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In this paper, we show that the interpolation spaces between Grand, small or classical
Lebesgue are so called Lorentz-Zygmund spaces or more generally GI'-spaces. As a direct
consequence of our results any Lorentz-Zygmund space L*"(Log L)?, is an interpolation
space in the sense of Peetre between either two Grand Lebesgue spaces or between two
small spaces provided that 1 < a < 00,8 # 0. The method consists in computing the so

called K-functional of the interpolation space and in identifying the associated norm.
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1 Introduction. Main results

Let (Xo, || - |lo), (X1,]| -]]1) two Banach spaces contained continuously in a Hausdorff
topological vector space (that is (Xg, X7) is a compatible couple).
For g € Xy + Xi, t > 0 one defines the so called K functional K(g,t; Xo, X1)=K(g,1)
by setting
K(g.t)= inf (|lgollo+tllg1]l)- (1)
9=g0+91

For 0 <0 <1, 1<p<+oo, a€ IR we shall consider
_p_1 «@ . .
(X0 X1)ops0 = {g € Xo+ X1, lglloga = 11777 (1 = Log ) K (g,1)||o(o.1) s ﬁmte}.

Here || - ||y denotes the norm in a Banach space V. The weighted Lebesgue space
LP(0,1;w), 0 < p < +oo is endowed with the usual norm or quasi norm, where w is a

weight function on (0,1).



Our definition of the interpolation space is different from the usual one (see [5, 22]) since
we restrict the norms on the interval (0, 1).

If we consider ordered couple, i.e. Xy — Xy and oo = 0, (Xo, X1)gp0 = (Xo, X1)g,p 1s
the interpolation space as it is defined by J. Peetre (see [5, 22, 6]).

A particular attention will be brought to the so-called Grand Lebesgue space LP*(2),
with 2 a bounded (open) set of IR"™ whose measure is 1, 1 < p < +00, a > 0 defined as

o

1
1 P
Lp)y"‘(Q): {f : 2 — IR measurable, || f|[,) o= sup (1-Logt)"» (/ ff(o)da) - +OO}
o<t<1 t

/ 1 1
and its associated spaces L#*(Q), — + = =1 defined as (see [12])
p p

1 t o
/ Qe / p dt
L (Q)= {f : @ — IR measurable, HfH(pf,a:/ (1— Logt) »™" 1(/ I? (a)da) 7<—|—oo} :
0 0

Here, f, is the decreasing rearrangement of |f|, say it is the generalized inverse of the

distribution function
D¢(t) = measure{x € Q, |f(z)| > t},t € R;.

Many works related to Grand and small Lebesgue spaces have been recently done (see
for instance [2, 12, 14, 15, 9]).

We will show in particular, the

Theorem 1.1.
Let1 <p<gq, a>0. Then

L9 — (Lp)’a>Lq)1,oo;—%-

An explicit equivalent of K(f,t; LP*, L9) is given in Theorem 3.2.

For convenience, we will sometimes drop the dependence with respect to the domain {2
or (0,1) and we shall write LP(2) = LP. .. etc

More, we will write sometimes / fr(t)dt = / .
E E

Definition 1.1. (Lorentz-Zygmund space)
For1<p, ¢<o00, —00 < a< +00, the Lorentz-Zygmund space LP?(Log L)* consists



of all functions f measurable such that

( 1 %
(/ [t%—%u - Logt)af*(t)] th) if 1<q< +o0,
0
[ llp.ge = 4 18 finite.

sup t%(l — Logt)* f.(t) if ¢ =+00
Lo<t<1

One of the major theorems of the first section will be

Theorem 1.2.
Let0 <0 <1, 1<r<+o0,a>0,1<p<q. Then

e 1 1-60 6
(LPW, LW) — 77 (LogL) %  where — = —— 4~
0,r Do p q

We will also use the following extension of Generalized Gamma space (see [17]).

Definition 1.2. of a Generalized Gamma space with double weights
Let wy, wy be two weights on (0,1), m € [1,400], 1 < p < +oo0. We assume the

following conditions:

cl) There exists K13 > 0 such that we(2t) < Kiws(t) Yt € (0,1/2). The space
LP(0,1;wy) is continuously embedded in L'(0,1).

¢
c2) The function/ wy(o)do belongs to Lv (0,1;wy).
0
A generalized Gamma space with double weights is the set :
¢
GT'(p, m; wy, we) = {v : Q — R measurable / VP (0 )wa(o)do is in L (0, 1;w1)} .
0

Property 1.1.
Let GT'(p, m; wy,wsy) be a Generalized Gamma space with double weights and let us define

for v e GT'(p, m;wy, wsy)

o(0) = [ [ e ([ opuatorin) ’ dt] ’

with the obvious change for m = +o0.
Then,

1. p s a quasinorm.



2. GT'(p,m;wy,ws) endowed with p is a quasi-Banach function space.

GF(p, m;wy, 1) = Gr(pa m; wl)'

Proof:

1. Due to the property of the monotone rearrangement we have p(v) = 0 if and only
if v =0 and for A € R p(Av) = |A|p(v). Let us show that

p(v1 4 vg) < (2K12)% (p(vl) + p(v2)> for v; and vy in GT'(p, m; wq, wo).
We have for all o € (0,1), v =11 + vq

(v1 4+ v2)«(0) < V14 (%) + Vo (%) .

Therefore, we have (using the triangle inequality)

(/Ot Uf(g)wQ(U)dO); < (/Ot oy, <%> wg(a)da); + (/Ot w2, (%) lUQ(U)dO'); 2)

t

1 2
<z
0
Using condition c1), we have

</0t vf(a)u&(a)da); < (2K10)7 [(/Ot vﬁ(s)wﬂs)ds)é + (/Ot vg*(s)wg(s)ds> ;] '

Using again the triangle inequality with the space L™(0, 1;w;) we derive that:

=

1
2 p

Uf*@m(zs)ds)” Lol ( 1A

vg*(s)w2(28)ds>
(3)

plor +v2) < (2K12)7 |plvr) + p(v2)

2. The function p satisfies:

If 0 < v; < vy then vy, < vy, everywhere on (0, 1) so that
p(v1) < p(v2).

If 0 < vy " v almost-everywhere then by the Beppo-Levi’s theorem we have for
all t € [0, 1]

Jm ([ t vfk*w)wz(o)da); -(/ t 2(opualolds )

5



since v« v, everywhere on [0, 1].

Because L™ (0, 1;w,) is a Banach function space, we deduce that

Jim p(vie) = p(v).

The condition ¢2) implies that

p(xe) < p(1) < 400
for any E C €2, xg denoting its characteristic function.
To conclude that it is a complete space, we shall prove the inequality in next

Proposition 1.1, which has been already given in the frame of GT'(p, m;wy) (with

one weight (see [16, 17, 14])). &

Proposition 1.1. Inequality for GI'
Let v € GI'(p, m;wy,ws), ECQ, |E| >0. Then

<v>[ Ewg(a)dar E
|E|p /0 ¢ T2 [/0 |Uf(0)w2(0)da]
[/0 wy(t) (/0 wg(s)ds)

RS

=3

4

/0 ' 20V un(o)do

/0 ' wn()do

Then V is decreasing since v? is decreasing. Therefore, we have for 1 < m < +o00

IV%(t)wl(t) tWQ(U)dU %dt ﬂl@>vi(|E|) |E‘w1<t) th(g)da %dt 51‘
[ v (o) IRV

This gives the inequality m < 4o0.

Proof:

Let us set

V(t) =

p(v) =




For m = +o0, the argument is the same, since

bt </ot Uf(a)wQ(J)dJ); > sup Vo (uw(t) </ot w2(0)d0);

<1 t<|E|

=

> V(D sup () ( [ (oo

t<|E|

¢

One of our results which motivates the introduction of Generalized Gamma space with

double weights is

Theorem 1.3.
Letl<p<+4o00, 0<b<1, 1<r<+oco. Then

(LP), LP)g, = GT(p, 73wy, ws) with wy(t) =t (1-Logt)" !, wy(t) = (1-Logt) ™!, t € (0, 1).

The proof is given in the last theorem of this paper.

2 Notations. Preliminary Lemmas

For two positive quantities A and B depending on some parameters like functions (real
number as a function on (0, 1)) we shall write A < B if there exists a constant ¢ > 0
independent of the parameters such that A < c¢B,and A~ Bif B< Aand A < B.

Proposition 2.1.
Let a > 0, b € R, ®(t) = t%(1 — Logt)’, t € (0,1). Then, there exists an invertible
function ¢ from [0,1] into [0,1] such that

1.t = ®(p(t) = @(t)*(1 — Log p(t))"

2. 14 |Log p(t)| = 1+ |Logt| fort € (0,1).

Proof:

e ifa<b, A
Let us set tg = Then @ is strictly increasing on [0, ¢o).

1 if a>b.

O (tty) : : : : .
Define ¢(t) = B (to) for t € [0,1]. Then g is continuous and strictly increasing from
0

[0, 1] into itself, and g(t) ~ t%(1 — Logt)® and then 1 — Logg(t) ~ 1 — Logt. Setting
©(t) = g~ 1(t) the inverse of g we have the result. &



Proposition 2.2.
Let B € IR, —oo < a < 1. Then, there exists cop > 0:

/ t7%(1 — Logt)dt < copa* (1 — Loga)’ Vael0,1].
0

Moreover, if 5 > 0 then

@ 1
/ t7%(1 — Logt)’dt > | a'~*(1 — Loga)”.
0

—

Proof:
We start with the case § > 0.
Let £ € IN such £k — 1 < 8 < k. Then by integration by parts, we have

k—1

/ 71 — Logt)’dt = copn / t7%(1 — Logt)"*dt 4 a* Z Capj(1 — Loga)?™
0 0 -
7=0
(using the fact that the function t — (1 — Logt)?~¥ is increasing).

Capi(1 — Log a)ﬁ_k/ t=dt + coppa’ (1 — Loga)®
0

N

< capa' (1 — Loga)’.

If B < 0 the inequality is still true since the function t — (1 — Logt)? is increasing, we
argue as in the last line of the above proof. If 3 > 0 then t — (1 — Logt)” is decreasing,
then the last result follows directly. &

Using an argument of [3], we have:

Proposition 2.3.
For any a < —1, p € IR, we have

1
/ t*(1 — Logt)?dt < a®*'(1 — Loga)®.

Proof:
Let € > 0 such that « + ¢ < —1. For N =1+ @, t=¢(N — Logt)? is decreasing. So
£
1 1
/ t*(1 — Logt)’dt < a*(N — Log a)B/ t*Tedt < (1 — Loga)?a®™. O

For convenience, we recall some of those Hardy type inequalities (see [3] Theorem 6.4,
[18] Lemma 2.7, Corollary 2.9) that we will use.



Theorem 2.1.
Suppose A > 0, 1 < b < 400, and —oc0 < f < 400, ® a nonnegative measurable
function on (0,1). Then

/01 [t‘A(l ~Logt)’ /Ot q><s)ds]
’ b dt

/01 {tk(l — Logt)? /tl (P(s)ds} % < C/ol [t (1 — Log t)°®(t)] -

The constant c is independent of ®.
If (t) = t#7'®(t), u > 0, @y decreasing, then the above inequalities hold true for
0<b<1.

b bt

dt !
at 1-A/q 3 at
t \c/o 120 — Logt)a()]

and

In the above formula when b = 400, the integral is replaced by the supremum. In the
case where A = 0 we use the following Hardy inequalities given in Bennett-Rudnick
([3] Theorem 6.5)

Theorem 2.2.

1
Suppose 1 < a < oo, a € IR and a+— #0. Let i) be a nonnegative measurable function
a

1
on (0,1). Then, if a + — > 0,
a

(

1
and a + — < 0,
a

1 (1— Logt)® lw(s)ds KANSE. t1 - Log )" )
| / t A I

The constant c is independent of .

0= togty [ o] 4] >y ([ [ra-rogtysevio] 4] o

Q=
Q=

Let (R, i) be a measure space and M(R, i) be the set of all © measurable functions
over R . A Banach space X = X (R, pu) of u-measurable complex-valued functions in
M(R, 1) ( set of all p measurable functions over R ), equipped with the norm || - || x, is
said to be a rearrangement-invariant Banach function space (shortly r.i. space) over

(R, p) (or over R with respect to u) if the following five axioms hold:
(P1)  0<yg <[ p-ae implies [lg]lx < |[fllx;
(P2)  0< fu /2 f prae. implies || follx 7 |1 f]x;

9



(P3) IxE|lx < oo for every E C R of finite measure;

(P4) for every E C R with pu(F) < oo there exists a constant Cg such that
Je lf(@)] dp(z) < Cpllf|x for every f € X;

(P5) | fllx = llgllx whenever f, = g..
Given an r.i. space X on (R, u), the set

X’:{feM(R,m: [ 1 @gte)] duto) < oo to everygex},

equipped with the norm
n(R)
£l = s [ (f@g@)lduta) = sw [ fio)gnte) ar
ol x<1JR lgllx<1Jo
is called the associate space of X. It turns out that X’ is again an r.i. space over R
with respect to p and that X” = X.
For every r.i. space X over (R, ), there exists a unique r.i. space X over (0, c0) with

respect to the one-dimensional Lebesgue measure, satisfying

Ifllx = llfllx
for every f € X. This space, equipped with the norm

w(R)
Ifl = sup / £ (D)9 (1) dt,

lgllxr<1
is called the representation space of X.

The fundamental function of a r.i. Banach space, X , is defined by

Dx(t) = [Ixpallx, te€(0,uR)).

. There is no loss of generality if we assume ®x to be positive, nondecreasing, absolutely

continuous far from the origin, concave and to satisfy
Ox(t)Px/(t) =t forall e (0,u(R)).

Details and further material on r.i. spaces can be found in [5, Chapter 2].
Note that (see [8]) grand Lebesgue spaces LP)*(f2) and small Lebesgue spaces L (1)

are r.i. spaces over () and

o
7

Dy pe(t) ~tr(1—Logt)? and @ ga(t) ~ tr(1 — Logt)s

(LPe) = Lo,
Let Ap and A; be two r.i. Banach spaces over [0, 1] and let &g, ®; be respectively their

fundamental functions. We suppose that the following conditions are satisfied:

10



i) There exists a constant C such that, for i = 0;1 and for all £ > 0

tods Ct
/0 () ~ B0 (€0)

ii) There exists a constant C such that, for all ¢ > 0

Py (t) HX[Ot]

Aol < o C.1
Bo(t) | @ ||, = -
Do (1) HX[t 1]

’ < C. C.2
<I>1(75) Do Al_ ( )

Lemma 2.1. /4, Lemma 2.2] Let Ay and A; be two r.i. Banach function spaces satisfied
(C.0), (C.1) and (C.2) Then

Do(?) Do(?)
K (f, #@);Ao,fh) ~ Hf*X[o,t]HAO + #(t) ||f*X[t,1]HA1 , O0<t<l

Remarks on the choice of the method

We have chosen a direct method for the proof of our results by computing the K-
functionals. In some part of the manuscript (for instance Theorem 5.1) we can adopt
an alternative proof as using limiting reiteration theorems [1, 10, 11, 13]. Although, we
observe that it is not possible to get the result without computations. The feature of

our method is that, as a byproduct, we make explicit the behavior of the K-functional.

3 Computation of some K-functionals and characterization of
the interpolation spaces (LP©, L9%),,
We shall need few lemmas before reaching the proof of Theorem 1.1 and Theorem 1.2.

Lemma 3.1.
Letazil, 1 <p< 400, a>0. Then
p_

to 1 N
sup ¢ (1 — Logt)g/ fe(s)ds < cqp sup (1 — Logt)™» (/ ff(s)ds)
0 ¢

o<kl o<1

0 <t <1, for some constant cop > 0.

11



Proof:
We have

tO'
N, = sup tl(l—Logt)_z/ f«(s)ds
0

0<t<1
t7 2 1 s %
= sup t (1 —Logt)_(;/ (—) (/ dT) f«(s)ds
o<t 0 S s
o te 1 2
sup ¢ (1 — Logt)P/ s » (
0<t<1 0
1 _a e _1 S %
sup ¢t (1 — Logt) » (/ s 5( — Log - ds)
o<t<1 0 2

1
_a 1 P
X sup (1 — Log f) ! (/ ff(T)dT)
0<s<t 2 s/2

AN

N

Applying Proposition 2.2, we have

t7 s 1 e
/ s <1 — Log g) " ds < copt” ¥ (1 — Logt)» (7)
0

From the two last inequalities, we have:

Lol
Ny < ey sup (1 — Log) "3 ( / ff> ~ 11l
t

0<t<1

o

The next lemma has been already proved (see Theorem 4.1 [15]) for a characterization
of grand Lebesgue spaces as interpolation spaces between Lebesgue spaces, obtained

using the Holmstedt’s formula as well.

Lemma 3.2.
For1 <p< 400, a>0 we have

L9 = (L1, 17); .

Proof:
According to the Holmstedt’s formula (see [5]), we have for all f € L' + L?, and for all
te(0,1)

to 1 %
Ko~ [ f*(s)ds+t( / fi’(s)ds) Sy 1) witho = P

12



Making use of the definition of the norm in (L*, LP)1 00—

111005 = sup £~ H(1—Logt) 7 Kiy(f,1)

~ sup t (1 —Logt)~ /f )ds + sup (1 — Logt)~ (/ fE(s )

0<t<1 o<1

From Lemma 3.1, we deduce that

o5 = sup (1~ Logt)” (/ (s ) — £l
Noticing 1 — Log¢ ~ 1 — Log tz. &

Lemma 3.3.
Let1 <p<q, a>0. Then

sup ta~ P(l — Logt)™ (/ fE(s ) < Capg sup (1 —Logt)™ (/ fl(s ) (8)
0<t<1 0<t<1

for some constant cqpq > 0.

Proof:

The relation (8) is equivalent to

S, (1~ Logt) "< (/ s ><osii£’1(1_L°gt (/f )

r

with o = , r== > 1.

r—1 P
So we deduce Lemma 3.3 from Lemma 3.1, replacing p by r. O
Theorem 3.1.

Let 1 <p<gq, a>0. Then

a

L92(Q) = (17(9), ()

1,00;—

Proof of Theorem 3.1
According to Holmstedt’s formula [5] we have for all f € LP + L9, all t € (0, 1)

Ko =( [ s);+t(/t:f3(s)d8>;ﬁfqu(f,t) )

13



with o = ﬂ

q—0p
According to the norm of f in (L, L?); o, —e we have:

Hle,OO;*% ~ sup til(l - Logt)_%qu(f, t)

0<t<1

~ sup t (1 —Logt)” (/ (s 3) + sup (1 — Logt)™ (/ fl(s )
0<t<1 0<t<1
10)

= L + L.

The first term I; of relation (10) is equivalent to

sup T4 P(l—LOgT (/ fP(s )
0<r<1

(making use of the change of variables 7 = ¢ and knowing as for I, 1 — Log 7 A
1 — LogT).
According Lemma 3.3, this last term is dominated by I>.

Therefore we have
fllos ~ I+ B~ I = || £l

Theorem 3.2. (Computation of the K-functional for the couple (LP)*, L9))
Let 1 <p<gq, a>0. Then

1

K(f,t; L") L) ~ sup (1—Logs) » (/ fP(x )p+t< 1 ff(s)ds)q

0<s<p(t) w(t)

= qu(f, t)

where @ is the inverse of the increasing function ¥(t) = t%_%(l — Log t)_%, te(0,1).
Thus
(1 —Loge(t) r.

'U\'—‘
mH

t=(t)r

Proof of Theorem 3.2
To apply Lemma 2.1, we need to check that the conditions (C.0), (C.1) and (C.2) are
satisfied. Let ®q(t) = HX[O t]HLP) and ®4(t) = HX[Ovt}HLq' As we have

Oo(t) ~ tr (1 — Logt) 7, ®y(t) = ta,

14



we have that ¢ (t) = i‘zg 7y~ The conditions (C.0) (C.1) and (C.2) easily follow by using

the Proposition 2.2 and Proposition 2.3. and using Lemma 2.1 we get desired result.
By same way we can obtain following theorem o

Theorem 3.3. (Computation of the K-functional for the couple (LP)* L))
Let 1 <p<gq, a>0. Then

K(fatQLp)’a7Lq)’a) ~ sup (1—Logs)” v (/ fP(x >

0<s<p(t)

+ t sup (1-—Logs)” (/ fHx dx) ,
p(t)<s<1

where ¢ is the inverse of the increasing function (t) = t%_%(l—Log et e (0,1).
Thus
1_1 aya

t=(t)» "% (1 — Logep(t)) » v
Proof of Theorem 1.1
Let f be in (LP)®, L?)1,00;—= . Then, its norm is

Hf“loo e = Supt 1(1_L0gt> (fut;Lp)7a7Lq)'
0<t<

Following Theorem 3.2, this expression gives:

fllios ~ sup t7(1—Logt)® sup (1—Logs)s (/ (e )
4 o<t

<1 0<s<p(t)
o 1 q
+ sup (1 — Logt) ™« ( ff(T)dT) =J1 + Jo. (11)
o<t<1 »(t)

But we have by the definition of ¢,
1_1 a
t™ = p(t)s »(1+ [Logp(t)])7, 1+ |Logy|~ 1+ [Logt|.

Thus the first term J; of (11), after a change of variables, gives

—q a(g—p —a t »
Ji~ sup t'@ (1— Logt) I sup (1 — Logs)™ (/ ff(T)dT) : (12)

0<t<1 0<s<t

But we can bound the last term of (12) as:

a—p a(p—q)
sup (1—Logs)7 > (/ f2(r 7‘) <twm sup (1-Logs) = sup (1—Logs)™ i (/ fi(r

0<s<t 0<s<t 0<s<t

15



(using Hoélder inequality and introducing new factor).

Therefore, we can estimate J; (after simplifying):
. 1
5% s (1= Loge) ¥ ([ ar) " =l (13
0<s<1 S
While for the second term J,, we have:
. 1
o s (1= Loge(0) ([ gty ) (1)
o<t<1 p(t)

which implies

1
1 a
o s (1= Logs) ¥ ([ g2 ) =117l (15
0<s<1 s
We then have from relations (11) to (15)
2 S lhooi-e & J1 4 T2 (16)
This shows the result. %

Next, we want to prove Theorem 1.2.
For this, we shall need the:

Lemma 3.4.
Letl<p<gq, a>0, 0<0<1,1<r<+o0. Then

(Lp),a Lq),a> — (Lp),a Lq) )
’ 0,r ’ 9,7‘;7%9

Proof:

From Theorem 1.1, we know that

P T a)e — ([P ([phe [
(e, o) = (L0, (1, 19), )0

9’7. 9 775

In this case, we can apply the Holmstedt formula (see Theorem 3.1 in [18]) valid also

for the extreme case 6; = 1.

K(f.6179, (D0, 1), 2 )ZKa(t) %t sup 57! (1~ Logs) & K(f,s L, LY)
a P(t)<s<1
(17)

where 1 is an invertible function from [0, 1] into itself according to Proposition 2.1 so
that
t ~ (t)(1 — Logh(t))a for t € [0,1].

16



Considering the norm || f[g, of f in (LP* L9)  we have:

.~ |[tT°K, t‘
N O, g
~ |[t77% sup s'(1—Logs T K L5 L LA
P(t)<s<1 ( ) ( ) L7(0,1;4)
a(1—6) —a
~ (o0 - Logp() ™ sup s7I(1 - Logs) T K(f, 5 L7, L1)
b(t)<s<1 Lr(4)
1-6 o(1-6) 1 —a )
~ |t77(1—Logt)” « sup s (1—Logs)« K(f, s;LP L% :
t<s<1 Lr(%)

The last line is obtained after the change of variables ¢ — (t). To control this last

term, we need

Proposition 3.1.
Let K4 be a decreasing nonnegative function on (0,1) and p, q, o, 6,7 are as in Lemma

3.4. Then

(T a(-0) —a " dt
I,= t777(1 —Logt)” « sup (1 —Logs)« Ky(s)| —
0 t<s<l1 t
1
—a rdt
%/ |:t1_9(1 — Logt)TeKd(t)] ?Efd
0
Proof:
Since sup (1 — Logs) @ Ky(s) > (1 — Logt) @ K4(t), we deduce
t<s<1

! —o rdt
I > / [t1*9(1 — Logt)TeKd(t)} s 1.
0

—ar

For the reverse inequality, since K, is decreasing and s — (1 — Logs) ¢
then,

increasing

—ar s —ar d —or
(1—Logs) & Kj(s) S / (1-Loga) " Kjia)= S (1—Log3) 7 K4 (5) . (18)
s/2 T
Setting
1 s
ar(1-60) —ar d dt
I, = / t=97(1 — Logt) o sup (/ (1-— Logx)qu(x)—x> —,
0 t<s<1 s/2 T t
thus, we can bound, the integral I, by I4,:
1
ar(1-9) —ar dt
I, = / t=97(1 — Logt) T sup (1 —Logs) @« Kj(s)— < I, (19)
0 t<s<1 t

17



and .
ar(1-0 ar dt
B S [ 40700 = Logt) ™5 sup (1~ Log ) K (5) § = B
0

t<s<1 2/t
By a change of variables in the term I5,, we have
IZT 5 Ir- (20)

Therefore, relations (19) and (20) imply:

Ir ~ [lr-

We may bound I, as:
1 ar — 1 —r d dt
I, < / =07 (1 — Logt) T </ (1-— Lng)qu(x)—x) —.
0 t)2 T t

By Fubini’s Theorem, the upperbound in this inequality gives:

1 2x
—ar ar(1-0) dt d
L, 5/ (1 —Logx)« Kj(x) (/ t1=0"(1 — Log t) i —) ?x
0 0
From Proposition 2.2, we have
2x
ar(1-06) ar(l—
/ t1=0r=1(1 — Logt) O dt < gt (1 — Log z) ol (21)
0
From relation (21), the last estimate I3, becomes
1
—ar d
I S / 27071~ Loga) ™0 Kj() = = I,
0 x
With relation (19) we get:
Ir SJ Ilr 5 Id < Ir-
¢
End of proof of Lemma 3.4
We apply Proposition 3.1 with
Kq(t) =t 'K (f,t; LP, L%, t € (0,1)
to derive the:
1-0 a(l-0) —a
flloy = #1770 = Logt) ™" sup (1~ Logs) ¥ Ka(s)|
t<s<1 Lr(%)

Q

I7 = ||f|lv with V = (LW,Lq)OT. s -

18



Proof of Theorem 1.2
Let
V= (Lp%a,Lq%a) and  LP"(Log L) 7 = Vj
0,r

with — = —— +

1 1—6 0
Do p q

We recall that, for f € V

= [ [0 = Lot F K (ot 20, 1] )

Applying Theorem 3.3, we have

Q

1
A1l (/‘ = sup (1-Logs)s
0

0<s<p(t)
1
+/ t77% sup (1 —Logs) ™ r (/ fir ) —
0 p(t)<s<1

== IIl —|—[[2

Sl
N
BSY
=

=

* 3

/\

\./
v
=
~I&

From the first term I1;, we know that

QR

t=(t)r (1 —Log(t) 7

and
1 —Logt~1— Logy(t).

Therefore, we have
—af(p—q)

70~ ()" (1~ Logp(t) w0 . (23)

Replacing the integrand in the integral by the II; of (23) and making the change of

variables © = () or equivalently ¢ = 1(x), we have

! —af(p—q) % ' d
[Il ~ / [ZC (% %)(1 o Lng> eqp sup (1 — L()gs p (/ fp ) _I
0 0<s<z

Thus the monotony of f, leads to:

—ab(p—q) —a 1

1 T
ulz/ [ 9 (1~ Loga) % (1~ Log 5) Fav £.()]|
0 s

19



—a(q(1—0)+6p)

Lo 0,0 T d
1112/0 [tT*E(l—Logt)ipq f*(t)] ?t:||f||(’/0. (24)

In particular, we have shown that

Al 2 11 v (25)

For the reverse of relation (25), let us consider € > 0 small enough so that

1 1
6(———)+E<0.
q p P

! o(X-1) —af(p—q) —a r e l,l—e % ' dx
I < xa »(1 —Logx)™ e  sup (1 —Logs)™® e fP()dt —.
0 s x

0<s<z

Then

1 e(l_l)_,'_g —a l—¢ " dx
IL < x'a »/Tr(1 —Logx)re sup t ¢ fu(t)| —.
0 T

o<t<zx

We have the following

Proposition 3.2.

For all x > 0
sup o7 1.0 < 2tog2)? ([ F oas)
o<t<zx 0
1 1
T r
Proof:

t
For any s € [ﬁ’t} , we have

. 1 €
since — —1— - <0.
p p

t
Integrating between 3 and t, and using Holder inequality, we have

T 1
-

L) < 2 ( // si”—lf;“(s)ds) (Log2)?

t7 fut) <2 ( /0 tslf"‘lf;“(s)ds) " (Log2)?.

From which, we derive the result. &

20



1 1 €
Using this Proposition 3.2, setting m = 6 (— — —) + - <0,
qa p p

1115/01 "1~ Loga) W (/0 Sl (s)d ) (26)

Applying Hardy type inequality (see Theorem 2.1 and [3], Theorem 6.4 ), relation (26)

becomes

LPo"(LogL) 76

ms [ [5 0 Logs) 7 £.9)] 2 < iflr (27)

It remains to show that the second term satisfies:

1 1 ‘
I, :/ [t1_9 supp(t) < s < 1(1 — Logs)%e (/ ff(T)dT) ] % S Ay, -
0 S

For this, we recall that ¢ is the inverse of the function ¥ (z) = xr (1-Logz)» Ta, ze€

[0,1] so we have the following relations:

1_1 oy a
t=p(t)r (1 —Logy(t)) ™ ta,
1 —Logp(t) ~ 1 — Logt,

and

W) 1
o) T

Therefore, we rewrite 11, as:

—a(l 9)+a(1 0)

1 _ _
1~ | [w@)“)(w)(l—Logw(t))p ST sup (1-Logs) T (/ folr ) ]
0 p(t)<s<1

Making the change of variables, t = ¢(z) <= x = p(t)

1
—a(1-6) | a(1-0) d
]]2z/ [x<19><$3>(1_Log;c) S sup (1= Logt) & (/ F9(s ) ] iy
0 r<t<l1 xXr

Applying Proposition 3.1, we have :

—a(1-6) + a(l-0)

fol [x(le)(pq)(l_Logx)p Ta SUPypeq (1 — Logt <ft fi(s ) } o
1 —a T dx
<y [#9(1 = Loga)® £.(2)] = = ellflly,
¢

From the preceding results, we can characterize the interpolation spaces for small

Lebesgue spaces.

21
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Theorem 3.4.
Let 0 < <1, 1<r<+4o0, 1<p<gq, a>0. Then

(Lt 202) = mr(Log L)%

0,r

1 1-66 06 1 1
with — = —— 4+ -, —+ — =1.

DPeo p q DPo Dy
Proof:
By the duality result on interpolation spaces, (see [7, 22]), we have,

[(L(na L(q,a) }/ — (Lp’),oa Lq’)7a> — (Lq’)ya LP’)704> (29)
’ o,r ’ 0,r ’ 1-0,r'

/
and noticing (Lp/)“‘) = L () is in LP*N L@ and dense in each of these spaces.

From Theorem 1.2, since ¢’ < p’, we have

o

<qu)7a, Lp/)7a) — L(]i_eﬂ"’ (Log L)7E7 (30)
1-6,r'
1 6 1-0 11
with —=—+4+——=1—-—=—.
49 4 p Po Dy

Thus taking the associate space in the above equation (30) gives, taking into account

(29)7

" <5
(L(p,a7L(q,a> _ [(L(p,aJL(q,a)W = [P (Log L)p’g
o,r
1 1—-0 6 1 1
with — = — +_7_+_/:1' <>
Do p q Po Dy

A main consequence of Theorem 1.2 and Theorem 3.4 is the

Theorem 3.5.
Letl <a< 400, B E€R, 8#0, 1 <r < +oco. Then the Lorentz-Zygmund space
L*"(Log L)? is an interpolation space in the sense of Peetre of two Grand Lebesque

spaces if f < 0 and of two small Lebesque spaces if > 0.

Remark 3.1.
If 8 =0, it is already known that the Lorentz space L*" () is an interpolation space of

two classical Lebesgue spaces.
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4 Small Lebesgue space as interpolation of usual Lebesgue

spaces

The next proposition has been already proved on [10], we drop its proofs :

Proposition 4.1. [10]
Let 1 < p < +o0, a>0. Then
Lo = (Lp, L°°>

0,1;—%+o¢—1‘
Proposition 4.2.
Let1 <p<gq, a>0. Then

e — <L]07 Lq>

P 7Q.
0,1;— 14« P
Proof:

It is similar to the above Proposition 4.1. Indeed, let set W,, the space on the RHS,
then for f € W,

1
o dt
Al = [ (1= Loge) F k(s 07, 1)
0

By the Holmstedt formula, we have

to % 1 % B
K(f,t; L7, L7) ~ (/0 ff(s)ds) +t (/ fg(s)ds> with % _17P

pq
Then, we deduce the equivalent expression of the norm:
1
7 dt

=3 (31)

1 1
11w~ Wl + [ 1= Logey 50705 ([ pacoyas)
0 t

Let us show that the last term in relation (31) is less or equal to the norm of f in L®,
a

Let us temporarily set § = —-14+a— —,let 1 <e < q + 1, then
p o

1
' BgpL—e+1e—1 ! ©di
0, = (1 — Logt) 9te—"""¢ fl(x)dx n
0 t
! g ! T dt
< / [(1—Logt)ﬁqto_5+1 / 2! ff(x)dx} £ (32)
0 t

Applying Hardy inequality (see Theorem 2.1 and [3] Theorem 6.4), we obtain from the

relation (32)
dt

oz [ [0 = LogeyeE )] 4 (3)

23



1 1 1
But — + — = — then to+ qf (/ P (x da:) . So we derive
g q P

) ¢ >
o5 | [(1—Logt>ﬁ ( / ff(x)dx) ]%znfum

Thus, we have from relations (31) to (34):

1 llzwe SN lIwg S [1F1lwe-

(34)

5 Interpolation between small, Grand Lebesgue spaces and the

associated K-functional

In this section, we want to determine the interpolation space (L(p’o‘,Lq)’ﬁ)

. Due to
o,r

the technical aspect of the proof, we shall only consider the case where @ = § =1, the

argument remains the same in the general case.

We want to show the following theorem:

Theorem 5.1.
Let 0 <8 <1, 1<r<+o0, p<gq. Then

(L, L9, = LP*"(Log L)™

1 1—-60 0 1
where — = —— 4+ -, ap=1—-0— —.
Po p 4q Po

We shall need the following K-functional.

Theorem 5.2.
Let1 < p < q< +oco. Then for allt >0, f e L®+ LY

o(t) 1 s » ds
K(f,t;L? L?) =~ / (1 —Logs)» (/ ff(T)dT) —+(1—Logt
0

+t sup (1—Logs)s (/ fir dT)
p(t)<s<1
3
= ) Ki(t)
i=1

24
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where ¢ is an invertible function from [0, 1] into itself satisfying the equivalence

P—q+pq

p(t)7 (1 — Logp(t) ™ ~t.

Proof:
We can apply Lemma 2.1 for Ag = L® and A; = L9. Let ®y(t) = HX[O»t]HL@ and
O(t) = ”X[th]”m‘ As we have

=

o (t) ~ t7(1 — Logt)”, ®(t) ~t3(1— Logt)7,

we have that ¢ (t) = g?gg As p < ¢ the conditions (C.0) (C.1) and (C.2) easily follow

by using the Proposition 2.2 and Proposition 2.3. and from Lemma 2.1 we obtain the
result. &

Next, we want to prove Theorem 5.1. We need to show that the norm of f in W=(L®, L9),,
is equivalent to its norm in V' = LP?"(Log L)*.
For commodity, we set
1 1 1 1 1 1 1
Az&(———), ag=1—-0——, a=X—0, \y=———-—=(1-0) (———>.
p g Po bPe g p g

According to Theorem 5.2, the expression of the norm of f in W is composed with 3

terms: .
rdt
11w = / (FOR(f L0 L)) T N+ Ny + s
0

with N; corresponding to the function K; and which reads as follow after a change of

variables

N, = /0 t’\(1—Logt)“/0(1—Logs)_101 </0 ff(x)d:c)p%] %,

N, — / |63 = Logayes ( /Otff(x)dx)p] “

[ 1 1
Ny = / P11 = Log )"+ sup (1 — Logs) 7 (/ ff(x)dx) ] <
0 s

t<s<1

We start with a lower bound for ||f]||w.

Lemma 5.1.

One has
., ., Lra N T dt
1Al 2 Moz 1 = [ [t~ Logtyro)] -
0
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Proof:
One has

% 2t " dt
> / tM (1 — Logt)* ( f(fﬂ)dfﬂ) -
0 ¢

> / : [#1*%(1 — Logt)™ f*(2t)y -

0

Thus, we have, after a change of variables

Lra o 7"dt< < .,
e - tost )] TS N SIS

¢
For the upper bound, we start with the estimate of Ny
Lemma 5.2.
One has
Ny S
Proof:
We set b= - €]0,+o0o[, 8 = pay, we note that 0 < Ap < 1 we can write
p
! ! " dt
Ny = / {t_)‘p(l — Log t)ﬂ/ ff(m)dm] —.
0 0 t
We may apply the Hardy’s inequalities of Theorem 2.1 to derive
! bt
Mg [ [ Logerse) (3)
0
The right hand side (RHS) of this inequality is equal to
! rdt
| [0 rogorero] (36)
0
1-0 6 1
since — — A = —— + — = —, we get the result. &
p p qa Po

Next, we want to estimate N;
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Lemma 5.3.
One has:

—_— g dt ,
M < [tpe (1 — Logt)* ™ f.(t)] 7 < [IfIIv-
0

Proof:

Let us set )
H(s) =s'(1 - Log 5)7% </ ffdx) "
0

Then, from the Hardy’s inequality given in Theorem 2.1 and the expression of Ny:

! rdt
M < / [tH(1 - Logt)aH(t)] =, (37)
0
. - 1 1 ,
Replacing H, noticing that a — — = —0 — — = ay — 1, we then have from relation (37)
Po

Ny < /01 [t_’\(l — Logt)*1 </0t ffdx) p] % (38)

Applying again the Hardy inequality as in Lemma 5.2 we have

d

3 (39)

N1 S /01 [t%_A(l - LOgt)O“’_lf*(t)]

This gives the result. &

It remains to estimate the term N3. We have

Lemma 5.4.
One has

N S Iy
The key lemma to estimate N3 is the analogous of Proposition 3.1

Proposition 5.1.
Let K4 be a decreasing nonnegative function on (0,1), v > 0 and [ two real numbers.
Then

rdt

/01 [tuu ~ Logt)® i Ka(t) =

Q

/01 [t”(l — Log t)ﬁ sup (1 — Log S);Kd(s)ydt

t<s<1
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The proof follows the same argument as for Proposition 3.1.

Applying the Proposition 5.1, we deduce

1\735/01 [th( — Logt)” (/ fix d:c);r%. (40)

1
(The function Ky(t) ( / fHx d:r) is decreasing).
Again applying Hardy inequalities (see Theorem 2.1) we have

rdt
R

s | [ Logeee o] (41)

1 1

But we have — + A\; = — so the RHS of the above equation (41) is the norm of f in V'
q Do

at the power r. O

We have shown
Nl S Nv+ No+ Ny S| fly

and
fIlw 2 Ns 2 (I
This proves Theorem 5.1. &

6 The critical case p = ¢. The interpolation space (L”, L") and

its K-functional

The preceding study can be extended to the case where p = ¢. In this case, the inverse
function of ¥y (z) = (1 — Logz)™, say ¢1(t) = 't will play the fundamental role to
express the K-functional. Note that in this case we can’t use the Lemma 2.1. we should

do it it by direct calculation. .

Theorem 6.1. K-functional for (L?), L)
Forl<p<+oo, 0<t<1, feLP+LP one has

1 S P
K(f,t;L7, L7) ~ sup (1-Logs) 7 ( / e ) 7 q—Logs)zf( 15<x)dw>
1-1 el—% el=%

0<s<e
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Proof:

We only sketch it since the arguments are similar to the proof of Theorem 3.2.

t t
We consider f = g +h € LP) + L®. Then for t > 0, f.(t) < g. (5) + h, (5) We
derive
elf% P
K(t)= sup (1-— Logs)%1 (/ ff(:v)dx) < 15+ Ig.
0<s<elf% s
with
1
. e1(t) T P
Is= sup (1—Logs)? / [ <—> dr | .
0<s<pi(t) s 2
With a change of variables, we have
1
s o [ (e Z
B sw (1-Log3)? ([T @) S gl (42)
0<s<p1(t) 2

While for the term

L e a0\ 7
Is= sup (1—_Logs)7? / h? (—) dr |
0<s<pi1(t) s 2

1 _
since 1 — Log ¢ (t) = n and s — (1 — Log 3)71 is increasing, we have

e , 1 e1() ,
Ig < tv / WP (z)dx | =t xtr / e (z)dz | . (43)
0 0

We replace the quantity to! by making an integration of the following integral:

/1 (1—Log8)%§_ : [tiil_l}' )

1(t) § 1 _jlo

Therefore, we have from (43) to (44)

1 s %
e[ a-toss)? ([ @) S il (15)
w1(t) 0 S

1

Io 5 t(11Allo + 1Allze) < HlAlo- (46)

Thus, we have
KO(t) < lgllpo + t[R]] - (47)

29



While for the second term in the expression of K, say

1 s %
KYt) = t/ (1—Logs)7 (/ ff(x)dm) @
210 e1(t) s

One has
K'(t) < I; + I,
with
! -1 5 T 5 ds
ot [ o ([ (2)w) &
1) ety N2 s
and

! -1 s x » ds
Igzt/ (1 —Logs)» (/ he (= dm) —.
61—% w1(t) <2> S

1
To estimate I7, we use the relation .= 1 — Log ¢4 (t) to derive

! P UNEYE z
I; <t (/ gf(x)dx) tr— < t(l — Log 5 )P (/ gf(:c)d:v) S allze -
¢ @

1(8)/2 1(8)/2

While for the second term Ig, we have after a change of variables

-

1 _ T d
rst [ a-togn)? ([ hetmar) L = nle
0 0

Then, we deduce from (48) to (49)

bS]

K (t) < Mlgllew + IRl Lo-

Therefore, we have for all f =g+ h
KO(t) + K'(t) S |lgllpo + tlP]] e

That is
K°(t) + K'(t) S K(f,4 LV, L®).

For the reverse, we use the same decomposition as before f € LP) + L, say

9= (1= £er(®)) = (If1= £l ) Xarmrmons h=7F =g,

so that h, + g, = f, and

gx = <f* - f*(%pl(t)>)+7 hy = f*((:pl(t))X(o,m(t)) + f*(S)X(wl(t)ﬂl)'

+
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With those expressions, we derive

| w1(t) P
gll» < sup )(1 — Logs)» (/ f(x)dx) = K°(t). (52)
t s

0<s<p1

While for the term in h,

1 s 1 d
it / (1-Logs)7 ( ff(x)dx) as (53)
e1(t) p1(t) 5
For the first integral in (53), one can use Proposition 2.2 to derive
e1(t) 1, 1 1 -1
/ s (1 —Logs)?ds S ¢1(t)»(1 — Log i (t)) 7. (54)
0
So we obtain
P10 L ds L a® z
[T Lo TS ) S - Losa@)F ([ s
0 § e1(t)/2
L pea® g
<t sup (1—Logs)? / P (z)dx
O<s<¢17(t) s
< tKOt) < KO(t). (55)
For the second integral, we use relation (44) to derive
! -1ds 1 1 1
B = t/ ()(1 —Logs) ¥ —pu(t)7 fu(en(t)) S trn(t)7 [l (t))- (56)
p1(t
e1(t) e—1
Since /e% dx = . ©1(t), we then have
1 w1(t) ,
awrro s ([ ) (57)

So that relations (56) and (57) imply

1 -1 1 1.1 e1(t) P
Bt [ (1-Logs)? T flenlt) £ (1 Loge ) ( / f(w)dx> .

1(t)

31



Therefore, we obtain

B =

. e1(t)
B< sup (1—Logs)? (/ ff(:c)d:c) = K°(t).
®) s

0<s<p1

The last term in relation (53) is equal to K*'(t).

Combining these last relations (52) to (59), we come to
1gllo + tlIAl e S K@) + K (2),
which implies that

K(f.t; LV, L?) S K°(t) + K'(t) S K(f. t; LY, L?).

We can now identify the interpolation space (LP), L), as we state in

Theorem 6.2.

(59)

Letl <p<+o00, 0<f<1, 1< r<+oo. Then ngi(L”),L(p)g,r has the following

equivalent norm:

1 1
FOTerQJ-, 59:9————
p

r

1
o if 0 < — then
p

11|z, = [/01 [(1 — Logt)™ (/tl ff(S)dS);]T%r.

1
o if 0> = then Zy, = GD(p,r,w),w(t) = -1(1 = Logt)*" and
p

/ 1 [(1 ~rogty ([ t pe(s)as)

lrﬁ;
t

]

£z, =

+o0 2172]“ %
1fllz, ~ Z( / kﬂff(S)dS)
21-2

k=0

In particular

(Lp)’ L(p) = [P and (Lp)’ L(P)e’p — Lp,p(LOg L)Qfé'

P

Sl
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Proof:
According to Theorem 6.1, we have for f € Zy,,

1 ; -1 w1(t)
1A, ~ [ [0 s q-Logs)F ([T pwa) | T
0 0<s<p1(t) s

1 1 s 1
-1 Pd dt
s e ] (1_L0gs>p( ff(y)dy) | Yepv B
0 o1(2) 1(t) s| ot

Using the change of variables # = () so that t = (1 — Logx)™!, we have

3=
QU
53

! ( dx
Fy = /o [(1 — Log )’ Oitslgx(l —Logs) 7 (/ 1Py ) ] T Togo)s’

F2=/01 [(1—L0gl’) /xl(l—LogS (/ Ry dy) %] (1—3—;1:)

Let us start with the upper bound of this norm.

Proposition 6.1.

One has
1 1 1 x
F1+F2§/ (l—Loga: r?(/ fE(s ) - if 0 < 1.
0
Proof:
For the term Fj, we have

(/x ff(t)dt>; < (/Ox ff(t)dt); for s < .,

(1 —Logx)?~ </ fP(s s) sup (1—Logs)_r>1] d?x,

0<s<z

so, one deduces

1
F1</
0

which gives the upper estimate since sup (1 — Log 3)77l = (1 — Log m)%l
0<s<z

For the term F,, we have

F2</01 [(1—Logx)9__ /x(l—Logs (/ Py dy) %] d%
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Since 6 < 1, one may apply the Hardy inequality Theorem 2.2 (see [3] Theorem 6.5) to

e [ - vosar st ([ o) | & ©

derive

Proposition 6.2.
For 0 <6 <1, we have

1 T

1 g_1_1 1 | dx
Frs [ |a-tosa 5 ([ o) | 5
0 x
Proof:

We start with F5. Since )
| rwa< [ swa,

the expression of F, can be estimated as :
! 1 ds ' dx
1—-L Tr— —. 63
([a-towss )| £ 9

Fzg/oll(l—Loga: —1= (/ fP(y dy)

By integration as for relation (44), one has

B =

1 ds P

/;(1 — Logs)_i? = [(1 - Logx)l_% - 1] : (64)

D—
Therefore, we deduce from (63) and (64), the

pox [ oo i ([ o) | 2 =

While for the second term Fj, we deduce from Bennett-Rudnick’s Lemma ( [3] Lemma
6.1)

Oiggx(l—Logs (/ fEly dy) <c/0 [(1—Logs o (/ TPy dy)p] %.

1
Setting temporarily ¢ (s) = (1 — Logs) » " (/ Py )dy) we then deduce

s f oot ([ o)
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By Hardy inequality Theorem 2.2 (see [3] Theorem 6.5).

T

(f ff(y)dy);] o

3=

1
0

For the lower bound, we need few lemmas
The first lemma is a consequence of a general lemma given in Goldman Heinig and
Stepanov ([20], see also [19] Lemma 3.1).

Lemma 6.1.
Let t, = 272", Vk € IN, H a nonnegative locally integrable function on (0,1), (¢, ) €

10, +00[?. Then
tr q tm q
1. Z (/ H(m)daz) M4 Z (2’\m/ H(az)dx) :
kelN /0 meN bm+1

t

: H(x)dm)q.

tm+1

2. Z ( 1 H(x)dx) 2R Z (2_’\7”
keIN

bttt meN

Here IN = {0, 1,2,... } the set of natural numbers.

The next Lemma can be obtained by straightforward computation

Lemma 6.2.
Let t, =22 k€ N, A # 0. Then, one has

1. For any s € [tgi1, ty]
2% ~1 — Log s,

g dt
/ (1— Logt)’\_IT P

tkt1

for all k € IN.

As a corollary of the above lemmas we have:

Lemma 6.3.
Let ty, = 21_2k, EeIN, A\# 0, ¢ >0 and H a nonnegative locally integrable function
on (0,1). Then
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o /[f\>0 then

kelN

3 (/Ot H@)dx)qzw > /01 {(1 - Logt)A/OtH(x)dxr :

1 — Logt)t

dt

1 1
and one has the equivalence zf/ H(z)dz < /2 H(z)dz (for instance H decreas-
0 0

ing).
e I[fA <O

2 ( H@)dx)q e [ -vos [C o]

Proof:
If A > 0, we use statement 2.) of Lemma 6.2

& dt
oM / (1-— Logt)Aq’IY.

trp41

Thus, we have

dt

1—Logt)t

(66)

Z (/Otk H(x)dx>q2”“1 ~ Z (/Otk H(:c)d:c)q/t::(l — Log t)*q—l%. (67)

kelN kelN

t tk
Since for t < ty, / H(z)dx < / H(z)dx, then we derive from relation (67)
0 0

> ( /0 " H(a:)da:)quq >

keIN keIN

and we have for any GG nonnegative

Z/t:l (/;H(w)dw)q(l - Logt)*“% (68)

tr 1
> / G(t)dt = / G(t)dt. (69)
kelN ¥ tht1 0
This ends the proof of the lower bound of the first statement.
For the upper bound, we change the index of summation and use relation (66)
+o0 th q tjt1 ¢
Z (/ H(x)dx) PP Z ( H(x)dx) 24
k=1 O jew 0
t; t q dt
< X[ ([ Hwi) a-rogd
4 t 0 t
JEIN ¥ by+1
< / (1 — Logt)*! (/ H(z)dx) e (70)
0 0
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1 1
Moreover, if / H(z)dx S /2 H(z)dz and since
0 0

(/oéH@)dx)q < / (/H dx) (1 —Logt)* 't 1at

< /O {(1—Logt /H dxr(lji—igt) (71)

Then from the two relations (70) and (71), we obtain the upper bound for A > 0.

Same argument holds for A < 0 for having the second statement.

t dt
The above Lemma 6.3 holds for A = 0, noticing that / ————— =~ 1. Then under

best (1 — Logt)t
the same conditions as before, we have

3 ([ ) = [ L[ o] o=t

2 ( ) ~ [ [ #eo] =g

To obtain the ldwer bound for F 1, we first show the

and

&
Lemma 6.4.
One has .
tr P
Fy 2y 2k ( f(s)ds> with t, = 272" k € IN.
kEN brt1
Proof:

Let us set G(z) = sup (1 — Logs)~ (/ Py dy) , q= " and write
p

F1:Z/ G(z)(1 — Logz)? o142

keN ¥ tet1

Then, we derive from Lemma 6.2 and the definition of GG
ty
R ZG(tk)/ (1 - Toga) 1% ~ 37 Gla)2 (72)
kelN bt kelN

q
But G(tx) =sup sup (1— Logs)~ ( Py dy) and Lemma 6.2 implies that for

ik ti41<s<i;
tiy1 <s<t; (1—Logs) %= 2% so that

G(tp) ~sup27  sup (/ fiy dy>,
i>k tip1<s<t;
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that is

G(t)) ~sup2™ (/ Py dy) (73)
i=k tit1
and then
) ti q ti q
G(ty) =~ sup2™ ( fr (y)dy> > 27N ( 12 (y)dy> : (74)
izk tit1 tht1

Combining relation (74) and (72), we deduce

- ty 75
FlzZW’“’%( ff(y)dy> |

keN tht1

This ends the proof. %

As a corollary of the above lemmas, one has

Theorem 6.3.

On has for f € Zy,

1
1. ]f9>]; then

" ' o W ar
1L, 2 | [(1—Logt [ ) ] e

1
2. If 0 < — then
p

, ' P T a
||f||Z6’T2/O [(1—L0gt (/ f dl’) ] m

Proof:
1

Let us set ¢ = C, A= ‘0——‘1).
p p
If 6 — 110 > 0, we may apply statement 1) of Lemma 6.1 with H(z) = fP(z) to derive

from Lemma 6.4

P2y (2”9 t ) { / fP(x dx} P (75)

kelN

So that relation (75) gives with the help of Lemma 6.3

RzY) (/ £z dx) Pk >/ {(1—L0gt)’\/0t ff(x)dxr%.

kelN
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This last inequality implies the first statement of Theorem 6.3, noticing that

A1z, < Fr-

While for the second statement, we apply the statement 2) of Lemma 6.1 to derive from

Lemma 6.4:
tr 4 1 q
Pz <2‘A’“ ff(y)dy) ) [ ff(m)d:c] 27,
k€N bttt kelN [Vt
So that
! ! Ak ! A ! 7 dt
F > fPx)dx | 27 QZ/{l—Logt_/ffzdx} —_—
1 ,gﬂj\] thin (@) 0 ( ) ¢ (@) (1 —Logt)t

The last inequality comes from the second statement of Lemma 6.3 and this ends the

proof of Theorem 6.3 since || f[|%, =2 Fi. &

1
It remains to investigate in the particular case # = —. The lower bound for ||f]|z,,

comes from Lemma 6.4. It is sufficient to show the

Lemma 6.5.
For any 0 €0, 1], we have

tr %
max(Fy; F) < Y 2505 ( ff(s)ds) .
tet1

kelN

Proof:
The estimates for F; and Fy follow the same argument, nevertheless we detail both
estimates for clarity reason.

Following the notation in the proof of Lemma 6.4, we have

A=Y [ G0 -togn D

keIN ¥ th+1

Following the above argument as in Lemma 6.4, we have

tr q
Prg ) G2 <) 2" sup2 ( / ff(y)dy) . (76)
tit1

k€N keN izk

[ =322 [
z+1 ]+1
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one deduces

. tk q . 1: .
sup 27 ( / ff(y)dy> <sup27 (Y sup2 & / HE
ik tis1 izk = jzk tit1

Therefore, we have

t; q
Fi < 20T sup 2799 / P(x)dx
1S Z PE t]-+1f (x)

kelN

t; q
So, setting A;= ( / 1P (y)dy) estimating the supremum term by a sum, one has
J+1

AR 22’“’”22 Ay =) 2794, 22’“‘”

kelN jeEN
t; 9
. . . 1 J
F gy 27iaa; =% 20 ( / ff(y)dy>
jEN jEN ti+1
1 ds "
For estimating Fy, we set Go(z) = / (1—Logs)7 (/ Py dy) — | and write
. s
b dx
F, = (6—1)r—1
=3 [ (= Loga) U Gy(a) S
k€N * “k+1
Then, using Lemma 6.2 and the fact that Go(z) < Go(tgy1) for txi1 < x < i, one has
Fy ) Goltrsr)207Y, (77)
kEIN
Writing Go(tr+1) as
1 r
Go(tks1) = Z (1—-Logs)7 S fL(y)dy s ;
t1+1 tht1 §
and using Lemma 6.2, we then have
k t; » . "
Goltre1) < Z ydy | 20700 (78)
= tk+1
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Using Lemma 6.1 with an adequate step function H, the RHS of relation (78) can be

estimated as
k

t; % . k - k t %
Z( ff(y)dy> 207 = ) 20 (Z / ff(y)dy>

i=0 \"th+1 i=0 =

k 1N t; %
St ( / ff(y)dy) |
i=0 tit1

Summarizing the above relations, we come to

k t % r
—_1y;
F2§§ :2kr(971) [E 2(1 ) ( ff(y)dy) ] ’
=0

kelN tit1

Q

using the second statement of Lemma 6.1, by taking H a step function on [0, 1] such

t; . 123 P
that / H(z)dxr = 9(1=3)i ( / f? (y)dy> , we deduce from this last inequality
tit1 tit1

t; é
Fs Y 20 ( / ff(y)dy) |
tit1

ieN
This ends the proof. &
Corollary 6.1. of Lemma 6.5 and Lemma 6.4

th »
One has for any 0 €]0,1[ and f € Zy, ||f|7, . = Z okr(0=3) ( f(y)dy) :
kEN brt1

As a consequence of the above corollary, we have

Theorem 6.4.
One has

iz, [/;u ~ Logt)” (/Ota ~Log x)_lff(x)dx); ﬁ]

1
s

Proof:

From the Lemma 6.2

/k 2"“ff(y)dy%/k (1 —Logy) ™" f2(y)dy,

tht1 tet+1
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and from the above Corollary 6.1

1flly,, ~ > 27 (/ (1—Log:c)1ff(x)d:c>

kN tet1

tr ;
~ Z ofr? (/ (1 — Log x)_lff(:v)d:v) (using Lemma 6.1)
0

kelN

1 t % d
/0 (1 — Logx)" (/0 (1 — Log t)_lff(x)dx> m (using Lemma<>6.3).
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