140 (2015) MATHEMATICA BOHEMICA No.1, 11-33

THE L£"-PROPOSITIONAL CALCULUS

CARLOS GALLARDO, ALICIA ZILIANI, Bahia Blanca

(Received November 20, 2012)

Abstract. T. Almada and J. Vaz de Carvalho (2001) stated the problem to investigate if
these Lukasiewicz algebras are algebras of some logic system. In this article an affirmative
answer is given and the L£}'-propositional calculus, denoted by £;;’, is introduced in terms
of the binary connectives — (implication), — (standard implication), A (conjunction), V
(disjunction) and the unary ones f (negation) and D;, 1 < i < n — 1 (generalized Moisil
operators). It is proved that £, belongs to the class of standard systems of implicative
extensional propositional calculi. Besides, it is shown that the definitions of L,'-algebra
and /;'-algebra are equivalent. Finally, the completeness theorem for /]’ is obtained.
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1. INTRODUCTION AND PRELIMINARIES

In 1977, generalizing De Morgan algebras by omitting the polarity condition
(i.e. the law of double negation), J. Berman [2] began the study of what he called dis-
tributive lattices with an additional unary operation. Two years later, A. Urquhart
in [11] named them Ockham lattices. These algebras are the algebraic counterpart of
logics provided with a negation operator which satisfies De Morgan laws. Then, recall
that an Ockham algebra is an algebra (L, A, V, f,0,1), where the reduct (L, A, V, 0, 1)
is a bounded distributive lattice and f is a unary operation satisfying the following

conditions:

(01) fo=1,

(02) f1=0,

(03) f(zAy)=fzV fy,
(04) f(zVy)=fzAfy.
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Ockham algebras, which are more closely related to De Morgan algebras, are the
ones that satisfy the identity f2™z = x for some m > 1. The variety of these algebras
will be denoted by k0. More details on these algebras can be consulted in [3].
Furthermore, for the notions of universal algebra including De Morgan algebras and
n-valued Lukasiewicz-Moisil algebras outlined in this paper we refer the reader to
4, [5).

On the other hand, in 2001, T.Almada and J.Vaz de Carvalho [1] generalized
Lukasiewicz-Moisil algebras of order n by considering algebras of the same type which
have a reduct in K,, o instead of a reduct which is a De Morgan algebra. Hence, they
introduced the variety £ of m-generalized Lukasiewicz algebras of order n which
were defined as follows:

An m-generalized Lukasiewicz algebra of order n (or L]'-algebra) is an algebra
(A,V A, f,D1,...,Dp_1,0,1) of type (2,2,1,...,1,0,0) such that

(GL1) (A,V,A,0,1) is a bounded distributive lattice for which f is a dual endomor-
phism satisfying the identity 2™z = z,

m—1 m—1

GLo Di(x/\ V f2py>:Di:v/\Di( V f2py>,1<i<n—1,
p=0 p=0

GL3) Dizx ADjz =Djz, 1 <i<j<n—-1,

GL4 Dx\/fD:cfll n—l,

)
)
)
) zf( vV fora) =fDn_z-( Vo pra) 1 <i<n-1,
p=0
Ls) DDJ?—D.]? 1<i,5<n—1,
) @V Dix = D1z,
m—1
) Dix:Di( V fQP:c),lgign—L
p=0
) (@A fr)VyVfy=yV fy,
m—1 m—1 m—1 m—1
) Ve < Vo gy (V) v Dia (V) 1<i<n -2,
p=0 p=0 p=0 p=0

From the definition it follows that the identities listed below are also verified.

Proposition 1.1 ([1]). Let A € L. Then
GLi11) Di(zVy)=D,xV Dy, 1 <i<n—1,

(
(GL12) f?Djxz = Dz, 1 < z<n—1
(GL13)D$/\fD$—O 1< n—l
(GL14) fvaIx:Lf( Vi f?px)ADn 1( \/ f?px) =0,
p=0 =
m—1 m—1 m—
(GLis) V f2men,1( f?px):pn,l( V f2px),

p=0 p=0

p=0
(GLlG) DiO:O,Dilzl,léién—l.



m—1

Let A€ L. Theset Sy = {r € A: fPr =2z} = {x €A\ fPx= x} plays an
p=0

important role in the study of these algebras. In particular, as a direct consequence of

(GLs) it follows that in L7-algebras the operations D;, 1 < i < n—1 are determined
by its restrictions to S4. Besides, S4 is a subalgebra of A and it is the greatest
subalgebra of A that belongs to the variety of L, -algebras ([1], Proposition 2.2).

In addition to the properties (GL11) through (GLjg), we show other ones that will
be useful throughout this paper.

Proposition 1.2 ([7]). Let A € L. Then the following properties are verified:

(81) D;fDiz = fD, 1<, j <n—1,

(g2) fD x is the Boolean comp]ement of Diz, 1 <i<n—1,

(g3) D D,y if and only if fD;xV Dy =1, 1 gzén—l,

(g4) D (DmADm).&xADMléﬁjgn—L

(g5) = A fD1x =0,

(g6) (fDiz A fDiy)V (Diz A Diy) = (Diz V fDiy) A(Diy V fDix), 1 <i<n—1,
(g7) z € Sa implies Di(x N z) = Dijx A D;z, 1 <i<n—1.

Bearing in mind some unpublished results established by M. Sequeira in the con-
text of congruences on algebras of certain subvarieties of Ockham algebras some
of which are K,, 0, J. Vaz de Carvalho considered certain elements which we will
describe in what follows.

Let A€ L and T ={0,1,...,m — 1}. For each z € A and s € {1,...,m} take

sz = /\ \/ f2jz~

JCT jeJ
|J|=s

The same author asserted that it is straightforward to see the following statements.

Lemma 1.1 ([12]). Let A € L. Then

(i) f2qsz =qsz, s€{l,...,m},
(i) ¢ q5+1z se{l,. m -1},
(i) 12 = /\ f?Pz and \/ fQ”z—qm
=0
(iv) z € S4 implies gsz =z, s € {1,...,m},
) @

(v

On the other hand, in [7], we introduced a new binary operation — on L*-algebras,

< z implies qsx \qsz,se{l,...7 }.

called weak implication, as follows:
xr—=y=DifxVy.
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The deductive systems associated with this implication enable us to establish
an isomorphism between the congruence lattice of an m-generalized Lukasiewicz
algebra A of order n and the lattice of all the deductive systems of A. This result
turns out to be quite useful for characterizing the principal congruences on these
algebras. Furthermore, it is worth noting that from this operation the one considered
by R. Cignoli [6] for L,-algebras is deduced.

Proposition 1.3. Let A € L]*. Then the following statements hold:

)
)
) @ (y—m?) L
) x <y implies  —y=1,
Jr—=(y—=z2)=(@—=y = (z—=2),
Yz = (zAhy)=x—vy,
) @ —=y) = ((z—=2)= (2= (Ynz)) =1,
9) (xAy) = z=2— (y— 2),
) Dix - D;y= fDizxV Dy, 1 <i<n-—1,
)Dm—)Dlyflucandon]yncDx Diy,1<i<n—1,
) Digs(xVy) = Digs(xAy) =1 ifandonlyif c=y,1 <i<n—-1,1<s<m,
) (£15) 3 (10 0) > (> (e 9) <1
) Digsx > Diz=1,1<i<n—-1,1<s<m,
) qu(x/\f:c)—>quS((x/\fx) (yVfy)=11<i<n-1,1<s<m,
m—1 2p) . D <<m\71f2px) A (mvlfQ;D \/fD <m\/1f2p ) v
) zqs(p\/of z (v, AT A

m—1
Di+1( Y f2pm)))—1,1 <n—1,1<s<m,
p=0

iqsT — Digs(x A f27H(fx A fy))
iqs (@ A PPN (fy A fz) v PPN
Digs(x A 2" (fy A f2) A PN
1<s< m

(Wig) oA 7\1 /\1( iqs(xVy) = Digs(xNy)) = yA /\1 [\ (Digs(zVy) — Digs(zAy)),

(Wa0) Djagsa \ /\ (Dias(wVy) = Digs(wAy)) = Dygey A N /\ (Digs(zVy) =

s=111=1 s=11i=1
Digs(z Ny)), 1<j<n—1,1<k<m,
mnl

(Wa1) Dpoiqiz AN /\( iqs(x Vy) = Digs(z ANy)) =

s=11i=1

(
(

17)

W D
ng) D

a?i?ll

m n—1

Dp_iqiy AN N\ N (Digs(zV y) = Digs(z Ay)).

s=13=1
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Proof. We will only prove (W12), (Wi3), (W14), (W15), (Wis), (W1g) and (Wo)
since the proof of the remaining properties is routine.

(Wi2): It is a direct consequence of [12], Proposition 4.2.

(W13): From (Wg) and (Wg) we have that ((zAz2) = (yAz)) = (z = (z = y)) =
((xAz) = (yAz) = ((zAz) = y). Hence, by (Ws5) and (W;) we conclude that
((xhz)=(yYAz) == (r—y)=(@Az)>1=1

(W14): From (ii) in Lemma 1.1 and (GL11) we infer that D;gsx < Dijgma, 1 < i <
n—1,1< s <m. On the other hand, by (iii) in Lemma 1.1, (GLg) and (GL3) we
have that D;q,,x = D;z < Dla: 1 <i<n-—1and so, by (Wy1) we conclude that
Digsx = Dix=1,1< —L,1<s<m.

(W15): From (GLg) we have that a:/\fa: = (xAfz)A(yV fy) and so, D;qs(zA fx) =
Digs((x AN fx)AN(yV fy), 1 <i<n—1,1<s < m. Hence, by (Wz2) we conclude
the proof.

(W1g): It is a direct consequence of the fact that xA f2" =1 (fyAfz) = 27 1(f(zA
z) A fly Ax)) and (W2).

(W1g): By virtue of (g1) and the definition of the weak implication we have that
Diqs(xANy)VfD;iqs(xVy) = Diqs(xAy)V D1 fDiqs(xVy) = Digs(xVy) = Digs(xAy),
1 <i<n-1,1< s < m and so, by [12], Proposition 3.5, we conclude that

m n—1

m
A /\1 /\ (Digs(x V'y) = Digs(z Ay)) =y A /\ /\ (Digs(z Vy) = Digs(x A y)).
S =1 s=1 i=1
(Wqg): Following reasoning analogous to that in (W19) we obtain the proof. O

Next, in order to simplify reading we will summarize the fundamental concepts we
use on the class of standard systems of implicative extensional propositional calculi
(9], VIII).

Let £ = (A% F) be a formalized language of zero order ([9], VIII 1). A system
S = (L,Cr), where Cr is determined by a set A of logical axioms and by a set
{r1,...,7} of rules of inference, belongs to the class S of standard systems of im-

plicative extensional propositional calculi provided that the following conditions are
satisfied:

(s1) the set A of logical axioms is closed under substitutions,

(s2) the rules of inference r;, i = 1,..., k, are invariant under substitutions,

(s3) for every formula o € F, o = « € Cr(0),

(s4) for all formulas «, 8 € F and for every set H C F, if a,a = § € Cr(H), then
B e Cc(H),

(s5) for all formulas «, 8,y € F and for everyset H C F,ifa = 8, 8 = v € Cz(H),
then o = v € Cr(H),

(s6) for every formula o € F and for every set H C F the condition o € C(H)
implies that for every formula 5 € F, = a € Cr(H),
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(s7) for all formulas a, 8 € F' and for every set H C F' the condition o = S, 8 =
a € Cr(H) implies that for each unary connective o of £, oo = of8 € C(H),

(s8) for all formulas «, 3,v,0 € F and for every set H C F the condition o =
B, 8=« v=190 0 =v¢€ Cr(H) implies that for each binary connective * of
L, (axvy)= (B*d) € Cc(H).

If S is a system in S and there exists a formula o of £ such that o ¢ C,(0) we
will say that S is consistent.

On the other hand, any system S € S determines a class of algebras called S-
algebras in the following way: an algebra U = (A, = %1,..., %k, 01,...,0¢,€1,...,
em, V) associated with the formalized language £ (][9], VIII 1) is an S-algebra pro-
vided that

(al) if a formula « of £ belongs to the set A of logical axioms of S, then v(a) =V
for every valuation v of £ in U,

(a2) if a rule of inference r in S assigns to the premises aq,...,a, the conclusion
3, then for every valuation v of £ in U the condition v(a;) = ... = v(ay) =V
implies v(8) =V,

(a3) for all a,b,ce A,ifa=b=Vandb=c=V,thena=c=V,

(ad) for alla,be A,ifa=b=V and b= a =V, then a = 0.

Let S = (£,C) be a consistent system in S. A formula o € £ is valid in an
algebra U associated with £ provided that v(a) = V for every valuation v of £ in U.
Furthermore, « is S-valid if it is valid in every S-algebra. Taking into account that
if v is derivable in S ([9], VIII 5), then v(a) = V for every valuation v of £ in every
S-algebra U ([9], VIII 6.1), every formula derivable in S is S-valid. The converse
statement is also true and this equivalence is known as the completeness theorem for
propositional calculi in the class S ([9], VIII 7.2).

2. THE STANDARD IMPLICATION

In order to establish an implicative extensional propositional calculus (see [9])
which has £]"-algebras as the algebraic counterpart, we introduce another implication
operation — on these algebras by means of the formula

1

(Digs(z vV y) = Digs(x ANy))

n

=

z—y=Dn_1q1yV

s=11

and we call it standard implication. Furthermore, this implication allows us to obtain
a new description of the congruence lattice Con(A) of an L]'-algebra A which plays
an important role in what follows.
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Proposition 2.1. Let A € L. Then the following statements hold:

S1
S2
S3) 1 »x=Dp 1q1x,

S4) Dyp-1qaz A (x — y) = Dp1qay A (y — z),

(S1)
(52)
(S3)
(S4) D
(S5 zA(x >y ANy > z)=yA(@—>y) Ay —> ),
(S6)
(S7)
(S8)
(S9)

r—»1=1,

T—»x=1,

S6) (z—y) = ((y > 2) = (xz—2) =1,
ST) (Dn—1qaz A (z > y)) =y =1,

S8) fiax —y) =2 >y,

S9) Di(z »y)=ax—>y,1<i<n—1.

Proof. We will only prove (S4), (S5), (S6) and (S9), since the proof of the others
is straightforward.

(S4): Taking into account the definition of the standard implication and (Wa1) we

m n—1

have that D,,_1q12A(x - y) = (Dp—1q12ADp_1q1y) V ( 11N N\ N (Digs(zV
G 1::=1

y) — Digs(z A y))) = (Dp-1q12 A Dp_1q1y) V (Dn 1y AN\ /\ (Digs(z Vy) —
s=1 1=1

Digy(w A y))) = Da-raiy A (y = ).
(S5): Taking into account (i) and (iii) in Lemma 1.1 we infer that D,,_1q12 < @12 <

m n—1
2 and so we have that zA (x = y)A(y = x) =z A (Dn_lqu\/ A A (Digs(zVy) —
s=11i=1

Digs(x A y))) N (Dn—lqw \Y SZ\1 j{\j(DzQG(x Vy) = Digs(x A y))) = (Dn—1(J1y v
97\1 :7\ (Digs(x Vy) = Digs(xz A y))) A ((a: ADp_1q12) V (a: A SZ\1 j/_\j(qug(x Vy) —
Dt n9)))) = (DusawwV AN Diaule v ) = Dialan9)) A (Doaasar v

m n—1
(x/\ A A (Digs(zVy) — DiQs(x/\y)))) = (Dn71q1x/\Dn71q1y)V(DqulyAxA
s= 11 1
m n—1

AN (il v ) = Diguen o) v (Ducsarz A A A (D v 9) = Diaua A

s=13=1 s=11i=1
m n—1

)V (#A A A (Dias(eVy) = Digs(w Ay)).
Analogously, we have that y A ((z - y) A (y — 2)) = (Dn—11y A Dp_1qaz) V
m n—1 m n—1
(Da-raiznyn A A (Digy(@vy) = Digs(eny)V (Da-raryn A A (Digs(wvy) —

s=13=1 s=1i=1
m n—1

Digs(x ANy)) V (y AN N (Digs(x Vy) = Digs(z Ay)). Hence, taking into account
s=1 i=1
(W1g) and (Wa1) we infer that z A (x - y) A (y » 2) =y A ((x = y) A (y — x)).
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(S6): Let A be a subdirectly irreducible L"-algebra, then by ([1], Proposition 4.1)
we have that the set of Boolean elements of S4 is {0,1}. Hence, by (i) in Lemma 1.1
and (g2) we have that D;qs(a Vb) — D;qs(a Ab) € {0,1} for all a,b € A. Suppose
now that there are z,y € A such that D;qs(x Vy) = D;gs(x Ay) = 1. Hence, by
(W12) it follows that = y and so, by (W2) we have that (z — y) — (y - 2) —
(x > 2)) =( »z) > ((x » z) = (x - 2z)) = 1. On the other hand, if we
suppose that there are z,y,z € A such that D;qs(y V z) = Digs(y A z) = 1 or
Diqs(z V z) = Djqs(z A z) = 1, following an analogously reasoning we prove (S6).
Finally, if D;qs(z Vy) = Digs(x ANy) = Digs(y V 2) = Digs(y A z) = Digs(x V z2) —
Diqs(x ANz) =0, then y - 2 = D,,_1q12 = ¢ — z and so, by (W3) and (W;) we
conclude the proof.

(S9): It follows as a consequence of (g1), (GL11), (GL12), (g7) and (GLg). O

For any A € £ we will denote by D(A) the set of all deductive systems of A
associated with —, which are defined as usual ([7]).

Lemma 2.1. Let A € L and F € D(A). Then the following conditions are
equivalent for all z,y € A:

(i) there is w € F such that D,_1u — fo = D,_1u— fy,
(ii) there is w € F' such that * A D,_1w =y A D, _jw,
(iil) * » y,y »x € F.

Proof. Taking into account [7], Remark 2.11, we will only prove the equivalence
between (ii) and (iii).

(ii) = (iii): From the hypothesis and [7], Theorem 2.14, we have that (z,y) €
Rr = {(a,b) € A?: there is w € F such that a A D,,_1w = b A D,,_jw} and so,
(Digs(x Vy), Digs(x Ny)) € Rp. Hence, (D;qs(xVy) = Digs(x ANy),1) € Rp which

n—1 m
implies that (Dn,lqu v A 1(Diqs(x Vy) = gs(z Ay)), 1) € Rp. Therefore,
1=1 s=

x — y € F. Similarly, we get that y - =z € F.

(iii) = (ii): From the hypothesis and (S8) we have that w = (z - y) A (y - z) €
FN S, and taking into account that S4 is an L,-algebra we have that D,,_jw < w.
Hence, by (S5) we conclude that 2 A Dy,_yw =y A Dp,_qw. O

From now on, for any A € £ we will denote by A/R the quotient algebra of A
by R for any R € Con(A). Besides, for z € A the equivalence class of x modulo R
will be denoted by [z]g.
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Theorem 2.1. Let A € L]'. Then the following statements hold:
(i) Con(A) = {R(F): F € D(A)} where R(F) = {(z,y) € A’ 2 —» y, y —»
x € I},

(ii) the lattices Con(A) and D(A) are isomorphic considering the applications 6 —
[1]9 and F —— R(F') which are inverse to each other.

Proof. It is a direct consequence of Lemma 2.1 and [7], Theorem 2.14. g

Let A € LI and z € A. We will denote by [z) the principal filter of A generated
by z (ie., [z) ={z € A: z < z}).

Lemma 2.2. Let A € L and a,b € A. If w = (a - b) A (b - a), then [w) is
a deductive system of A.

Proof. Taking into account [7], Proposition 2.6, it only remains to prove that
fDp_1fx € [w) for all z € [w). By (S8), (GLs5), (g7) and (S9) we have that
Duifw = [Du-1f((a—b) A (b - a)) = f2Dy((a - b) A (b — a)) = f2(Di(a —
b) A D1(b — a)) = f?((a - b) A (b - a)) = w. From this assertion the proof is
straightforward. O

Taking into account the above results we obtain a characterization of the principal
congruences on L"-algebras. For any A € L] and a,b € A we will denote by 6(a, b)
the principal congruence of A generated by (a,b).

Theorem 2.2. Let A € L™ and a,b € A. Then 0(a,b) = {(z,y) € A%: z A
((@a=>b)A(b—>a))=yA(la—>Db)AD—>a))}

Proof. Let T = {(z,y) € A%2: 2 A((a » b)) A(b—a)) =yA((a—>b)ADb—>
a))}. By (S5) we have that (a,b) € T. Besides, by (S9) and (S8) it follows that
T ={(z,y) € A%2: 2ADy_1((a » b)A(b—a)) =yAD,_1((a - b)A(b— a))} and
so, by Lemma 2.2, Lemma 2.1 and [7], Theorem 2.14, we conclude that T' € Con(A).

On the other hand, let R € Con(A) be such that (a,b) € R and suppose that
(z,y) € T. Hence, we have that ((a - b) A (b - a),1) € R and so, (z A (@ —
b)A(b—a),x) € Rand (yA(a— b)A(b— a),y) € R. From these last assertions
and the fact that (z,y) € T we conclude that (z,y) € R. Therefore, T = 0(a,b). O

Example 2.1. Let us consider the L2-algebra A shown in Figure 1, where the
operations f, D;, 1 <7< 2 and ¢;, 1 <7 < 2 are defined as follows:

If w=(a—> b A((b—>a)=h, by Lemma 2.2 we have that F = [h) = {h, 1,7,
k,m,n, 1} is a deductive system of A. Hence, by Theorem 2.1 we have that A/R(F) =
{[0]r(r), (1] r(F)} Where [1]gpy = F and [0]g(r) = {0,0a,b,¢,d, e, g}.
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z 0 a b ¢ d e g zr h i 7 k m n 1
fr 1 n m k ¢ j h fx g e d ¢ a b 0
Dix 0 g g g g g g Diz h 1 1 1 1 1 1
Dox 0 0 0 0 g g g Dox h h h h 1 1 1
giz 0 0 0 ¢ ¢ ¢ g qr h h h k k k 1
@r 0 c ¢ ¢ g g g @r h k kK kE 1 1 1

On the other hand, by (S1) and (S3) we have that ¢ - 1 =1and 1 - g = g.
Then, taking into account Theorem 2.2 we obtain that 6(g,1) = {(z,y) € A%: zAg =
yAgt=1daU{(g,1),(1,9),(d,m),(m,d), (n,e),(e,n), (c, k), (k, ), (a,1), (i,a), (b, 7),
(4:0), (0, h), (h, 0)}.

Figure 1.

From Theorem 2.2 it is easy to verify Proposition 2.2, which will be quite useful
in the development of the £;*-propositional calculus.

Proposition 2.2. Let A € L7*. Then the following statements hold:
(S10) DizAN(x > y)A(y > z)=DiyN(x »y)A(y—>z), 1 <i<n—1,

(S11) Digs(fz V fy) A (x = y) A (y — x) = Digs(fz A fy) A (x = y) A (y - ),
1<i<n—1,1<s<m,

(S12) Digs((x A 2) V(yA2) Az = y) Ay — ) = Digs((z A2) Ay A z) A(z —>
YAYy—x),l1<i<n—-1,1<s<m,

(S13) Digs((z = 2)V(y = 2))A(z = y)A(y = x) = Digs((x = 2)A(y = 2))A(x -
YA(y—x),1<i<n—-1,1<s<m,

(S14) Digs((x = 2)V(y = 2))A(z = y)A(y = 2) = Digs((z — 2)A(y > 2)) Az —
YAy—z),l1<i<n—-1,1<s<m.

Proof. It is routine. O
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3. A CHARACTERIZATION OF ko,,-LATTICES

The goal of this section is to find an equivalent formulation to (GL;) with a simpler
proof than the previous one. To this end, we take into account the results established
in [8].

Definition 3.1. A kg, -lattice, m € N, is an algebra (A4,V, A, f) such that
(A,V,A) is a distributive lattice and f is a unary operation on A verifying the
following conditions:

(1) foma =,
(:2) f@Vy) = fa A fy.

Theorem 3.2 enables us to characterize ko,,-lattices by means of the operations
of infimum A and the dual endomorphism f. This characterization results easier by
the use of Sholander’s characterization of distributive lattices as follows:

Theorem 3.1 ([10]). An algebra (A, A, V) of type (2,2) is a distributive lattice if
and only if it verifies the conditions

(11) a=aA (aVb),
(12) an(dbVe)=(cAha)V (bAa).

Theorem 3.2. Let (A, A, f) be an algebra of type (2,1). Define (s): aVb =
f2m=Y(faA fb) for alla,b € A. Then (A, A\, V, f) is a ko, -lattice, m € N, if and only
if the following conditions are verified:

(ml) a=aA f2"1(fa A fb),
(m2) a A f2L(fbA fo) = F21(f(c Aa) A F(bAa)).

Proof. From (11), (12) and taking into account the definition of V we have that
(ml) and (m2) immediately follow. In order to prove the converse we will first show
that A is a distributive lattice, which is a consequence of the fact that (11) and (12)
hold. Indeed, from (m1), (m2) and (s) we have (11): aA(aVb) = f2™ 1(fan fb)Aa =
aand (12): (cAa)V(bAa) = f2m7L(f(eAa)Af(bAa)) = aAf>mL(fbAfec) = an(bVe).
Hence, by (m1) and (m2) we obtain (rl): a = a A f>""Y(fa A fa) = f> 1(f(a A
a)A flana)) = " L(faA fa) = f?"~!fa. Finally, from (r1) and (s) we get (r2):
Flavb) = F£2m=1(fa A fb) = fa A fb. 0
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4. THE L]'-PROPOSITIONAL CALCULUS

In this section, which is the core of this paper, we describe a propositional calculus
and show that it has L]"-algebras as the algebraic counterpart. We are interested
in finding a calculus which belongs to the class of standard systems of implicative
propositional calculi. The complexity of the standard implication together with the
fact that L)'-algebras do not verify Moisil’s determination principle and that the
operators D; are not A-homomorphisms have made that in this calculus the number
of axioms and inference rules are greater than in n-valued Lukasiewicz propositional
calculus ([4]). The terminology and symbols used here coincide with those used in [9].

Let £L = (A% F) be a formalized language of zero order where in the alphabet
A® = (V, Lo, L1, Ly, U) the set

(i) V of propositional variables is countable;

(if) Lo is empty;

(iii) L contains n elements denoted by f, D; for 1 < i < n— 1, called negation sign
and generalized Moisil operators signs, respectively;

(iv) Lo contains four elements denoted by A, V, — and — called conjunction sign,
disjunction sign, weak implication sign and standard implication sign, respec-
tively;

(v) U contains two elements denoted by ().

k

In what follows, for any a,...,qy in the set F of all formulas over A°, \/ a,,
k p=0
A op willmean agV(...V(ag—1Vag)...) and agA(.. .Alag—1Aay) .. .), respectively.
p=0
Besides, for any « in F, fta is the result of applying f ¢ times to « if t > 0, or « if
t = 0. Furthermore, for any «, 8 in F', we will write for brevity o <> 3, a «» § and
gs instead of (a = B)A (B — a), (o« = B) A (B — «) and A \V f¥a, where

JCT,|J|=s jEJ

T=1{0,1,...,m—1} and s € {1,...,m}, respectively.

We assume that the set A; of logical axioms consists of all formulas of the following
form, where «, 8, v are any formulas in F":

(A1) a = (8 = ),

(A2) (= (B—=7)) = (@ = B) = (@ = 7)),
(A3) a = (aVp),

(Ad) B = (aVP),

(A5) (A PB) =«

(A6) (aAB) =B,

(A7) (o= B) = (@ =) = (@ = (BAY))),
(A8) a — D,

(A9) D;jDja +» Dijor, 1 <4, j <n—1,
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m—1
(A10) D; \V f*a <+ Dija, 1 <i<n—1,
p=0
(A11) (@A) = (BAY)) = (v = (@ = B)),
(A12) D;aV fD;a, 1 <i<n—1,
(A13) Digs(aVa) = Digs(ana),l1<i<n—-1,1<s<m,
(A14) D;gsa = Digs(a A Diar), 1 <i<n—1,1<s<m,
(A15) Digs(f?DiaV Dija) = Digs(f?Diac ADja), 1 <i<n—1,1<s<m,
(A16)

m—1
Digs(Di(@ AV f78) v (Dia A D)) =
p=0
m—1
DiqS<Di<a/\ \V fzpﬂ) A (Dia/\DiB)), 1<i<n—-1,1<s<m,
p=0
(A17) D;gs(Dja V (Dja A Dja)) = Digs(Dja A (Dija A Dja)), 1 <i<j<n—1,

1< s<m,
9 D (V. ) 10, (Y 770))
S(sz( v fQPa)AfDn 1(m\71f2pa ) 1<i<n-11<s<m,
p=0
( ) igs(a N f )—)qus((a/\fa) BVfB),1<i<n—-1,1<s<m,
qu(m:_ f2ra) =
zqs< \7 f2pa/\< \/OlfQPB\/fDi(:\:/:prﬁ) \/Di+1<j\:/01f2poz))),

1<z<n—1 1<s<m,
(A21) Digsa — Digs(a A 2" Y fa A fB),1<i<n—1,1<s<m,

(A22) Digs((anf> =1 (fBAfIV P (YA A f(BAQ))) — Digs(aAf>™ 1 (f BA
TRORAY i 1(f(vAa)Af(/3Aa))), 1<i<n—1,1<s<m,

(A23) o B DurgnBV A A (Diga(aV B) = Digu(a A B)),

(A24) (Diga(faV 78) A (o ) = (DigalFar A B) A (o <o B)), 1< <m 1,
1<s<m,

(A25) (Dia A (o o B)) = (DiB A (@« B), 1<i<n—1,

(A26) (Digs((@ A7)V (BAY))A (o« B)) = (Digs((a Av) A(BAY)) A (o« B)),
1<i<n—-1,1<s<m,

(A27) (a A7) = (YA a),

(A28) (Digs((v = a)V(y = B)A(a «» B)) = (Digs((y = a)A(y = B))A e «» B)),
1<i<n—-1,1<s<m,

(A29) (Digs(( = V(B = )N (a «» B)) = (Digs((a = ¥)A(B = 7)Ao «» B)),
1<1<n—1,1<s<m,

(A30) (Digs((v = a)V(y = B)A(a «» B)) = (Digs((y = a)A(y = B))A(a «» B)),

1<i<n—-1,1<s<m,
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(A31) (Digs(( > V(B = )N (a «» B)) = (Digs((a = 7)A(B > V)N (o« B))),
1<i<n—-1,1<s<m,

(A32) (= B) = ((B—>7) = (@—>1)),

(A33) (f*™ ' (fanfB) = (aVB)A((aVB)— P fan fB)),

(A34) (Dn—1qia A (a — B)) — B.

The consequence operation C in £ = (A, F) is determined by A; and by the
following rules of inference:
(R1) %;6,

Do — Djﬁ,Djﬁ — D«
Dia - D]ﬂ
Diqsa — Diqs(a A B) <i<n-l1<s<m,

Dméavaﬂﬁ—%@%@WwaAmy h

(R2)

, 1<, j<n—-1,

(R3)

R4 — &
( ) Dy 1q1x

Diq.s(a \ 6) — Diq:;(a A 6)
DiQS(B \ a) — DiQS(B A O‘)7

The system ¢ = (L, Cz) thus obtained will be called the £]"-propositional calcu-

(R5)

<ig<sn—1,1L<s<m.

lus. It is worth mentioning that the above connectives are not independent, however,
we consider them for simplicity. We will denote by 7 the set of all formulas derivable
in . If a € T, we will write - c.

Lemma 4.1 summarizes the most important rules and theorems necessary for the
further development.

Lemma 4.1. In ¢ the following rules and theorems hold:

)

(Y =)= (v—=h)
(@=p) = (a=7)

B— (=)
Fla—= (o= ) = (a— B),

Fla—=B) = ((B—7)—=(a—=9),
a—p,6—y

)

o — 7y



a—f

(B—=7) = (a—=7)

«a,

ri3) 22,

(T5) Fa—q,

(R14) DiQS(a \/6) - DiQS(a /\B)

(R12)

,1<i<n—1,1<s<m,
a—»f

a,a—» f3
(R15) T,
)aﬁﬁﬂﬁv

a =y

B

a—» 3’
a—»B3,8—»a
f%}ﬂ ’
a—»p,p—>a« i

Do Dp ot StsnoL
a—B,8—»a

(any) = (BA7)
a—»f,8—»a

(YAa) = (yAB)
a—» 3,8«

(aVy) = (BVy)’
a—»f,8—»a

(vVa) > (yVB)
a—»fB,8—»a

(v=a) > (v=8)
a—»fB,0—»«
(a—=7) = (B—=7))
a—»fB,0—»«

(v = a) > (v > B))’
a—»pB,8—>a
(@—>7y) = (B—>7)

(R16

)

(R17)
(R18)
(R19)

(R20)

(R21)

(R22)

(R23)

(R24)

(R25)

(R26)

(R27)

Proof. The proof of (R6) to (R13) is routine.

(T5):
(1) L z?Sr(noc Va) = Digs(a N a), [(A13)]
(2) /\1 g/\l( iqs(a V@) = Digs(a A a)), (1), (R13)]
(3) a—a. [(2), (A4), (R1), (A23)]
(R14):
(1) DzS(avﬂ)%Dqs(a/\ﬂ)1<z<n—11<s<m
@ A A Diaav )= Dialans) (1), (R13)]
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n—1

® A A Diaulav8) = Digfan ) >

(Dusars v A R (Diau(av 8) = Dt 5)). (A4)

@ Dasas VA R (Diau(av 6) = Dianlan ) @), (), (RY)
(5) a— 4. [(4), (A23)]

(R15): It is a consequence of (R4), (R13), (A34) and (R1).

(R16): It is routine.

(R17): It follows as a consequence of (R4), (A3), (R1) and (A23).

(R18 )
1) a—
(2) B—
(3) a «» [(1), (2), (R13)]
4) (D zqs(favfﬂ) (@ « B)) = (Digs(fa NP N (o« B)), 1 <i<n—1,

1<s<m, [( 24)]
(5) (v «» B) = (Digs(faV fB) = Digs(fan fB)), 1 <i<n—1,1<s<m,
[(A11), (4), (R1)]

(6) Digs(farV fB) = Digs(fan fB),1<i<n—-1,1<s<m, [(3),(5), (R )]
(7) fa— fB. [(6), (R1
(R1 )

1) a—

(2) B

(3) a« [(1), (2), (R13)]

(4) (DaA(a«—»ﬂ)) (DiBA(a«» B)),1<i<n—1, [(A25)]

(5) (a«» 8) = (Dija— D;B),1<i<n—1, [(A11), (4), (R1)]

(6) Dia » D;5,1<i<n-—1, [(3), (5), (R1)]

(1) (DiBA(B«»a)) = (DiaAN(B«»a)),l<i<n-—1, [(A25)]

(8) B« a, [(2), (1), (R13)]

(9) (/8 « 04) — (Dz/B — Dia)a 1 S 1 < n— 17 [(A11)7 (7)’ (Rl)]

(10) D;f — D;a, 1 <i<n—1, [(8), (9), (R1)]

(11) Dy — DB, 1 <i<n-— 1. [(6), (10), (R2)]

(R20):

(1) a— B,

(2) B>

(3) a« B, (1), (2), (R13)]

(4) (Digs((a AY)V (BAY) A (@ «» B) = (Digs((a Ay) A(BAY) A (a «» B)),
1<i<n—1,1<s<m, [(A26)]
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(5) (@« B) = (Digs((@ A7) V(BA7)) = Digs((a AY) A(BAY))), 1 <i<n—1,
1<s<m, [(A11), (4), (R1)]
(6) Digs((aAy)V(BA7Y)) = Digs((aAY)A(BA7Y)),1<i<n—-1,1<s<m,

[(3); (5), (R1)]

(7) (@A) = (BAY) [(6), (R14)]
(R22):
(1) =B, 8—>a,
(2) fa— fB, fB— fa, [(1), (R18)]
3) (faAfv) = (fBAfY), [(2), (R20)]
(4) (fBAfv) = (fan fv), [(2), (R20)]
(5) f2Mfan frv) = fPHEBA ), [(3), (4), (R18)]
(6) 2B A fry) = (BV ), [(A5), (A33), (R1)]
(1) (aVvy) = 2= faA fy), [(A6), (A33), (R1)]
(8) (V)= (BVY) [(7), (5), (6), (R16)]
(R24):
1) a—p [hip.]
2) B—a [hip.]
(3) o« B, [(1), (2), (R13)]
(4) (Digs((v = @) V(v = B)) Al «» B)) = (Digs((y = @) A(y = B)), Aa «» )
[(A28)]
(5) (a ¢ B) = ((Digs((v = a) V(v = B))) = (Digs((v = a) A (v = B)))),
[(A11), (4), (R1)]
(6) Digs((v = @) V (v = B)) = Digs((y = a) A(y = B)), [(3), (5), (R1)]
(7) (v = a) > (v = B). [(6), (R14)]
(R26):
(1) a—
2) 5
) o b (1), @, (13
(4) (Digs((v » a) V(v = B)) Ala «» B)) = (Digs((v = &) A(y = B)) Ao <> B)),
1<i<n—-1,1<s<m, [( 30)]
(5) (@ < B) = (Digs((r — )V (v = B)) = (Diasl(r = @) A (v — B))),
1<i<n—-1,1<s<m, [(A11), (4), (R1)]

(6) Digs((v > a)V(y = ) = Digs((y » a)A(y = f)), 1 <i<n—1,1<s<m,
[3), (5), (R1)]

(7) (v = a) = (v = B). [(6), (R14)]
Using a reasoning similar to that for (R20), (R22), (R24) and (R26) we infer (R21),
(R23), (R25) and (R27), respectively. O



Theorem 4.1. The propositional calculus ¢ belongs to the class of standard
systems of implicative extensional propositional calculi.

Proof. We have to prove that conditions (s1) to (s8) in Section 1 are verified.
Clearly, (s1) and (s2) hold. Besides, (s3), (s4), (s5) and (s6) follow from (T12),
(R15), (R16) and (R17), respectively. On the other hand, taking into account (R18)
and (R19), we have that (s7) is satisfied. Finally, if « - 8, 8 — «, § — 7,
v — 6 € Cp(H) for every subset H of formulas, then by (R20) we have that (aAd) —
(BAS) € Cp(H). Besides, by (R21) we get (B A ) - (BAv) € Cc(H). Hence,
by (R16) we infer that (a A J) — (B A~v) € Ce(H). In an analogous manner, from
(R22), (R23), (R25), (R26) and (R27) we conclude the proof of (s8). O

In what follows, our attention is focused on establishing the relationship between
L7"-algebras and £)'-algebras which are the class of algebras determined by the sys-
tem £". To this aim, Lemma 4.2 will be fundamental.

Lemma 4.2. In (]} the following theorems hold:

(T6) & (an f2 "t fan fB)) —
(T7) Fa— (@A f""H(fan fB)),

)
(T8) F (AP fBAfY) = P f(yAa) A F(BAQ)),
(T9) = 2" f(yAa) A F(BAQ)) = (an P fBA fr),
(T10) F Di(a — a),
(T11) & f2D1a — Dyay,
(T12) + Dia — f2D1«
(T13) F D; (a A m\/01 f2”6) — (Dia AD;if),1<i<n—1,

m—1
(T14) l—(Dia/\Dzﬂ)—»Di(oz/\ V f%’),lgign—l,
p=0
(T15) F Dja - (D;a A Dja), 1 <i<j<n-—1,
(T16) F (Dija A Dja) » Djo, 1 <i<j<n-—1,
m—1 m—1
(T17) £ Dif (V. f*a) = fDa- ( Vo o), 1<i<n-1,
p=0 =
m—1 m— 1
(118) F DoV s2a) = Dif (V. ra) 1<i<n -1,
p=0 p=0
(T19) F Dija - DD, 1 <4, <n—1,
(T20) - DjD;ac - Djr, 1 < 4,5 < n—1,
(T21) + (e A Diar) — a
(T22) l—a—»(a/\Dla)
(T23) ( Vv f2pa) ~ Dia, 1<i<n—1,

p=0
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(T24) F Zaa»Di(m\Z:fzpa»léién—l,

(T25) - (a A fa) A (B £8)) — (A fa),

(T26) & (@A fo) = ((an fo) A (BY F). -

(T27) + (( v ) (j\lo 23 IV 28) v D (Y f%a))) =

\/ f2pa, 1<i<n—1,
p=0
m—1

2s) - (V rea) = (0 ra) n (Vs v (V. p28) v

p=0 p=0 p=0 p=0

m—1
Di+1( vV f2pa))), 1<i<n—1

p=0

Proof. The proofs of (T6) through (T18) are routine.

(T19):

(1) (DzOé — DjDiOé) A (DjD,L'Oé — DiOé), 1< Z,j <n-—1, [(Ag)]

(2) ((Dia — DjDia) A (DjDiOé — Dza)) — (DiOé — DjDiOé), 1<4,5<n—-1,
[(A5)]

(3) Diav = DjDjr, 1 <dyj <n—1, (1), (2), (R1)]

(4) ((Dl()é — DjDiOé) A (DjDia — Dl()é)) — (DjDia — Di()é), 1<4,5<n—1,
[(AG)]

(5) D;jD;oc = Do, 1 < 0,5 <n—1, [(1), (4), (R1)]

(6) Dia » DjD;a, 1 < 4,5 <n-—1 [(3), (5), (R2)]

(T21): It follows as a consequence of (A14), (R3), (R5) and (R14).
(T23):

(1) ( ( \/ f2pa) —>Da) (Dia—>Di<7:\701f2pa))71<i<n—1, [(A10)]

2) D ( \=/0 f%) S D, 1<i<n—1, [(A5), (1), (R1)]
(3) Diov Di(m\z/: fra) 1<i<n—1, [(46), (1), (RL)]
@ iV f7a) ~ D1 <i<n-1. ), (3), (R2)]
(T25):

(1) Digs(a A fa) = Digs(a A fa) A BV £8)), 1<i<n—1,1<s<m, [(Al9)]
(2) Digs((anfa)v((anfa)n(BV fB))) = Digs((an fa)N((anfa)N(BV fB))),

1<i<n—-1,1<s<m, [(1), (R3)]
(3) Digs(((aNfa)AN(BVB))V(aA fa)) = Digs(((an fa)N(BV [B))A(an fa)),

1<i<n—-1,1<s<m, [(2), (R5)]



(4) (N fa)A(BV [B)) = (an fa). [(3), (R14)]

m—1 m—1

1) Das('V 1270) = DV se) A ((j\_]{j 1?78) v fD; (pv f228) v
Di+1<m71f2pa))),1<i<n—1,1<s<m, [(A20)]
p=0
(2) DiQs( j:f%a) Y, (j\/olf%a) A ((j\/:f%ﬂ) v fDi(jVIfQPB) Vv
Di+1(7:\:/: fzpa>> ) - Diqs((j\z/: fzpa> A (( 1f2pa) ( f2p5>
/! v m\/1]021)0[))) 1<i<n—1,1<s<m, [(1),(R3)]

(m\71f2pa)) = Diqs(((p\:/0 Fa) A ((’:\701 1278) v m(j\?ol 178) v
2p ot 2p .
z+1( \/ f oz)))/\(p\z/of a)),1<z<n—1,1<s<m, [(2), (R5)]

0 (P (T )t (T o0 (5 )~
1 Ci<n—1. . " 3), (R14)]

An argument similar to that for (T19), (T21), (T23), (T25) and (T27) allows us
to prove (T20), (T22), (T24), (T26) and (T28), respectively. O

Proposition 4.1. If « is a formula derivable in ¢, then v(«) = 1 for every

n?’

valuation v of L in every (;'-algebra U.

Proof. Since « is a formula derivable in 7" if and only if - «, then by (al) and
(a2) we conclude that v(a) = 1 for every valuation v of £ in every £"-algebra {. [

Proposition 4.2. Let (L,V,A, f,D1,...,D,_1,0,1) € L. Then (L,—,—,V,
A, fyD1,...,Dp_1,1) is an £-algebra, where — and — are defined as in Section 1
and Section 2, respectively.

Proof. We will prove that conditions (al) to (a4) in Section 1 hold. Indeed,
taking into account the definitions of — and — we have that (al) and (a2) are
satisfied. On the other hand, let a,b € L be such that a - b =b — ¢ = 1. Then, by
(S6) and (W3) we conclude (a3). Besides, if a - b =b — a = 1, hence (S5) allows
us to infer (a4). O
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Proposition 4.3. Let (A, —,—,V, A, f,D1,...,Dy_1,1) be an {]"-algebra. Then
(A, VN, f,D1y ...y Dyp1,0,1) € L7 where 0 = f1.

Proof. From (T11), (T12) and (a4) we infer that f2D;(a - a) = Di(a — a).
Besides, from (T10) we have that D;(a — ) = 1 and so, we conclude that f21 = 1.
This assertion and the fact that f1 = 0 imply that fO = 1. Moreover, from (T6),
(T7), (T8) and (T9) we have that conditions (m1) and (m2) in Theorem 3.2 hold.
Therefore, (GLy) is verified. Besides, by (a4) and taking into account (T13) through
(T28) we infer (GL2), (GL3) and (GL5) through (GLjg). Furthermore, from (A12)
and (al) in Section 1 we get (GL4) and so, the proof is complete. O

From Propositions 4.2 and 4.3 we conclude:

Theorem 4.2. The notions of the {]'-algebra and the L]'-algebra are equivalent.

Let = be the binary relation on F' defined as follows:
a=pifand only if Fa — fand - 8 — ain £]".
Then = is a congruence relation on (F, —,—,A,V, f,D1,...,Dy,_1) and T deter-
mines an equivalence class. On the other hand, it is easy to verify that the relation
< defined on F/= by

[o] < [f] ifandonlyif Fa— g,
is a preorder on F/=.

Proposition 4.4. F = (F/=,—,—»,A\,V, f,D1,...,D,_1,1) is an {'-algebra,
and1="T.

Proof. Let v be a valuation of £ in F and let ¢ be a substitution from £ into £
such that v(z) = [p(x)] for every propositional variable = in £ and so, we have that
(1) v(a) = [o(x)] for every formula « in £. Hence, conditions (al)—(ad) are verified.
Indeed, if a € A, then by (s1), o(a) € A. Thus, [o(«)] = 1 and consequently (al)
holds.

Suppose that a rule of inference (r) assigns to premises a1, ..., a, a formula § as
the conclusion and let v(cy;) = 1 for all 4, 1 < i < n. Thus, by (1), [o(e;)] = 1 for
all 7, 1 < i < n. Hence, by (s2) it follows that [o(8)] = 1 and so, by (1) we have that
v(B) = 1, which proves that (a2) holds.

Taking into account that - o — g if and ounly if 1 = [a — (] = [a] — [8] we
obtain that [o] < [f] if and only if [a] — [8] = 1. From this last assertion the proofs
of (a3) and (a4) are straightforward. O

From Proposition 4.3 and Proposition 4.4 we conclude the following theorem.
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Theorem 4.3. F = (F/=,A,V, f,D1,...,Dp_1,0,1) € L.

On the other hand, since ¢} is consistent, from [9], VIII 7, and Theorem 4.2 we

have that the completeness theorem for ;" holds, which is included in Theorem 4.4.

Theorem 4.4. Let o be a formula of ¢]'. Then the following conditions are
equivalent:

(i) « is derivable in (1",
(ii) « is valid in every LI™-algebra,

(i) vo(a) = 1, where vy is the canonical valuation ([9], VIII 3.4), in the algebra F.

Proof. (i)= (ii): It follows from the assertions given in Section 1.

(if) = (iii): It is straightforward.

(iii) = (i): From the hypothesis we have that [a] = 1 = 7. Hence, « is derivable
in (. O

Remark 4.1. In case m = 1, we conclude that the propositional calculus ¢ has
n-valued Lukasiewicz-Moisil algebras as the algebraic counterpart.

5. CONCLUSIONS

In this paper we have presented new results about the congruence lattice of L'-
algebras as well as the principal congruences by means of the standard implica-
tion. Furthermore, we have established a characterization of ks,,-lattices which has
provided an easy way to prove that L]'-algebras are the algebraic counterpart of
a propositional calculus. Finally, we have described a standard implicative exten-
sional propositional calculus ¢]' and proved that L]"-algebras and ¢]'-algebras are
equivalent.

On the other hand, it would be interesting to find a sequent calculus, along with
a proper notion of validity, sound and complete with respect to L]*-algebras, which
has the desirable property of cut-elimination. Another interesting problem would be
to present a Gentzen-style system using the tool of hypersequents.

Acknowledgement. The authors are truly thankful to the referee for his/her
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