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ABSTRACT. It is well known that the Prandtl-Ishlinskii hysteresis operator is
locally Lipschitz continuous in the space of continuous functions provided its
primary response curve is convex or concave. This property can easily be
extended to any absolutely continuous primary response curve with derivative
of locally bounded variation. Under the same condition, the Prandtl-Ishlinskii
operator in the Kurzweil integral setting is locally Lipschitz continuous also in
the space of regulated functions. This paper shows that the Prandtl-Ishlinskii
operator is still continuous if the primary response curve is only monotone
and continuous, and that it may not even be locally Hélder continuous for
continuously differentiable primary response curves.

1. Introduction. The Prandtl-Ishlinskii operator was introduced in the classical
monograph [8] by Krasnosel’skii and Pokrovskii (under the name “Ishlinskii opera-
tor”) as a finite or infinite linear combination of the so-called play operators defined
as solution operators of rate independent variational inequalities and describing,
following Prandtl in [17] and Ishlinskii in [7], elementary uniaxial parallel constitu-
tive models of elastoplasticity. More about mathematical questions related to the
Prandtl-Ishlinskii operator can be found in the monographs [2, 9]. Engineers ap-
preciate the fact that it admits an explicit inverse, which is a feature that allows for
constructing simple and robust algorithms for inverse control of technical processes
with the goal to eliminate the undesired influence of hysteresis, see [1, 15, 18].
The classical theory deals with input functions which are either continuous or
piecewise constant. More recent applications in modeling economic processes, where

2010 Mathematics Subject Classification. Primary: 34C55; Secondary: 58C07, 49J40.

Key words and phrases. Hysteresis, Prandtl-Ishlinskii operator, regulated function, Kurzweil
integral, continuity.

This work was supported by the Program of High-end Foreign Experts of the SAFEA (No.
GDW20163200216). The work of the second author was partially supported by the GACR Grant
15-12227S and RVO: 67985840.

The hospitality of the Hohai University in Nanjing during the second author’s stay in October-
November 2016 is gratefully acknowledged.

* Corresponding author: Wei Liu.

3783


http://dx.doi.org/10.3934/dcdsb.2017190

3784 WEI LIU, PAVEL KREJCI AND GUOJU YE

jump discontinuities may spontaneously occur during the evolution, as for example
in [3, 4, 5, 6, 11, 12], require to consider a more general class of inputs. A good
candidate seems to be the space G(0,T) of regulated functions, that is, functions
f:[0,T] — R that admit both one-sided limits f(t—), f(t+) with the convention
f(0=) = f(0), f(T+) = f(T). The Kurzweil integral introduced in [16] offers
an analytical tool for this study and a corresponding theory of rate independent
integral variational inequalities with regulated inputs has been developed in [14]. A
further extension to an even larger subspace of L has been done in [13].

The shape of the Prandtl-Ishlinskii hysteresis loops and the analytical proper-
ties of the operator are determined by one single nondecreasing function called
the generating function or the primary response curve. It is well known that the
Prandtl-Ishlinskii hysteresis operator is locally Lipschitz continuous in the space
of continuous functions provided its primary response curve is convex or concave.
This property can easily be extended to any absolutely continuous primary response
curve with derivative of locally bounded variation. Under the same condition, the
Prandtl-Ishlinskii operator in the Kurzweil integral setting is locally Lipschitz con-
tinuous also in the space of regulated functions. Indeed, no continuity can be ex-
pected if the primary response curve is discontinuous. The main result of this paper
consists in proving that the necessary condition for continuity, namely the continu-
ity of the primary response curve, is also sufficient for right continuous regulated
inputs. We also present examples showing that even continuous differentiability of
the primary response curve may not be sufficient for local Hélder continuity of the
Prandtl-Ishlinskii operator.

The structure of the paper is as follows. In Section 2 we recall some basic notions
of the Kurzweil integral variational inequalities. Section 3 is devoted to the proof
of the main continuity results, and Section 4 contains some counterexamples.

2. The play operator in the space of regulated functions. The play oper-
ator was defined in [8] first for continuous piecewise monotone inputs and it was
shown that it can extended to a Lipschitz continuous operator in the space C[0, T
of continuous functions on [0,7]. Brokate and Sprekels proved in [2, Theorem
2.7.7] that the play operator is the main building block for all hysteresis operators
satisfying the Madelung memory rules (nowadays called return point memory opera-
tors). Roughly speaking, their result says that every return point memory operator
can be represented by a functional on the space of memory curves generated by
the system of play operators. Note that linear functionals correspond exactly to
Prandtl-Ishlinskii operators which constitute the main topic of this paper.

Here, we follow the formalism of [10] and restrict ourselves to the space Gr(0,T)
of right continuous regulated functions. Then the play operator with threshold r > 0
is defined as the mapping p, which with a given input function v € Gg(0,T) and
with an initial condition A_; associates the solution &, € Gg(0,T) of the Kurzweil
integral variational inequality

lu(t) = &) <r, Vt€[0,T],
£-(0) = min{u(0) 4+ r,max{A_1(r),u(0) —r}}, (1)
fOT(u(t) —&(t) — 2(t))d&-(t) > 0, V2 € G(0,T), |2(t)| <r Vte[0,T).

The definition is meaningful provided A_; : [0,00) — R, is chosen to be Lipschitz
continuous with |A\_;(r)| < 1 a.e., and there exists a constant K > 0 such that
A_1(r) =0 for r > K. Here, we restrict ourselves to the canonical initial condition
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Aq(r)=0 V¥r>0 (2)
and write simply &.(t) = p,[u](t) for u € Gg(0,T) and t € [0,7]. If u is a right
continuous step function of the form

u(t) =Y w1 X[,y () + Xy ()
=1

corresponding to a division 0 = tg < t; < --- < t,,, = T of the interval [0, T], where
x4 for A C [0,T] denotes the characteristic function of the set A, that is, xa(¢) =1
ifte Aand xa(t) =0if ¢ ¢ A, then &, has the same form

&) =D & 1 Xityrt)) () + Enxyry (t)
j=1

with
¢ = min{u; +r,max{&;_;,u; —r}} for j=0,...,m, & =A1(r), (3)
see [14].

As a special case of [12, Lemma 3.2] we have the following comparison result.
Lemma 2.1. Let u,v € Gr(0,T) be given, and let & = p,[u], n. = p.[v]. Assume
that uw(t) > v(t) for all t in an interval [a,b] C [0,T], and that &.(a) > n.(a). Then
&-(t) > ne(t) for allt € [a,b)].

We sketch here the proof of the following property of the play operator with

right continuous regulated inputs which is known for step functions from [2] and for
continuous functions from [9, Chapter II].

Lemma 2.2. Letu € Gr(0,T), t € [0,T], and ¢ € [0,t] be given, and let us denote
& = prlu], A(r) := min{&, (=), & ()} Set
t = max{7 € [t,t] : @ := max{u(r—),u(r)} = sup{u(s);s € [t,t]}}.
Assume that
) w(t) > w:=min{u(t—),u(®)} V7€ [tt].
Then A(r) := max{&,(t—),&-(t)} = max{z — r, A(r)}.

Proof. We define
u for te€ltt), _ _
u(t) { 4 for tz[?i) o(t)=u for ¢ € [t,1],
pr®) = A(r), p[0](t) = max{a—r A(r)}.
By (3) we have p.[v](?) = p,[0](t) = max{u —r,A(r)}, and since u < u < @ in [t,1],
the assertion follows from Lemma 2.1. O

The same argument, where we interchange the local maxima and minima, yields
the following reverse statement.

Lemma 2.3. Let u € Gr(0,T), t € [0,T], and t € [0,t] be given, and let us denote
& = prlul, A(r) := max{{(t—), & (8)}. Set
t = max{7 € [{,t] : v := min{u(r—),u(r)} = inf{u(s);s € [t, ]} } .
Assume that
u(r) <a:= max{u(f—),u(f)} V1 € [t,t].
Then A(r) := min{&(t—),&-(¢)} = min{u + r, A\(r)}.
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By induction following the argument of [9, Proposition II1.2.5] we thus construct
at each time ¢ a decreasing sequence (finite or infinite) {ug;—1} of local suprema
and an increasing sequence {ug;} of local infima of the function u such that

[0 for > & :=sup ()],
prlul(t) = { uj + (71)jr for r € (0j41,0/] W
with
—1)
Tj+1 = %(“j—kl - uy), (5)
and

U2; = min{u(tgi), U(tzi—)} s
ugi—1 = max{u(tai—1), u(tzi—1—)}, i=1,2,..., t1 >t3 >--->0.

(6)

3. A continuity theorem. For a nondecreasing right continuous function v :
[0,00) — [0,00) such that 1(0) = 0 called the generating function or the primary
response curve, we define the Prandtl-Ishlinskii operator generated by 1 by the
Kurzweil integral formula

Ful() =~ [ 5wl v, ™

where %—; denotes the left derivative. It was shown in [12] that if |ujy7) < K and
A_1(r) = min{0, —K + r}, (8)
then Flu] € Gr(0,T). Here, we prove the following continuity result.

Theorem 3.1. Let ¢ : [0,00) — [0,00) be a nondecreasing continuous function,
¥(0) = 0, and let A_1(r) = 0. Then the operator F : Gr(0,T) — Gr(0,T) given
by (7) is continuous.

Indeed, no continuity can be expected if v is discontinuous. Before passing to
the proof of Theorem 3.1, we state and prove an easy Lemma.

Lemma 3.2. Under the hypotheses of Theorem 3.1, the function w(t) = Flu](t)
given by (7) belongs to Gr(0,T) for every u € Gg(0,T), and belongs to C[0,T] for
every u € C[0,T].

Proof of Lemma 5.2. Let u € Gg(0,T) be given, and set K := |ulj, 1. Since 1 is
nondecreasing and continuous, there exists a sequence {1} of nondecreasing C?-
functions such that ,,(0) = 0 and sup,.¢o g [¥n(r) — ¢(r)| — 0 as n — oo. For
n€Nand ¢ € [0,7] set

00 a— K
w(t) = Falul(t) := = | Zoprelul() ddn(r) = ¢r,(0)u(?) +/0 pr[u] )y, (r) dr.

0
We first check that all w, belong to Gg(0,T). Indeed, let t € (0,7] and 0 < 8 <
a < t be arbitrary. We have

wn(t = B) — wn(t — o) =y, (0)(u(t — B) — u(t — a))

K 9
+ / Grlil(t = B) - polul(t — )y dr,
0
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hence, using the Lipschitz continuity result of the play operator in [10, Theorem
2.1], one has

TE[t—a,t—f]

lwn(t = B) —wn(t —a)| < sup |u(7) —u(t — )| (%(O)Jr/o Iwﬁ(r)ldr>,

and we conclude that w,(t—) exists for all ¢ € (0,7]. Similarly, for ¢t € [0,T) and
0 < a<T—twe have

K
Wt + @) = wi(t) = ¥, (0) (ult + a) — u(t)) + / (. [u](t + @) — p, [l () (r) dr

hence

K
wn(t+ ) —wa(t)] < sup Ju(r) — u(t)] (%(0) +/ %(T)Idr) 7
Tt t+al 0
and we see that w, (t+) exists and equals w,, (t) for every n.
To complete the proof, it suffices to check that w, converge uniformly to w. In
other words, we have to prove the following implication.

Ve>03ng e NVte [0,T]:n>ng = |w,(t) —w(t) <e. (10)
Let € > 0 be given. We fix ¢ > 0 such that ¥(rg) < £/4 and an integer n; € N such

that sup,.cp k) [¥n (1) — ¥(r)| < &/4 for n > n;. In particular, for every t € [0, 7]
we have

/om ?T;m[ul(t)d(wn —)()| < Var (6 — ¥) < Galro) +16(r0) < Se. (1)

[0,70] 4

On [ro, K], the function X' (r) = %-p,[u](t) is a step function for each t € [0, T].
More specifically, by (4), there exists a sequence ro < 11 < -+ < 1, < K such that
N(r) =0 for r > r,, and N'(r) = £1 in (r;_1,7;]. Since u is regulated, the number
m is bounded above by some M independent of ¢. Hence, Var ., g A" < 2M + 2,

so that

K o- ’ /
/m 5 Pl A =) ()| < (I/\ (ro)l + Var A ) S [¥n(r) —3(r)]
< (@M +3) sup [n(r) = (r)]- (12)

TE[T(MK]

It remains to choose ng > n; such that sup,.¢o k1 [¥n(r) —¥(r)] < e/(8M +12) for
n > ng and combine (12) with (11) to obtain the assertion. If u € C[0,T], then we
similarly prove that w,, belong to C[0,T] for all n € N, and the uniform convergence
argument completes the proof. O

Proof of Theorem 3.1. Let u € Gr(0,T) and € > 0 be given. We want to prove
the following statement:

360 > 0V € Gr(0,T) : [u—illjo.r < do Vo € [0,T] : | Flul(to)—Flil(to)] < e. (13)

We proceed as follows. We fix ¢ty € [0,7] and show that it is possible to choose
0o € (0,1) independent of ¢y satisfying the implication

6 :=|u—1ilpr <do = |Flu](te) — Fla](to)] < e. (14)
With this given tg, we denote A(r) = p,[u](to) and fix ro = ro(e) > 0 such that
5
[})’% Y =4(ro) < . (15)
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We fix some K > |uljg,r] + 1. According to (4)-(5), there exists a sequence ro <
r1 < - <rpm < rme1 = K such that A(r) =0 for » > r,,,, and either

Ar)=u; + (=1)7r for r€rj_1,m], j=1,...,m, (16)
or

Ar)=u; — (=1)7r for r€rj_1,ry], j=1,...,m, (17)
where u; = u(t;) or u; = u(t;—) for some tg > ¢4 > t; > -+ > t, > 0. Let us

)
consider only the case (16), case (17) is similar.

We have A(r;) = u; + (=1)r; = ujy1 + (=1)7Tlr; for j = 1,...,m — 1, hence
ujr1 —u; = 2(=1)7r;. In particular, |uji1 — uj| > 2rg = 2r¢(¢). Since u is
regulated, there exists a number M = M (e) depending only on 7o (¢) (in particular,
independent of tg) such that

m < M(e). (18)
Let now @ € Gr(0,T) be arbitrary such that ¢ := |u — [ < 1, and put Ar) =
p.[](to). We have by definition

[ Flul(to) — Flal(to)| =

/ T W) — X)) dur)| (19)

where we set

Vi) = Dopfulito) M) = L plalto). (20)

The situation is depicted at Figure 1. We first observe that [N (r)| < 1, |N(r)] < 1
for every r > 0, hence

T0 "
[ o) =X ave)| <2 yo v < 5 (21)
0 sT0
by virtue of (15). Similarly, for j = 1,...,m, we have
7‘]’+26 .
/ S (N'(r) = N(r)) dvo(r)| < 2(4(r; +20) — b(r; — 20)). (22)
’(‘j72
Let n = n(e) be such that
0<r<f§K,f—r<n(s):xw(f’)—dz(r)<%5) (23)
with d(e) > 1 which will be specified later. Then, choosing
6 < dg:= @ (24)
4
we have
rj+2§ . 26
/ V() = X)) de(r)| < 25 for j=0,...,m. (25)
rj—20 d({:‘)

Let Js == {j € {1,...,m} : 7j —r;_1 > 26}. We have indeed A\(r) = A(r) = 0 for
r > K. Hence, it remains to estimate the integrals

rj—0 R
/ N (r) = XN(r))dy(r) for je Js. (26)

j—1+0
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The function A’ is constant in (r;_1 + 6,7; — ¢), and we may assume that X' (r) =1
there. The case that X' (r) = —1 for r € (r;_1 + J,r; — ) is similar (see Figure 1).
Then,

rj—~9 R
:/’ (1— X (r)) de(r). (27)

j—1+0

rj—ts R
/ (N (r) — M) di(r)

j—1+0

FIGURE 1. The memory curves A(r) (the bold solid line) and A(r)
(the thin solid line).

There are at most finitely many points in [r;_1 + J,r; — ¢] in which N changes
sign. Let rj_1 +0 < 7y <71 < -+ < Pop_1 < 17 — 0 be all such points for which
5\/(7“) =1in (f‘gi_l,f‘gi), 5\/(7‘) = —1in (fgi_g,fgi_l), 1= 1,...,]6 (see Figure 1)
‘We have for all » > 0 that

>

A() = A(r)| <6, (28)
hence
’I‘j 75 . k
20 Z / (1 — )\/(7’)) dr =2 Z(fgi_l — T‘A21'_2) (29)
rj_1+d i—1
Furthermore,

r;—0 . k
/ (1= X)) d(r) = 23 (WlFain1) = b(Fai-a). (30)

j—1+0

On the other hand, for every i = 1,...,k we have again by (4)—(5) that

5\(7“) = Ugj_1+r for r € [7521',1,7221'), 5\(’1") = Ug;_o—1r for r € [7222',2,7222',1), (31)
where @, = ﬁ(fl) or 4; = ﬁ(fl—) for | = 0,...,2k and for some sequence ty > t; >
o o, > 0. In particular, we have

A(rgi—1) = Ugi—1 + Toi—1 = U2i—2 — T2i—1, (32)

hence tig; o —1g;—1 = 2721 > 2(r;+6). By virtue of the assumption |u—1lj ) = 6,
the corresponding values of uo;_1, ug;_o satisfy

Ugij_2 — Ugi—1 = 279 (33)



3790 WEI LIU, PAVEL KREJCf AND GUOJU YE
and an argument similar to (18) yields

k< M(e). (34)
By (29), we have 9,1 — 73,_2 < §, and from (23)—(24) and (30) it follows that

rj—90 R
/Tj_ma S X)) de(r) < Qi‘lg;)e. (35)

Putting together (21), (25), and (35), we obtain

[Flul(to) = Fla](to)| = /OOO(X(T) = N(r)) dy(r)

(36)
2(M(e) + M(e)?)
<G )
To complete the proof, it suffices to choose d(g) = 4(M(g) + M (¢)?). O

4. Counterexamples to Holder continuity. It is well known that the Prandtl-
Ishlinskii operator F is Lipschitz continuous on bounded sets in Gg(0,T) if ¢ is
convex or concave. Since every function of bounded variation can be represented
as a difference of two nondecreasing functions, the Lipschitz continuity holds when-
ever 1’ has bounded variation. Since F is continuous for every continuous function
1) according to Theorem 3.1, one might be tempted to believe that the Lipschitz
continuity of 1 suffices for the Lipschitz continuity of F. We show here that this
conjecture is false. In fact, we prove even more, namely that there exists an increas-
ing Lipschitz continuous function ¢ such that the operator F is not even locally
a-Holder continuous for any exponent a > 0. In Theorem 4.1 below we show that
1) may even be assumed continuously differentiable and the counterexample still
works.

The construction is as follows. We consider a decreasing sequence {ry : k =
0,1,...} of positive numbers, 7o < 1, limg_yo0 7 = 0, 7 — 741 < Tp—1 — 1 for all
k>1,set pp = %(rk + 7k41) for k > 0, and define

0 for r > g,
—rg+r for r € [po,r0),
1/)0(7“) = ro;_1 —r for re [in_l,in_Q), 1 €N, (37)
—roi +1  for 7€ [pa, p2i-1), i €N,
0 for =0,

and ¥(r) = 2r 4+ 1o (r). Then ® is indeed increasing and Lipschitz continuous with
Lipschitz constant 3. We now construct functions w,@ € Gg(0,T) such that the
norms |uljo,7], |@|jo,7] can be chosen arbitrarily small, and the difference |F[u] —
Fla]|jo,r) cannot be domlnated by any power of [u — 1o 7.

We fix some n € N, choose an arbitrary sequence 0 = tg < t; < --- < T,
limg_ oot = T, and define
u(t) =wuy for t€ [tp,try1), u(T) =0, (38)
where
up = (1) g, for k=0,1,.... (39)

The function u indeed belongs to Gr(0,T). We similarly define
a(t) =ay for te [tk,thrl), fL(T) =0, (40)
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where
Gp = (=) g p = —upyr for k=0,1,.... (41)
Note first that ug — @ = (—1)* T (rop4 6 — ronsri1), hence

lu —ljo, 77 < ron — T2nt1 - (42)

Set A(r) = p-[u)(T), 5\(7“) = p.[a)(T) for r > 0, N(r) = %—;pr[u](T), N(r
9 p,[@](T) for r > 0. Then we have by (4)—(5) that

~—

0 for r > rop,
ug + 1 for r € [pan,ron),
Ar) = Ugi—1 — 7 for 7 € [pant2i—1, Pant2i—2), (43)
Uz + T for 7 € [pant2i, P2nt2i—1)s
0 for r =0,
0 for r > ropt1,
R Uy + 1 for r € [pan+t1,Ton+1)s
Alr) = Qigi_1 — 1  for T € [pant2i, Pant2i-1), (44)
Ugs + 1 for r € [pany2it1, P2nt2i)s
0 for r=0,

hence X (r) = —=X(r) for r € (0,72n 1], N'(r) = 0 for r > rg, 41 (see Figure 2).

YA
U25+41 1\

Ui+1 N

\ AN N !
u21+3 N \\ ,’ N !
A /*\/\.’ AN : ""2n+1 €2n >
0 /\/\\\,’ \\p2n+1 .7 | Ton r
s , (N ,/ :
, N
U2i4-2 d N |
7/

Ui |

FIGURE 2. The memory curves A(r) (the solid line) and A(r) (the
dashed line).

Since 1 is Lipschitz continuous, we can rewrite (7) as

Fla)(T) — Flu|(T) =2 /OT%Jrl N () (r)dr + /r% N () (r) dr . (45)

T2n+1

We have by definition A(r) = 0 for all k =0,1,..., so that the contribution of the
linear part of ¢ is zero, and we have

Fal(T) — Flu)(T) = 2 /O N ) ) dr + / N . (46)

T2n4+1
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It follows from (37) and (43) that ¢{(r) = X (r) for all r € (0,rq,], and (46) yields
that

T2n
Fla)(T) = Flu)(T) = / (N (r))? dr =12y . (47)
0
Let now « € (0, 1] be arbitrary. By (47), (42) we have
FAT) ~ FllT) | rou )
lu — u|[O7T] (ron — Ton41)®
Choosing for example 7 = m, we obtain
Ton, _ log®(e+2n+1) (49)
(r2n — Ton1)®  log'™%(e + 2n) log®(1 + e+12n) .
We have log(1 + e+12n) < ﬁ, which yields
N - PN
Fla|(T) — Flu)(T) > (e +2n)*log™(e + 2n + 1)' (50)

u— 4l log' ~*(e + 2n)

We see that for each choice of a € (0,1], the right hand side of (50) can become
arbitrarily large for large n, which proves that the operator F is not a-Hoélder
continuous for any exponent o > 0 on the unit ball B1(0) = {u € Gr(0,T) :

|ulfo,r] <1}
We use the above construction to prove the following result.

Theorem 4.1. There exists a C*-function v : [0,00) — [0,00), 1 < ¢/(r) < 3 for
all 7 > 0 such that the Prandtl-Ishlinskii operator F defined by (7) is not a-Hélder
continuous on the unit ball B1(0) C Gr(0,T) for any o € (0,1).

Proof. We construct 1o, u, 4 as in (37)—(41). For a decreasing sequence {vy; k € N}
in (0,1), limg_y00 & = 0 we put

Gr(r) == 10(r) Y kX (7)- (51)
k=1

By definition (37), we have 1 (rx) = 0 for every k = 0,1, ..., hence ¢, is continuous
(see Figure 3). Moreover, we have

Yi(r) = (=D)*u for 1€ (re,pp_1), i(r) = (=D "ty for € (pr_1,7r-1),

hence v is regulated, |} ()| < 1 for a.e. r > 0, and we may put ¢} (0) := 9] (0+) =
0. The discontinuity points of 9] are {rp;k =0,1,...} and {px; k =0,1,...}, and
the next step of the proof consists in smoothing the function ] in a neighborhood
of these points (see Figure 3). We set

Vi (rg—1 —mg) for kEeN (52)

Nk—1 = 173

and define
Yi(r)  for r€[0,00)\ Upeo ((Px — s o1 + 1) U (T — mio, 1 4 1)),
U ok — i) + I (4 (o + k) — 1 ok — i)
5(r) = for r € (px — 01, P +11)
W4 (i = i) + G (] (e ) — 9 (ke — i)

for r € (rr — e, T + M) -
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Then 9 is continuous in [0,00), [5(r)| < 1 for all r > 0 (see Figure 3), and we
may set

wvrﬂﬁaﬁm. (53)

YA

FIGURE 3. The primary response curve 1; (the bold solid line),
its derivative 1} (the bold dashed line), and the piecewise linear
regularization ) of ¢} (the thin solid line).

With A, A as in (43)—(44), we have

Yo(r) = X (r) for re (rk 4+ Mk Pr—1 — Mh—1) U (P—1 + Me—1, k=1 — M—1) (54)

for all £ > 2n 4+ 1. Let now F be the Prandtl-Ishlinskii operator generated by the
function

Y(r) = 2r +Po(r). (55)
In analogy with (46) we have

Fla)(T) — Flu)(T) = 2 /O N ) dr + / N A, (56)

T2n+1

We write

/""k—l /Tk-i-nk Prk—1—Nk—1 Pr—1+MNk—1 Th—1—Nk—1 Tk—1
- +f +f +f +f .
Tk Tk Ttk Pk—1—Nk—1 Pr—1+Nk—1 Th—1—Nk—1

We have (note that the sequence {n;} is decreasing)

Tk+Nk Prk—1+tNk—1 Th—1
/ +/ +/ N (r)h(r)dr
Tk Pk—1—""Nk—1 Tk—1—Mk—1

and (54) implies that

S 477]{271 )

Ph—1—Tk—1
L e ar = o - - 2m0),
Te+Nk

Thk—1—"Mk—1
LX) = s pecs = 20,
P

k—1FNk—1
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so that by (52) we have for k > 2n + 1 that

/Tk_l N(r)h(r)dr > vgp(rg—1 — ri) — 8ng—1 = %(mq — k),
and (56) yields
Fl(T) ~ Ful) > 5 > welris — )

This yields for a € (0,1] that
FL(T) ~ FlT) _ Sianes vl —72)

"LL — ﬁ'ﬁ),T] - Q(T'Qn — 7"2n+1)a
It remains to set c
The1 — Tk =
btk (e + k) log?(e + k)

for k € N with ¢ > 0 such that

- 1
rg==c =1,
kZ:l (e + k) log*(e + k)

and
1
V= —————
g log” (e + k)
with any S > 0. We have
oo 0o 1
ve(rk—1 — 1) = ¢
k:%;rl k:gn:Jrl (e+ k) log2+5(e +k)
>

. /°° dx
ont1 (e +x) 10g2+5(e + )
c

(14 8)log"™P(e+2n+1)

Inequality (59) then yields
Fla)T) - F(T) | e
|u—ﬂ|ﬁ‘)7T] B 2(1+ﬁ)

which tends to oo when n tends to infinity. This concludes the proof.

(e+2n+1)%1log?* ' Fle 4+ 2n + 1)
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