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Complete Euler system

Standard formulation

∂t%+ divx(%u) = 0

∂t(%u) + divx(%u⊗ u) +∇xp = 0
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)
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]
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Conservative variables

∂t%+ divxm = 0

∂tm + divx

(
m⊗m

%

)
+∇xp = 0

∂tE + divx
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]
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Entropy

Gibbs’ relation

ϑDs = De + pD
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%

)

Entropy balance

∂t(%s) + divx(sm) ≥ 0

Entropy in the polytropic case
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)
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Admissible weak solutions

Field equations

∂t%+ divx(%u) = 0

∂t(%u) + divx(%u⊗ u) +∇xp = 0

∂t

(
1

2
%|u|2 + %e

)
+ divx
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%|u|2 + %e + p

)
u

]
= 0

Entropy inequality

∂t(%s) + divx(%su) ≥ 0

Impermeability boundary conditions

u · n|∂Ω = 0



Infinitely many weak solutions

Initial data

%(0, ·) = %0, u(0, ·) = u0, ϑ(0, ·) = ϑ0.

Existence via convex integration

Let N = 2, 3. Let %0, ϑ0 be piecewise constant (arbitrary).
Then the exists u0 ∈ L∞ such that the Euler system admits infinitely
many admissible weak solution in (0,T )× Ω.



Measure–valued solutions

Parameterized measure and the dissipation defect

S =
{
% ≥ 0, m ∈ R3, E ∈ [0,∞)

}
{Yt,x}t∈(0,T ),x∈Ω, Yt,x ∈ P(S), D ∈ L∞(0,T ), D ≥ 0

Field equations

∂t 〈Yt,x ; %〉+ divx 〈Yt,x ; m〉 = 0

∂t 〈Yt,x ; m〉+ divx

〈
Yt,x ;

m⊗m

%

〉
+∇x 〈Yt,x ; p〉 = DxµC

∂t

∫
Ω

〈Yt,x ;E 〉 dx +D = 0, ∂t 〈Yt,x ; %s〉+ divx 〈Yt,x ; sm〉 ≥ 0

Compatibility ∫ τ

0

∫
Ω

|µC | dxdt ≤ C

∫ τ

0

Ddt



Relative energy

Relative energy in the standard variables

E
(
%, ϑ,u

∣∣∣%̃, ϑ̃, ũ)
=

1

2
%|u− ũ|2 + ∂%Hϑ̃(%̃, ϑ̃)(%− %̃)− Hϑ̃(%̃, ϑ̃)

Hϑ̃(%, ϑ) = %
(
e(%, ϑ)− ϑ̃s(%, ϑ)

)
Relative energy in the conservative variables

E
(
%,m,E

∣∣∣%̃, m̃, Ẽ)
= −ϑ̃

[
%s − ∂%(%s)(%− %̃)−∇m(%s) · (m− m̃)− ∂E (%s)(E − Ẽ )

− %̃s̃
]



Thermodynamic stability

Thermodynamic stability in the standard variables

∂p(%, ϑ)

∂%
> 0,

∂e(%, ϑ)

∂ϑ
> 0

Thermodynamic stability in the conservative variables

(%,m,E ) 7→ %s(%,m,E )

is a concave function

Thermodynamic stability in the polytropic case

%s = %S

(
p

%γ

)
, p = (γ − 1)%e

S ′(Z ) > 0, (1− γ)S ′(Z )− γS ′′(Z )Z > 0



Stability of strong solutions

Measure–valued strong uniqueness

Suppose the thermodynamic functions p, e, and s comply with the
hypothesis of thermodynamic stability. Let (%,m,E ) be a smooth
(C 1) solution of the Euler system and let (Yt,x ;D) be a dissipative
measure–valued solution of the same system with the same initial
data, meaning

Y0,x = δ%0(x),m0(x),E0(x) for a.a. x ∈ Ω.

Then
D ≡ 0, Yt,x = δ%(t,x),m(t,x),E(t,x)

for a.a. (t, x) ∈ (0,T )× Ω.



Generating MV solutions, limits weak → MV

Navier–Stokes–Fourier system

∂t%+ divx(%u) = 0,

∂t(%u) + divx (%u⊗ u) +∇x(p + apR) = νdivxS,
∂t (%(e + aeR)) + divx (%(e + aeR)u) + ω∇xq

= νS : ∇xu− pdivxu− λ(ϑ− ϑ)3.

Constitutive assumptions, radiative components

S(%,∇xu) = µ

(
∇xu +∇t

xu− 2

3
divxuI

)
,

q = −κ(ϑ)∇xϑ

pR =
1

3
ϑ4, eR =

ϑ4

%
, sR =

4

3

ϑ3

%



Limit (weak) → (MV)

Vanishing dissipation limit

Suppose that p and e are interrelated through the polytropic EOS
with γ = 5

3 , and “other mostly technical conditions”. Let

ν = ω = ε, aεα, α > 1, λ = εβ , β < 1.

Let (%ε, ϑε,uε)ε>0 be a family of weak solutions to the
Navier–Stokes–Fourier system periodic in the space variable.
Then (%ε, ϑε,uε)ε>0 generates a Young measure Y and the energy
defect measure a function D - a (DMV) solution of the Euler system.



Limits of Euler flows with strong stratification

Scaled Euler system

∂t%+ divx(%u) = 0

∂t(%u) + divx(%u⊗ u) +
1

ε2
∇xp(%, ϑ) =

1

ε2
%∇xΦ,

∂t
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%|u|2 +
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%e(%, ϑ)

)
+ divx
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%|u|2 +
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ε2
%e(%, ϑ)

)
u

]
+divx

(
1

ε2
p(%, ϑ)u

)
=

1

ε2
%∇xΦ · u.

Geometry

Ω = T 2 × (0, 1), T 2 = [0, 1]|{0,1} − the two dimensional torus

u · n|∂Ω − 0



Initial data

Stationary problem

p = %ϑ, Φ = Φ(z) = −z

∇x(%sΘ) = −%s∇xΦ, %s = exp

(
− z

Θ

)
, Θ > 0

Well–prepared initial data

%0,ε = %s + ε%
(1)
0,ε, ϑ0,ε = Θ + εϑ

(1)
0,ε, u0,ε

‖%(1)
0,ε‖L∞(Ω) + ‖ϑ(1)

0,ε‖L∞(Ω) + ‖u0,ε‖L∞(Ω;RN ) ≤ c ,

%(1)
ε → 0, ϑ

(1)
0,ε → 0, u0,ε → U0 in L1(Ω) as ε→ 0,

U0 ∈W k,2(Ω;R3), k > 3, U0 = [U1
0 ,U

2
0 , 0], divhU0 = 0.



Target problem

Euler system

∂tU + U · ∇hU +∇xΠ = 0, divhU = 0, xh ∈ T 2,

Stratified initial data

U(0, x) = U0(xh, z) = [U1
0 (xh, z),U2

0 (xh, z), 0]



Singular limit (MV) → strong

Convergence to the target system

Let {Y ε
t,x}(t,x)∈(0,T )×Ω, Dε be a family of dissipative

measure–valued solutions to the scaled system scaled Euler system,
with the well prepared initial data

Y ε
0,x = δ%0,ε,%0,εu0,ε,cv%0,εϑ0,ε .

Then
Dε → 0 in L∞(0,T ),

and
Y ε → δ%s ,%sU,cv%sΘ in L∞(0,T ;M+(F)weak−(∗)),

where [%s ,Θ] is the static state and U is the unique solution to the
incompressible 2D Euler system


