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Let p,u, p be the fluid density, velocity, pressure.

pt+ V- (pu) =0. (1a)
(pu): + div(pu @ u) + E%Vp = divS(Vu). (1b)
p(x,0) = po >0, u(x,0) = ug. (1c)

2
S=pu(Vu+Vu' - §divul) +ndivul, >0, n>0.
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Asymptotic preserving!3!
£ =0 0
Fs Fs
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POV +V -V, V) + V= pAV,div,V =0,5 > 0, (2a)
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atv e c*([o, T WF43(; R%)),£ = 0,1, 2,

aine d(o, T W 79(Q)),j =01,k > 4,
p3

Vo € WREERD gy Vo = 0.



Numerical Scheme

Piecewise linear Crouzeix-Raviart element for velocity.

Von = {Vh S L2(Qh); Vhlk € 'Pl(K)’VK € Qp;
/[[vh]] = O,VF € Eint; /Vh = O,VF S 8T}
B

.
Piecewise constant element for density, pressure and temperature

Qn = {bn € L2(); dnlk € PUK), K € Qn}-.

@ Element K, L, interfacel = KN L.
@ nr i be the outer normal, pointing from K to L
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Numerical Scheme

Piecewise linear Crouzeix-Raviart element for velocity.

Von = {vh € L*();  vilk € PH(K),VK € Qp;
/r[[Vh]] = 0,9l € Ejnt; /rvh =0,vI € aT}.
Piecewise constant element for density, pressure and temperature
Qn = {dn € L2(); dnlx € PY(K), K € Qn}-

@ Element K, L, interfacel = KN L.
@ nr i be the outer normal, pointing from K to L

Upwind flux

. f« if stk >0,
o= g

Jump, average on element & edge

n n n,+ n,—
Stk = UTr - r Kk = Spi + St

R 1 1
[l =~ fie. Fe= i [ fx (e = 50+ )
KT Ji 2
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Numerical Scheme

A convergent scheme (Karper [4])

Find {pZ7UZ}Z;1 C (Qh X VO,h) such that for any (qﬁmvh) c (Qh X VO,h)

n _ n—1
S IKIPEE =y = > S ol (uf - nok)én =0, (3a)

KeT KeTTeoK

_ n 1an—1
Z/ PP Sy S S ol ) i

Ker KeTTedK
> th Zdlvhvh+u Z / Vaul @ Vipvy
KeT TeoK KeT
+ (% +1n) / divpupdivpv, = 0. (3b)
KeT
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Relative energy inequality (Feireis| et al.[ll)

5(,0,u|z,V)|6—|—/0‘r/Q (S(Vu)—=S(VV)) : (Vu—VV)dxdt < /OT R(p,u,z,V)dt

E(pulz,V) = /Q (plu— VP + E(plz))dx

E(plz) = H(p) — H'(2)(p — 2) = H(2), H(p) = P/lp %ds

H(p) convex for p € (0,00), E(p,z) > 0and E(p,z) =0 p =z
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Theorem

Let p satisfy (1d) with v > 3/2. Let {p",u"}o<n<n be a family of
numerical solutions constructed by the scheme (3) and the mesh be
regular, and initial data (p°,u®) obey

E(. I V() < Eo < 00, M/2< [ pRax < 2Mo, My = 7IT] (4)
7
Moreover, suppose that [, V] is a classical solution to (2) emanating

from the initial data Vo € W*2(Q; R®), divVo = 0, k > 4. Then there
exists a positive number independent of h, At,e such that

sup g(pE’ 5|p7 n7' +At Z /|th -V V( na')|

1<n<N 1<n<N
< c(x/At + h? + e+ E(p2, ul|p, Vo)) (5)

where a = min{#, 1}.
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@ Step 1: uniform estimates (Karper™, Gallouét et al.l2)

(3b)lvy=up, + (35")|¢h=—|-‘:2",g|2 + (3a)|¢h=H'(p;)

sum up for each time step —

1 R 1 _ 1 R 1 _
S 1K1 (GoRIa| + ZEGRID) - 3 K] (5okIa% + ZEGRD)
KeT

+At2 Z /K <N/K|qun|2+(%+7])/K|divxu"|2)+D;":0

n=1 KeET

KeT




@ Step 1: uniform estimates (Karper™, Gallouét et al.l2)

(3b)lvy=up, + (35")|¢h=—|-‘:2"K|2 + (3a)|¢h=H'(p;)

sum up for each time step —

1 R 1 _ 1 R 1 _
S 1K1 (GoRIa| + ZEGRID) - 3 K] (5okIa% + ZEGRD)

KeT KeT
+At2 Z / <N/ |Vx|-ln|2 + (% +7])/ |divXu"|2>+DI!" =0
n=1KkeT 'K K K

Remark: not valid for linear scheme yet



o Step 2: Relative energy inequality (Gallouét et al.2)

(3b)|Vh:u';( + (33)|¢h: —|ﬁz"g|2 + (33)|¢h=H’(py<)

| Go)lwmvy +(32)] e+ (Bl

sum up for each time step —

~ 1 ~ 1
[ (o = SeGmn) o= [ (F16 -V0F + SEG D))

m w 3
18>S ([ 19w = vl (G 4o [l - vl < S Sion)+AL 6"

n=1 KeQ

m
IRY| < c(VAE+H), 67| < cAr Y Ex(p",u"|5, V"),

n=1



@ Step 3: Control of S;

S = AtZ Z/HV Vi 1 Via(Vh —u")dx,
n=1 KET

n—1

V
Atz ZlKl (Vi k — ug)dx,

n=1 KeT

=AY ST STIOlAUE — ) - (V) — VRV e

n=1 KETTEOK

Navier-Stokes (2) test with (V" —u") =

3
5
SOS R =0, |RY|<c(h’+At+e), b=min{L

i=1

—6

’1}'




sup E(pl,ul|p,V(ts,-)) + At /V.J"—vxvirn,-2
pN(p 7.Vt ) 2 IV (tn )|

l=ns 1<n<N
2y -3

al}

< c(VAt+h 42+ (0% ull5, Vo)), 2= min{




A CAIATC) ETNED SR LB AV O G
T

1<n<N 1EmeN
2y -3

Sc<vAt+ha+a+€s(p2,ug|f),vo)), a = min{ 1}

Theorem holds also in the 2D case for any 0 < a < # ify € (1,2] and
a=1if~ > 2. Note that in this case the limit system (2) admits
global-in-time smooth solutions as long as the initial data are regular.




A CAIATC) ETNED SR LB AV O G
T

1<n<N 1SN

2y —3
< (VAL B e+ £ ull5 Vo) ), 2= min{]

31}

Theorem holds also in the 2D case for any 0 < a < # ify € (1,2] and

a=1if~ > 2. Note that in this case the limit system (2) admits
global-in-time smooth solutions as long as the initial data are regular.

p=pz=(1+M

€c = sup 86 (pg7ug|ﬁav(tna')>
1<n<N

evu = [[Vhu" = V, V(t,, ‘)||L2(L2)

€y = ||Un — V(tn, ')||L2(L2)

& = llp = zll2(12),

€p = ||p —-1- 52””L2(L2)'



Experiment - |

Table : Error with respect to the numerical solution of NS

ui(x, y,0) = sin®(7x) sin(27y)

(x,y,0) = — sin(2mx) sin?(my)
p(x,y,0)=1— 5—22 tanh(y — 0.5)

h eg EOC evu EOC eu EOC e, EOC & EOC
1/8 1.12e-03 | — 4.91e-01 | — 1.82e-03 | — 3.65e-04 | — 5.11e-04 | —
1/16 3.74e-04 | 1.58 2.55e-01 | 0.95 | 1.18e-03 | 0.63 | 7.90e-05 | 2.21 | 1.11e-04 | 2.20
1/32 1.09e-04 | 1.78 2.29e-01 | 0.16 | 7.87e-04 | 0.58 | 1.50e-05 | 2.40 | 2.09e-05 | 2.41
1/64 1.91e-05 | 2.51 1.26e-01 | 0.86 | 3.24e-04 | 1.28 | 3.31le-06 | 2.18 | 4.64e-06 | 2.17

1/128 | 4.50e-06 | 2.09 4.41e-02 | 1.51 | 1.41e-04 | 1.20 | 8.73e-07 | 1.92 | 1.22e-06 | 1.93
1/256 | 1.14e-06 | 1.98 1.54e-02 | 1.52 | 6.32e-05 | 1.16 | 2.06e-07 | 2.08 | 2.88e-07 | 2.08
(@) e = h,u=0.01

h es EOC evu EOC ey EOC €y EOC e EOC

1/8 5.42e-03 | — 4.66e-01 | — 2.99e-03 | — 8.81e-04 | — 1.23e-03 | —
1/16 1.34e-03 | 2.02 | 1.73e-01 | 1.43 | 2.17e-03 | 0.46 | 1.79e-04 | 2.30 | 2.51e-04 | 2.29
1/32 3.66e-04 | 1.87 | 6.58e-02 | 1.39 | 1.17e-03 | 0.89 | 3.78e-05 | 2.24 | 5.30e-05 | 2.24
1/64 1.06e-04 | 1.79 | 2.37e-02 | 1.47 | 6.13e-04 | 0.93 | 8.21e-06 | 2.20 | 1.15e-05 | 2.20
1/128 | 2.96e-05 | 1.84 | 8.26e-03 | 1.52 | 2.78e-04 | 1.14 | 1.81e-06 | 2.18 | 2.54e-06 | 2.18
1/256 | 7.96e-06 | 1.89 | 2.97e-03 | 1.48 | 1.31e-04 | 1.09 | 4.09e-07 | 2.15 | 5.73e-07 | 2.15
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Experiment - |l

Exact solution of unsteady Taylor vortex

Vi(x,y, t) = sin(27x) cos(2my) e
Vao(x,y, t) = — cos(2mx) sin(2my) e
N(x,y, t) = } (cos(47x) + cos(4my)) e~ 167 1t

—8r2ut

—87\'2;“

2

p(x,y,0) =1+ &M(x, y,0)
ui(x, y,0) = Vi(x,y,0)
uz(x,y,0) = Va(x, y,0)

h es EOC evu EOC ey EOC ep EOC e EOC
1/8 3.60e-02 | — 3.57e-01 | - 7.56e-03 | — 3.66e-04 | — 4.22e-04 | -
1/16 3.04e-03 | 3.57 | 1.94e-01 | 0.88 | 2.35e-03 | 1.69 | 8.67e-05 | 2.08 | 9.08e-05 | 2.22
1/32 2.98e-04 | 3.35 | 1.30e-01 | 0.58 | 9.44e-04 | 1.32 | 1.92e-05 | 2.17 | 1.76e-05 | 2.37
1/64 5.26e-05 | 2.50 | 8.35e-02 | 0.64 | 3.25e-04 | 1.54 | 4.36e-06 | 2.14 | 3.45e-06 | 2.35
1/128 1.46e-05 1.85 | 4.46e-02 | 0.90 | 1.11e-04 | 1.55 | 1.08e-06 | 2.01 1.06e-06 1.70
1/256 | 3.88e-06 | 1.91 | 2.22e-02 1.01 | 4.05e-05 1.45 | 2.65e-07 | 2.03 | 2.34e-07 | 2.18

(@) e=hp=0.01,v=3

h eg EOC evy EOC ey EOC e, EOC e EOC
1/8 1.54e-03 | - 4.38e-02 | — 2.20e-03 | - 1.26e-04 | - 7.06e-04 | —
1/16 3.63e-04 | 2.08 | 2.14e-02 1.03 | 1.04e-03 1.08 | 3.02e-05 | 2.06 | 1.20e-04 | 2.56
1/32 1.18e-04 | 1.62 | 9.99e-03 1.10 | 4.29e-04 | 1.28 | 1.03e-05 1.55 | 2.41e-05 | 2.32
1/64 3.95e-05 1.58 | 4.84e-03 1.05 | 1.92e-04 | 1.16 | 2.70e-06 | 1.93 | 5.22e-06 | 2.21
1/128 1.22e-05 1.69 | 2.40e-03 1.01 | 9.26e-05 1.05 | 6.89e-07 | 1.97 | 1.25e-06 | 2.06
1/256 | 3.45e-06 1.82 | 1.20e-03 1.00 | 4.59e-05 1.01 1.74e-07 | 1.99 | 3.10e-07 | 2.01

(b)e=hpu=1,~v=3
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Error of velocity component u; — Vi for different mesh sizes and Mach numbers; h = %, é, Tée

(left to right), € = 0.1, 0.001 (top to bottom).

— — —
-0.0145 0.0145 -0.00331 0.00331 -0.00098 0.00098

— — —
-0.0113 00113 -0.00295 0.00295 -0.000403  0.000403




For more details, see Feireisl et al. 2016.
www.math.cas.cz/fichier/preprints/IM_20160916140850_71.pdf
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Thank you for your attention!
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