remark 4.6 that
Au > 0 on ' if 7 is small enough, u attains its maximum over ' at (z(,0) and the strong
maximum principle implies d,u(zo,0) > 0, which contradicts (1.2) or (1.3). Hence, (4.31) for
all (\,u) satisfying (2.3), (4.21) is proved.

It follows from (4.31) that (4.14) holds for all solutions under consideration with I" =
(v — @, Y2 + ), that means in particular d,u = 0 on I' in the weak sense (cf. Remark 4.3).
Now, Remark 4.5 (with I" = (v1 — o, y2+pt0) X {0}) implies that 9,u(y;,0) exists in the classical
sense. If it were u(y;,0) = 0 then it would be 0,u(v;,0) > 0 by the maximum principle as
above, which would contradict (1.2) or (1.3) again. Hence, (4.22) for all (A, u) satisfying (2.3),
(4.21) is proved. It follows from Remark 4.5 that u € C%7 () for any Q' considered in the
formulation of Lemma 4.9.

It remains to prove (4.29). First, we need to show that

/ V(wHPdzdy = / Vw - V(w")dzdy for all w e H. (4.32)
Qil—lh’m'ﬂt Q%—uwz*—u
If w € H is smooth then the set {(z,y) € Q5 _, .., : w(z,y) > 0} is open and w* coincides

with w on a neighbourhood of any its point, i.e. also derivatives of w™ coincide with those of
prin - w(z,y) <0}, Further, V(w®) = 0 in the
points where w = 0, Vw = 0. Finally, the set {(z,y) € Q5 _, ..., : w(z,y) =0, Vw(z,y) # 0}

w. Both integrands are zero on {(z,y) € 2

is of measure zero because in a neighbourhood of any its point it forms a smooth curve due to
the implicit function theorem. Hence, (4.32) holds for w smooth. For general w € H we get
(4.32) via approximation by smooth functions.

Now, let us consider (A, u) satisfying (2.3), (4.21) with 5 such that (4.27) holds. Let us
definez =u*in Qv andu=0in Q\ Q5 _, .. Wehave u € W"(Q) by (4.27). Since
u=u" =0 on I'y because of u € K, we have +u € K and we get by using (4.32), (2.3) with

@ = u £ u that

+|2 — . + — . 1,
fﬂil—umw |Vut|?dz dy fQ’EH—MW2+M Vu-Vutdedy = [, Vu- Vudedy (.33
= [o(Au+ g\ w)u)adzdy = fﬂil—wﬁu (A(u™)? + g\, u)(uh)?) dedy.

There is C' > 0 such that |[g(\, u)|| L) < C for all (A, u), |A = Ao| + |Jul| < no with 7 > 2 from
the assumption (4.2). Let us set ¢ := 7«2%2 > 2 ie 1/r+1/g+1/2=1. Since we have v =0
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: €0 €
m Qw—uw#—u \ Q’n—lmﬁu

L9(Q2° ) that

Y1—pyv2+1

by (4.27), we obtain by using the embedding W2?(Q°

Y1—HsY2 +H) -

q

1/q 1/
b lpaer, oy = (e @) dedy) " = (o ()" dedy)

Y1 Y2 M Y1 M2 R
1/2 1/2
<C(for IVurPdedy) " = C ([, VuPdrdy) = VUl

V1KY Y1 —HY1 R

with C' independent of the choice of €. These estimates together with Holder inequality and
(4.20) (with @ = vy — p, b = v9 + p) imply that the last integral in (4.33) can be estimated by

O+ )2

)\ s * + e
Wl*#"/lJr#) i Hg( 7u)HL @ HU HLq(Qﬂ*uwﬁru

< CHVU—FH/’}(Qi1

. +
) e lleges Ly

. +
*uyv1+u) HU HL2 (QFY1*HVW1+#)

with C independent of € € (0,eq). Hence, we obtain from (4.33) that

+
||u HLQ(Q'E‘q—u,Wz—O—u)?

+112 < + .
||VU ||L2(Q§Yl*M7’YZ+M) B CHVU ‘|L2(er1—#ﬁ2+#)

which means (4.29). ]

Remark 4.10 For the proof of the last assertion of Theorem 4.2 we will use the stability
criterion for variational inequalities [20, Theorem 1]. Formulating it for our concrete problem,
we get the following assertion. If us is a stationary solution of (4.1) and

A(s) :=  limsup !

A~ wWHANAWHO, G (N, us )W —us+ A Aug+G (A, ug), w) (4.34
wtus €K, |[w]|—0 wi2 da:dy< ( ) ( ), w) ( )

is negative then us is asymptotically stable in the W12(Q) norm. Let us note that in [20,
Theorem 1], the opposite signs of all expressions are considered and therefore also lim inf instead

of limsup appears. We consider our notation more natural in our situation.

Remark 4.11 It follows from Lemma 4.1 (see in particular (4.10)) that 1/Xg > 0 is the largest
and simple eigenvalue of the operator A, that means pg = 1 is the largest and simple eigenvalue
of the operator \gA. Let us denote the largest eigenvalue of the operator AsA + Gy (s, us)
by ps (s € [0,80)). It follows from the well-known variational characterization of the largest

eigenvalue of a symmetric compact operator that

(AsAp + Gu(As, us)p, ©)

s = Inax , 4.35

e = 8% lel? (4:35)
Ao (A 2

po =1= max M, i.e. A\g = min ﬁ (4.36)
vetp0 |o]|? el w0 (Ap, o)

We have pg — po =1 for s — 0.
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Proof of Theorem 4.2. The operator A is linear, symmetric, the operator G satisfies (4.6)
under our assumptions and 1/)¢ is a simple eigenvalue of the operator A (see Remark 4.11).
It follows from Crandall-Rabinowitz type theorem (see e.g. [2, Theorem 1.7] or [15, Theo-
rem [.5.1]) that there exists a smooth branch of nontrivial solutions of the problem (4.3) ema-
nating from the trivial solutions at \g. More precisely, there exist sy > 0, n > 0 and C' maps
A i (—s0,50) — R, 0 : (—s0,80) — (ug)t such that A(0) = Ao, 9(0) = 0 and the couple (\, )
satisfies (4.3), (4.11) if and only if (A, u) = (A(s), @(s)) =: (A, us) with @(s) := s(ug + 0(s)) for
some s € (—sg, Sg). We have H”z—s” - UOH — 0 for s — 0. Since u, are solutions of (4.3), which
is a weak formulation of a mixed boundary value problem, it follows from [12, Theorem 1] (cf.
also [6, Remark 3.8]) that Hm — U ca@ — 0 for s — 04. Hence, it follows from (4.8) that
us < 0 on I'y and therefore ug € K for any s € (0, sq), sp small enough. It immediately follows
that (A, us) satisfies (2.3) for any such s.

Let us show that there is no solution (A, u) € R x (H \ {0}) to (2.3) in a neighbourhood
of (Ao, 0) except of those (\s, us) lying on the smooth branch mentioned. By contradiction, let
us have (A, u,) € R x (H \ {0}) satisfying (2.3), (An,un) — (X0, 0), (An,un) # (As, us) for all

s € (0,s0), wy, == Tt — w- Since A is compact and G satisfies (4.6), standard considerations

of the bifurcation theory for variational inequalities give w, — w € K and (\p,w) satisfies
(2.4) (see e.g. [17] or [19]). Due to the simplicity of Ay we obtain w = wg, see Lemma 4.1.
It follows that (A, u) = (A, u,) for n large satisfy (4.21) (with n from Lemma 4.9). Hence,
Lemma 4.9 implies that u,(x,0) < 0 on (y; — p, 72 + p) for n large enough, and such (A, uy,)
satisfy also (4.3). The properties of the bifurcation branch for the problem (4.3) mentioned
at the beginning of the proof gives that for any n large enough there is s € (0, s9) such that
(An, un) = (As, us) (negative s are excluded by the fact that ug ¢ (—K)). This contradiction
proves our assertion.

Since us — AsAus — G(Ag, us) = 0 for all s € (0, s9), we get for the value A(s) introduced in
(4.34) (see Remark 4.10)

A(s) = M sup,, ek, [juw]—0 T o dedy wzldxdy<—w + AsAw + 0,G(As, us)w, w)
< SUPyep, 40 WFSO + AsAp + 0uG (As, us)p, )

(4.37)
= SUPye H,p£0 m<_¢ + /\8A90 + 8uG()‘S7 us)%@ 90>
= sup (ot As Ap+0uG(As,us) o) llll
pEH o0 EE (Apg)"

It follows from well-known bifurcation formulas (see, e.g. [15, Sections 1.6, 1.7]) that the
first eigenvalue —1 + p, of the operator —I + A\;A + 0,G(As, us) is negative for all small s > 0

if and only if Ay > Ag for all small s > 0. In particular, we have

1+ <0 (4.38)
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under the assumption (3.12) (cf. Theorem 3.1). It follows from (4.35), (4.38), (4.36) that the
last term in (4.37) can be estimated by
2

. [l
= (=14 p,) inf
L) R T, 9)

sup  (—1+ ps) - = (=14 ps)Ao <O.

pEH,p#0 <A90a 90>

Hence, A(s) < 0 for all small s > 0, and the asymptotical stability of us as a solution of our

variational inequality (4.1) follows from Remark 4.10. [

Theorem 4.12 Let Ay be the smallest eigenvalue of the variational inequality (2.4). Then the
trivial solution of (4.1) is asymptotically stable in the norm of the space WH2(Q2) for X < A
and unstable for A > Ag.

Remark 4.13 We will use again the stability criterion for variational inequalities [20, Theo-

rem 1], which gives for our situation the following assertion (cf. also Remark 4.10). If

~ 1 Jo IVul? = Au? dz dy
A\ = _— (- AA = — 290 <0 4.39
) 1= Sup T ) =sup R (4.39)

then the trivial solution of (4.1) is asymptotically stable in the W'2(Q) norm.

On the other hand, [20, Theorem 2] implies for our situation that ZfK()\) > 0 then the trivial
solution of (4.1) is unstable. Let us emphasize that in this second assertion it is important that
K is the cone with its vertex at the origin, and therefore cannot be used for the proof of instability

of us, because the corresponding set K — ug is not a cone with its vertex at the origin.

Proof of Theorem 4.12. Due to the variational characterization of the smallest eigenvalue
Ao of (2.4) (see (4.9) in the proof of Lemma 4.1) we have

X —lul®
A(N) = su +A==X+ A\
)= S8 o T, :
Our assertion follows by using Remark 4.13. [ |
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