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A NON-STABLE C*-ALGEBRA WITH AN ELEMENTARY
ESSENTIAL COMPOSITION SERIES

SAEED GHASEMI AND PIOTR KOSZMIDER

ABSTRACT. A C*-algebra A is said to be stable if it is isomorphic to A ®
K(£2). Hjelmborg and Rgrdam have shown that countable inductive limits of
separable stable C*-algebras are stable. We show that this is no longer true
in the nonseparable context even for the most natural case of an uncountable
inductive limit of an increasing chain of separable stable and AF ideals: we
construct a GCR, AF (in fact, scattered) subalgebra A of B(¢2), which is
the inductive limit of length w; of its separable stable ideals Z, (o < wi1)
satisfying Zo+1/Za = K(£2) for each a@ < w1, while A is not stable. The
sequence (Zy)a<w, is the GCR composition series of A which in this case
coincides with the Cantor-Bendixson composition series as a scattered C*-
algebra. A has the property that all of its proper two-sided ideals are listed
as Zns for some o < wy and therefore the family of stable ideals of A has no
maximal element.

By taking A’ = A ® K(£2) we obtain a stable C*-algebra with analogous
composition series (Ja)a<w,; whose ideals Jus are isomorphic to Zas for each
a < wip. In particular, there are nonisomorphic scattered C*-algebras whose
GCR composition series (Zo)a<w, satisfy Zot1/Za = K(€2) for all o < wi,
for which the composition series differ first at o = wj.

1. INTRODUCTION

Definition 1.1. Let A be a C*-algebra and B be an ordinal. A sequence of ideals
(Za)a<p of A is called an elementary essential composition series for A of length

B if and only if

(a) Io =40}, Is=A, I, CIy fora<o <Q,

(b) Ix = UyerZa for all limit ordinals A < 3,

For every a < f8

(¢) Tot1/ZLs is an essential ideal of A/ZL,,

(d) Tot1/Zo is isomorphic to K(Ls).

Definition 1.2. A C*-algebra A is called stable if it is isomorphic to A® K({s).

The purpose of this article is to prove the following:

Theorem 1.3. There is a nonstable C*-subalgebra of B({s) which has an ele-
mentary essential composition series (Ly)a<w,, where wy is the first uncountable
cardinal.

Proof. Combine Theorems 2.5, 3.10 and 4.2. d
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Let us discuss several aspects of this construction. First recall that a C*-algebra
A is called approximately finite dimensional (AF) if A contains a directed family
of finite-dimensional subalgebras whose union is dense in A, and it is called locally-
finite dimensional (LF) if every finite subset of A can be approximated from a
finite-dimensional subalgebra of A. See the paper [9] of Farah and Katsura for the
results showing the relations between these notions in the nonseparable case. In
particular, AF implies LF, and being AF is equivalent to being LF for separable
C*-algebras by a result of Bratteli [5]. More generally, for C*-algebras of density
wi, like our algebra from Theorem 1.3, by a result of Farah and Katsura ([9]) the
two notions of AF and LF are equivalent as well. However, they also showed that
the two notions are not equivalent in general.

Now let us list a few classical results concerning separable C*-algebras which are
relevant to our construction:

(1) An extension of a separable AF-algebra by a separable AF-algebra algebra
is a separable AF-algebra (Brown [6], cf. [7]).

(2) Countable inductive limit of separable AF-algebras are AF-algebras (Brat-
teli [5], cf. [7]).

(3) An extension of a separable stable AF-algebra by a separable stable AF-
algebra is stable (Blackadar [3], cf. 6.12 of [28], 7.3 of [11]).

(4) Countable inductive limits of separable stable algebras are stable (Hjelm-
borg and Rgrdam 4.1 of [16]).

Combining these results one concludes that all ideals Z,, for a < w; from the
elementary essential composition series of our algebra A from Theorem 1.3 are
separable stable AF-algebras. So we observe a strong failure of the permanence of
stability in the context of the simplest uncountable inductive limits of separable
AF-algebras:

Theorem 1.4. There is an AF-algebra which is an uncountable inductive limit of
an increasing chain of separable stable AF-ideals which is not stable.

One should mention here other recent results concerning the failure of the perma-
nence of stability and/or being AF for quite fundamental nonseparable C*-algebras:

e There are 2-subhomogenous non-AF extensions of nonseparable AF-algebras
by AF-algebras (Theorem 1.12 of [2]).
e There are nonstable C*-algebras A satisfying the following short exact se-
quence:
0— K(ly) & A — K(£2(29)) — 0,
where ([KC(¢2)] is an essential ideal of A ([12]).

A partial version of Theorem 1.4 for an inductive limit of length possibly bigger
than the first uncountable ordinal w; of possibly nonseparable C*-algebras was
obtained in Theorem 7.7. of [11].

Another aspect of our construction is related to the class of scattered C*-
algebras. They probably first appeared in a paper [30] of Tomiyama, but were first
explicitly defined by H. Jensen in [18]. Some of many equivalent conditions defining
scattered C*-algebras are: every nonzero quotient has a minimal projection or the
spectrum of every self-adjoint element is at most countable ([33]) or every subalge-
bra is LF [19]. For a recent survey on scattered C*-algebras see [11]. Commutative
scattered C*-algebras are exactly of the form Cy(X) where X is locally compact and
scattered, i.e., its every nonempty (closed) subset has a relatively isolated point.
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In fact, such spaces must be totally disconnected and so, by the Stone duality they
correspond exactly to superatomic Boolean algebras ([24]). In [11] we introduced
a canonical composition series (Zo(A))a<nt(a) for a scattered C*-algebra A which
corresponds to the Cantor-Bendixson derivatives in the commutative case. Zy41(A)
is defined by requiring that Zo1(A)/Z4(A) is the subalgebra generated in A/Z,(A)
by all minimal projections. In a scattered C*-algebra the ideals Zy41(A)/Zy(A) for
a < ht(A) are essential in A/Z,(A) and isomorphic to nondegenerate subalgebras
of K(¢3(ke)) for some cardinals k,. Moreover the algebra A is scattered if and only
if A = Tp44)(A) for some ordinal ht(A) called the height of the scattered algebra.
The width of A is defined as sup{x, : a@ < ht(A)}. Following the commutative
convention, a scattered C*-algebra of height w; and width w is called thin-tall.
Then a superatomic Boolean algebra is thin-tall if its Stone space is thin-tall and
a locally compact Hausdorff space X is thin-tall if C(X) is a thin-tall C*-algebra.

Thin-tall locally compact Hausdorff spaces found an impressive amount of appli-
cations in topology usually as versions of the Ostaszewski space or the Kunen line
([23], [26], [22]). In fact the Banach spaces Co(X) where X are thin-tall play an im-
portant role in the Banach space theory as well ([13], [22], [15]). Our construction
shows that, as in the commutative case, maximally noncommutative thin-tall alge-
bras do not need not be isomorphic to each other. To state precisely a corollary of
our construction we need a notion of a fully noncommutative scattered C*-algebra:

Definition 1.5 ([11] Definition 6.1). In the above notation a scattered C*-algebra
is fully noncommutative if and only if the consecutive quotients Zo+1(A)/Zo(A)
for a < ht(A) of the Cantor-Bendizson composition series (Zo(A))a<ni(a) are
isomorphic to the algebras of all compact operators K(l2(k,)), Tespectively.

Lemma 1.6. Suppose that 8 is an ordinal, A is a C*-algebra and (Zn)a<p s a
sequence of its ideals. (Zo)a<p is an elementary essential composition series for A if
and only if A is scattered fully noncommutative with Cantor-Bendixson composition
series equal to (Zo)a<p and Toy1/Zo = K(ls) for every o < 3.

Proof. For the forward implication, by Definition 1.3 and Theorem 1.4 of [11] we
need to note that the ideal Z,.1/Z, of A/Z, is equal to the ideal Z4*(A/Z,)
generated by the minimal projections of A/Z,. For this, by Theorem 1.2 of [11] it
is enough to note that Z,1/Z, is essential in .A/Z,, and isomorphic to a subalgebra
of K(¢3) which is the case by Definition 1.1 (c), (d).

For the backward implication we apply Theorem 1.4 of [11] to obtain (a), (b) of
Definition 1.1, Proposition 4.3 and Theorem 1.4 to obtain (c¢) and the definition of
being fully noncommutative to obtain (d). O

It turns out that being fully noncommutative is equivalent to a strong non-
commutativity condition, namely that the center of the multiplier algebra of any
quotient is trivial (Proposition 6.3 of [11]). Also for a fully noncommutative scat-
tered C*-algebra the Cantor-Bendixson composition series coincides with the GCR
composition series (Proposition 6.4 of [11]) and full noncommutativity is equiva-
lent to the stability for separable scattered C*-algebras such that k, = w for all
a < ht(A) (Lemma 7.3 of [11]). So our construction yields the following:

Theorem 1.7. There are two scattered thin-tall fully noncommutative C*-algebras
A and B with the Cantor-Bendizson composition series (Zo(A))a<w, and (Zo(B))a<w,
such that Z,(A) is isomorphic to I, (B) for every o < wy but A is not isomorphic
to B, namely B is stable and A is not.
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Proof. Let A be the algebra satisfying Theorem 1.3 with an elementary essential
composition series (Zo)a<w,. By Lemma 1.6 the algebra A is scattered thin-tall
fully noncommutative whose Cantor-Bendixson composition series is (Zy)a<w; -
Consider B = AQK(¢2). It follows from Proposition 5.3 of [11] that B is scattered
of the same height w; whose Cantor-Bendixson composition series (Zo(B))a<w,
satisfies 7, (B) = Z, @ K(¢2) for all & < wy. But Z, ® K(¢2) is isomorphic to Z,(.A)
for @ < wy by the stability of Z,(.A) as observed after (1) - (4). Proposition 5.3.
of [11] also implies that Zo11(B)/Za(B) is isomorphic to K(f2) @ K(l2) = K({2)
for every a < w; which gives that B is scattered thin-tall fully noncommutative.
However, Theorem 1.3 yields that A is not stable while B is trivially stable. (]

In fact, our construction uses similar combinatorial ideas as the first absolute
construction of two nonisomorphic thin-tall superatomic Boolean algebras from [29]
due to Simon and Weese (cf. [24]). The latter corresponds to a locally compact
thin-tall X which cannot be written as a disjoint union X = X; U X5 where both
of X7 and Xy are clopen and nonmetrizable. On the other hand, X x N is also
thin-tall locally compact but can be written as a disjoint union as above. In analogy
to the above property, in our algebra A there are no two nonseparable subalgebras
A" A" C A such that A’A” = 0 for all A’ € A" and A” € A" (cf. Lemma 4.1,
Theorem 4.2). The combinatorial idea behind these examples is to use a Luzin
almost disjoint family of subsets of N ([20], cf. [17]) to prevent the algebra from
splitting. Recall that a family F C p(N) is called Luzin if it has cardinality wy, it
is almost disjoint i.e., AN B is finite for any two distinct A, B € F and there are no
separations of uncountable subfamilies i.e., given two disjoint uncountable F’, 7" C
F there is no C' C N such that A\ C and B N C are both finite for all A € 7’ and
B € F". In our case we need additional properties of a Luzin family (Theorem 2.4)
which are combinatorially interesting by themselves and are published elsewhere
([14]). Such a family of subsets of N yields a system of noncompact operators in
B(¢3) which we call a Luzin blockwise system of almost matrix units (Definitions 2.1
and 2.2). Its behaviour can be expressed in a manner similar to the commutative
one described above (=X denotes the equality modulo compact operators):

Theorem 1.8. There is a sequence (Aq)a<w, of C*-subalgebras of B(l3) which are
all isomorphic to K(f3) and which are pairwise almost orthogonal, i.e., AA" =X 0
forall Ae Ay, A’ € Ay for any o < o < wy with the following property:

Given any two uncountable X, Y C wy and any choice of Ay, € Ay for a € X
and Bg € Ag for B €Y there is no projection P € B(ls) satisfying

(1) PA, =N A, forallae X and PBg =K 0 for all B €Y.

Proof. We claim that the algebras A, = C*(S,) for a Luzin blockwise system of
almost matrix units defined in Definitions 2.1 and 2.2, which exists by Proposition
2.5, satisfy the theorem. Let X,Y be as in the theorem and suppose that there is
a projection P € B(f3) as in (L). Let V,,Us € K({3) for « € X and 5 € Y be
such that AP — A} =V, fora € X and (1 - P)Bg —Bg=Ug for €Y. So
(AL + Vo, )(Bg+Ug) = 0 for @ € X,8 € Y. Using the separability of C and of
K(¢3) by thining out X and Y to uncountable subsets we may assume that there
are Wi, Wy € K(l2) such that ||(AL —W1)(Bg—Wa)| < ||ALIIIIBsll/2 for all « € X
and 8 € Y. But this contradicts the Luzin property from Definition2.2. (I
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We should note that almost disjoint families and in particular Luzin families
recently found several applications in constructions of interesting noncommutative
objects ([32, 10, 1, 31]). Ours seems to be the first application where one considers
collections of subalgebras rather than collections of elements of a C*-algebra.

Today the diversity of thin-tall algebras in the commutative case is much better
understood than at the moment of publication of [29]. In [25] Roitman showed that
it is consistent that there are 2! (as many as possible) pairwise non-isomorphic
thin-tall superatomic Boolean algebras. In [8] Dow and Simon distinguished in
ZFC 2“1t nonisomorphic thin-tall superatomic Boolean algebras by analyzing the
groups of automorphisms of such algebras. It would be interesting also to study
these groups in the fully noncommutative case.

Another aspect of our construction is related to the structure of the family of all
two-sided ideals of A. Lemma 6.2 of [11] implies that all two-sided ideals of A are
among the ideals Z,, for a < w;. In particular, they form a continuous chain where
all elements are stable for o < wy and Z,,, = A is not stable, so we obtain:

Theorem 1.9. There exists a C*-algebra, where the family of all stable ideals has
no mazximal element. In particular, this family does not have the greatest element.

This gives a negative answer to Question 6.5 of [28] (only) in the nonseparable
case, which asks if every C*-algebra has the greatest stable ideal. In fact, in every
separable C*-algebra there are maximal elements in the family of stable ideals (see
the discussion after 6.5 of [28]). Clearly, the additional feature of this answer is the
simplicity of the composition series of the algebra.

The purpose of Section 2 is to introduce the appropriate terminology and to prove
the existence of a Luzin blockwise system of almost matrix units (Proposition 2.5).
In Section 3 we show how to connect a Luzin blockwise system of almost matrix
units with an elementary essential composition series (Theorem 3.10). The main
relation between these two objects is called domination (Definition 3.2). Section 4
is devoted to the proof of the nonstablity of the algebra constructed in Section 3.

The terminology should be standard, e.g., like in [4, 7, 21]. We list here some
possible exceptions. A stands for the unitization of a C*-algebra A. K(f) denotes
the algebra of compact operators on the separable Hilbert space ¢5 and B(¢2) the
algebra of all bounded operators on fs. For A, B € p(N) we use the notation
A CF™ B to mean that B \ A is finite, similarly A =Fin B if A CFi" B and
B CFim A, For A, B € B(f5) we use the notation A =X B to mean A — B € K(ls).
= stands for the isomorphism relation of C'*-algebras by which we always mean the
x-isomorphism relation. Two projections P, Q) € B({2) are almost orthogonal if and
only if PQ =" 0 (cf. [32]). &, , stands for the Kronecker delta. A system of matrix
units in a C*-algebra is a family of its nonzero elements 7 = {7} ; : i, j € N}, such
that for every m,n,i,j € N we have

] T;i = Ti,j and
L4 Tn,m Tj,i = 6m,an,i~

For a set of operators & C B(¢3) let C*(S) denote the C*-subalgebra of B({s)

generated by the operators in S.

2. BLOCKWISE SYSTEMS OF ALMOST MATRIX UNITS

Let (Ao)a<w, be the strictly increasing sequence of all countable limit ordinals
(including 0). We introduce the following notations:
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o Ay =[Aa, Ao +w) X [Aq; Aq +w) for each o < wy,
o A= Uoz<w1 Ag.

Definition 2.1. Suppose that S = (S,¢ : (§,n) € A) is a system of noncompact
operators in B(l3). We say that S is a blockwise system of almost matriz units
whenever the following are satisfied:

(1) So = {Sye: (§;m) € Ay} is a system of matriz units in B({s) for every

a < wi,

(2) {See: & €wi} is a family of pairwise almost orthogonal projections.
We say that S is separated by a sequence of projections (P : o < wy) C B({2)
whenever the following hold:

(8) Py P, =N Py forall o/ < a < wy,

(4) PaSenPa =K Se.n for each (§,m) € Ao for each o' < o < wy,

(5) P:Se, Pt = Se, for each (§,n) € Ay for each a < wy.

Definition 2.2. Suppose that S = (Sp¢ : (§,n) € A) is a blockwise system of
almost matriz units. We say that S is Luzin if given

(1) two uncountable subsets X, Y of wy,

(2) Ay € C*(S,) for each a € X,

(3) B, € C*(S,) for each a €Y,

(4) € >0,

(5) Wi, Wy € K:(gg),
there are « € X and B € Y such that

1(Aa = W1)(Bg = Wa)|| = [[Aall| Bs|| — e

We will use the almost disjoint family as in Theorem 2.4 to show that Luzin
blockwise systems of almost matrix units exist and they can be separated by families
of projections. First we need the following lemma.

Lemma 2.3. Suppose that n € N and that T = {Tpn i : k,m < n} C B({3) and
S ={5;; 1,5 <n} CB(la) are two finite systems of matriz units. Suppose that
there are pairwise orthogonal norm one vectors (ef : i,k < n) such that

(1) vak(ef’) = Op el for all ik, k',m <n,

(2) Sjilel) = biwel for all i, j,k <n.
Let A € C*(T) and B € C*(S). Then |AB| = ||A||||B||. Moreover this fact is
witnessed by a norm one vector from sp(m(ei»C ti, k< n).

Proof. This follows from elementary properties of tensor products, but we present
a shorter complete proof producing the required vector. As T = {T,, : k,m <
n} is a system of matrix units, the algebra C*(7) is isomorphic to the algebra
n X n matrices and therefore is simple. Hence, for each ¢ < n the restriction of
elements of C*(7T) to their invariant subspace H; = span{e¥ : k < n}, as a nonzero
homomorphism, is an isomorphism of C*(7) into B(H;). It follows that there is

z = (T1,...,2,) € L3 such that v; = >, wrel is of norm one and A(v;) = v} =
> k<n zheF and ||vl|| = ||A| for each i < n. Likewise, there is y = (y1,...,Yn) € (3
such that wy = > ., yjes is of norm one and B(wy) = wj, = D k<n yjes and
lwi]l = || B]| for each k < n.

By a direct calculation we note that vectors of £ of the form Ej,kgn akﬁjef
have norms equal to the product |[(ai,...an)|ley[[(B1;- .. Bn)llep. Consider norm
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_ Lk
one element z =3, . xyy;ej. We have

BA(z) = B(Y_ i AQY_ wwe))) = By (D whel)) =

i<n k<n i<n k<n
— / kN __ / /r ky 11k
= E ka(E yjej) = E xk(E yjej) = E TrpY;€;-
k<n j<n k<n  j<n jk<n

So |BA(z)|| = [|A(vs) [ll| B(wr)[| = [|Alll|B] for any i,k < n. Similarly [AB(z)] =
IA|II|B]|, which completes the proof.
O

Theorem 2.4 ([14]). There are families (Xo : @ < wy), (Yo 1 @ < wy) of infinite
subsets of N and bijections ¢ : N x N = X, for each a < w1 such that

(1) XN Xy =F"0 forall B < a < wi,

(2) Y CFin Y, for all B < a < wi,

(3) Xg CFnY, for all B < a <wr,

(4) XaNYy =0 for all « < wy,

(5) For every a < wy and every k € N for all but finitely many 5 < « there are
mp <..<my andny < ...<ng andl;; €N such that

a®(i,n;) = lij = 27 (j,m;)
forall1 <i,5 <k.

Proposition 2.5. There is a Luzin blockwise system of almost matrix units which
is separated by a family of projections.

Proof. Let (X, : a < wi) be the almost disjoint family with enumerations (z7, ,, :
a < wy,n,m € N) which is separated by a family (Y, : @ < wj) as in Theorem
2.4, where xj, ,,, = x%(n,m) for all a < wy,n,m € N. Fix an orthogonal basis
(en : m € N) of ¢5 and define the following operators diagonal with respect to this
basis:

L4 Pa(e'rb) = XY, (n)ena

® Snatkra+k(€n) = X{ap ieny(n)en,
for all & < wy, where xx denotes the characteristic function of X C N. Moreover
for every a < w; and every m, k € N define the partial isometry Sx_ 4k x,+m by

° S)\(,+k,)\a+m(6m“‘m i) = ego for every i € N,
® S),+ka+m(en) =0 if n is not of the form z7), ; for some i € N.

It is immediate from Theorem 2.4 (1) - (4) that S = {S,¢ : (§,n) € A} is a
blockwise system of almost matrix units which is separated by (P, : @ < w1). We
will use Theorem 2.4 (5) to conclude that it is Luzin.

So fix two uncountable subsets X,Y of w; and operators A, € C*(S,) for
each o € X, B, € C*(S,) for each @« € Y, ¢ > 0 and two compact operators
W1, Wy € K(¢3). We may assume that e < 1.

By approximating W; and Wy we may assume that there is k; € N such that
(Wilen),eny = 0 = (Wa(e,), e,y whenever n,n’ > k;. By passing to smaller
uncountable subsets of X and Y respectively we may assume that there is M > 1
such that ||Ay|| < M for all &« € X and ||B,|| < M for all « € Y. Passing further to
uncountable subsets of X and Y we may assume that there is ko € N such that for
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every a € X and 8 € Y there are ko X ko matrices (am,n)m.n<ks> a0d (Dm.n)m,n<ks
such that

4G — Aall <6, [|B — Ba| <4,
for some fixed § = d(e, M) > 0, where

/ § :
Aoz = amyns)\a +m,Aa+n

nm<kso

for each o € X and
B% - Z bmmsx\ngm)\ngn

n,m<kso
for each f € Y. Let & € X be such that Y Na =Y N{B: 8 < a} is infinite. By
Theorem 2.4 (5) there is a finite F' C « such that whenever g € (Y Na) \ F, then
there are my < ... < My, 4, and ny < ... < Ny, 4k, and I; ; € N such that

a 3 _ B

xi,nj - l%] - xj,mi
forall 1 < 4,5 < ki + ka. Let G C {1,...,k1 + ko} be of size ks such that T, g
{1,...;k1} for i € G and any 1 < j < ki + ko. Now note that A, and Bj satisfy
the hypothesis of Lemma 2.3 on the finite dimensional spaces spanned by {ezo

g

i,7 € G}. By the choice of G the operators Wy, Wy are null on this subspace. So
Lemma 2.3 implies that [|(A;, — W1)(Bj — Wa)|| = [|AL[|[| Bj[l. This means that if
0 is sufficiently small, then

[(Aa = W1)(Bs = Wa)|| = [[Aal[| Bs || — e

3. DOMINATING A BLOCKWISE SYSTEM OF ALMOST MATRIX UNITS BY A
REPRESENTING SEQUENCE

The following are two main definitions of this section:

Definition 3.1. Let A be a C*-algebra with an elementary essential composition
series (Zo)a<p for some ordinal 8, and let w1y : A — A/, for o < 8 be the quotient
homomorphisms. A system T = (To+1,mn : 0, m € Nya < 8) of elements of A is
called a representing sequence for A if for each o < 3 the following hold:

(1) (Tast1,m,n:n,m € N) is a system of matriz units in A.

(2) (ma(Tot1,mmn) : n,m € N) is a system of matriz units in A/L, which

generates Zo11/Zy-

We also say that (To41.mn @ m,n € N) represents the (a + 1)-th level of A.

Definition 3.2. Suppose that S = {S,¢ : (§,m) € A} is a blockwise system of
almost matriz units which is separated by a family of projections P = (Py : @ < wy).
Let A C B(ls) be a C*-algebra with an elementary essential composition series with
a representing sequence T = (Tog1mn @ nm € Nya < wy). We say that T
dominates S if for every 0 < a < wy, m,n € N, we have

(*) Ta—i—l,m,n = PaTa+1,m,nPa + S)\a+7n,)\a+n-

The reason that the case @ = 0 is excluded in the definition above, is that in
Theorem 3.10 we would like (1%, : 7,m € N) to be the standard system of
matrix units for K(¢3), and Sx,+n.re+m the way constructed in Proposition 2.5
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are noncompact operators, hence do not satisfy the condition of Definition 3.2 for
a=0.

We will show in Theorem 3.10 that given any blockwise system of almost matrix
units S we can find a C*-algebra 4 with an essential elementary composition series
with a representing sequence 7 which dominates S. For this we need some lemmas.

Definition 3.3. Let A be a C*-subalgebra of B({3) with an elementary essential
composition series (Lo)a<p for some ordinal B, and let 7y, : A — A/L, for o < 8
be the quotient homomorphisms. For each element A € A we define its height ht(A)
by

ht(A) =min{a < f: A € Z,}.

Lemma 3.4. Suppose that S, P, A and T are as in Definition 3.2 and 0 < o < wy.
If T dominates S, then for every A € A of height < a+1 we have A = P,AP,+C,
where C' € C*(S,). If a« >0 and ht(A) = a+ 1, then C # 0.

Proof. The elements A € B({y) of the form A =X P,AP, + C where a < w; and
C € 0*(S,) form a subalgebra of B({3) because P-C P = C for each C € C*(S,,)
by Definition 2.1 (5).

By Definition 2.1 items (3), (4) we have that P, P, =" P, and moreover
PoSx, . +my4nPa =K Sx. +m,+n for each o/ < a < w; and each n,m € N. So
by (%) we have PoTo/ +1,mnPa =k T 41,m.n for each ¢ < « and each n,m € N.
By (%) Tat1,mn = PaTa+1,mnPa+C for C € C*(S,). The first part of the lemma
follows from the fact that T/ 11 m ns for o < a and each n,m € N generate Z, 1.

By Definition 3.1 (2) ht(A) = o + 1 implies that there is B € C*(7,) \ {0} such
that A — B € Z,, where T, = {To+1,m,n : n,m € N}. As noted in the first part of
the proof P,DP, =F D for each D € Z,,. So for the second part of the lemma it is
enought to prove that PXBPL ¢ K(¢5).

By (x) and Definition 2.1 (5) the range of Pi is invariant for C*(7,), and
restricting elements of C*(7,,) to it is an isomorhpism. By (%) and the hypothesis
that o > 0 the range of this isomorphism is C*(S,,) which satisfies C*(S,)NK(¢2) =
{0}. Tt follows that PLBP+ ¢ K(¢3) as required. O

Lemma 3.5. Suppose A, A" C B({3) are C*-subalgebras of B(¢3) which both contain
K(l2). Then every isomorhism ® : A — A’ is given by ®(A) = U*AU forall Ac A
for some fized unitary U € B({2).

Proof. Note that minimal projections of A and of A’ are one dimensional, and ®
preserves minimal projections, which means that ®[K({3)] = K(f2). Every auto-
morphism of K(¢3) is induced by conjugating with a unitary in B(¢2) (Theorem
2.4.8 of [21]). So for some unitary U we have ®(T") = U*TU, for every T in K(¢2).
Fix an orthogonal basis {e, : n € N} for ¢5 and let P, for n € N denotes the
projection on the one dimensional subspace spanned by e,. Let Q, = UP,U* for
every n € N. For every T' € A and m,n we have

((I)(T)emem) = (qu)(T)Pnemem) = (‘D(QmTQn)enaem)
= (U*QmTQnUena em) = (PmU*TUPnena em)
= (U*TUey, ).

Therefore ®(T) = U*TU, for every T € A. O
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Lemma 3.6. Suppose that S is an ordinal and (Zo)a<p is an elementary essential
composition series for a stable C*-algebra A. Then there is a stable C*-algebra
B with an essential elementary composition series (Juo)a<p+1 satisfying Jo = Ly
for oo < B and Jz41 = B with a sequence {Tgi1mn : n,m € N} representing the
B+ 1-th level of B.

Proof. By Lemma 1.6 A is scattered C*-algebra with the Cantor-Bendixson com-
position series (Zy)a<p. So by Lemma 7.5 of [11] and again Lemma 1.6 the al-
gebra B = A ® K({3), where A is the unitization of A, is the required algebra
with the identification of A and A ® K(¢3) which is justified by the stability of A.
T841,mmn = 1 ® em n, where ey, »s are the standard matrix units in K(¢2). O

Lemma 3.7. Suppose that B < w1 and (Zy)a<p is an elementary essential com-
position series for a stable C*-subalgebra A of B({2) such that Ty = K(¢3). Then
there is a stable C*-subalgebra B of B(l2) with an elementary essential composition
series (Ja)a<pt1 satisfying Jo = Lo for o < B and Jpr1 = B with a sequence
{Ts41,m,n : n,m € N} representing the  + 1-th level of B

Proof. We need to find a C*-subalgebra B of B(¢3) such that A C B and B satisfies
Lemma 3.6. First consider a B’ which satisfies Lemma 3.6, not necessarily a sub-
algebra of B(¢3). The second step is to obtain an algebra B’ isomorphic to B’ and
satisfying K(¢2) C B” C B(¢2). To get it note that K(¢3) must be an essential ideal
of B’ by Definition 1.1, so, since B({2) is the multiplier algebra of K(¢3), there is
an embedding ® : B’ — B({2) with image ¢[B'] = B” such that ®[[C(l2)] = K({2).
Let A” = ®[A]. By Lemma 3.5 there is a unitary U € B({2) such that the con-
jugation by U is an isomorphism from A" onto A. Since the conjugation by U
is an automorphism of the entire B(¢2) we conclude that B = {U*BU : B € B"}
works. O

Lemma 3.8. Let 8 be an ordinal. Suppose that a C*-algebra A C B(f3) has an
elementary essential composition series (Zo)a<p, with Iy = K({2) and that there is
an infinite rank projection P € B({2) such that A— PAP € K({3) for each A € A.
Then PAP is a C*-subalgebra of B({2) with an elementary essential composition
series (PZyP)a<p, and A is generated by K(¢2) and PAP.

Proof. Since A — PAP € K({3) for each A € A and K(f3) C A, we have that
PAP C A. PK(£3)P is an essential ideal of PB(¢3)P and so an essential ideal of
PAP which is isomorphic to K(f2) since P has infinite rank.

Let m; : A — A/K(¢2) and o1 : PAP — PAP/PK({3)P be the quotient maps.
U: A/K(l) = PAP/PK(¢2)P given by ¥(m(A)) = 01(PAP) for A € Ais a well
defined isomorphism since e.g., PABP — PAPBP € K({3) for any A,B € A. Tt
is clear that \A/Z; has an elementary essential composition series (Zo/Z1)a<p and
so PAP/PK({3)P has (¥[Z,/T1])a<p as such a series. It follows that PAP has an
essential composition series (Ju)a<g where J1 = PK(¢2)P and

Jo = 07 'W[T, + K(£s)]] = 0~ [PZ,P + PK({y)P] = PZ,P
for 1 < a < 3 as required. The fact that A is generated by K(¢3) and PAP follows

directly from the assumptions. ([

Lemma 3.9. Let 8 > 0 be an ordinal. Suppose that P € B(ls) is an infinite
rank projection and a C*-algebra A satisfying PK(¢3)P C A C PB(l3)P has an
elementary essential composition series (Ln)a<p+1 with Iy = PK({2)P and with



A NON-STABLE C*-ALGEBRA 11

T =A{Ts41,n,m : m,n € N} representing the (8 + 1)-th level of A. Let S = {Sym :
m,n € N} C PLB(ly) P+ be a system of noncompact matriz units and define

Rm,n = TB+1,m,n + Sm,n

for each m,n € N.

Then the C*-algebra B C B({2) generated by I, K({2) and {Ruyn : n,m € N}
has an elementary essential composition series (Jo)a<p+1 Such that J1 = K({2),
Jo =Zo +K() for 1 <a < f+1 and R = {Ryn, : m,n € N} represents the
(B + 1)-th level of B.

Proof. Let ® : C*(T) — C*(S) be the isomorphism such that ®(Ts1+1,m.n) = Sm.n-
As T represent 5+ 1-th level of A, each element of B is of the form A+®(A)+B+K,
where A € C*(T), B € Iz and K € K({3). It follows that ¥ : B/K({3) —
A/PK(¢2)P given by

V(A+®(A)+ B+ K(lz)) = A+ B+ PK({2)P

is a well defined isomorphism such that ¥ (R, , + K(¢2)) = Ts41,m.n + PK({2)P
for each n,m € N and ¥[Z,, + K(¢2)] = Z, + PK({3)P for a < 3. So the properties
of B follow from the properties of A.

([

Theorem 3.10. Suppose that S = {S,¢ : (&,n) € A} is a blockwise system of
almost matriz units which is separated by a system of projections (P, : o < wy).
Then there is C*-algebra A C B({3) with an elementary essential composition series
(Zo) a<w, with a representing sequence T = (To41,mn : M, m € Nya < wy) such that
T dominates S.

Proof. By recursion on 8 < w; we build operators (To+1,mn : n,m € Nya < )
and stable C*-algebras Zg C B(¢3) with an elementary essential composition series
(Za)a<p, such that (Tht1,m.n : n,m € Nya < ) forms a representing sequence for
T satisfying (x) from Definition 3.2. Then A ={J,_,, Za is the required algebra.

Let (T1,mn : n,m € N) be the standard system of matrix units of C(¢2) and let
I, = K(f2). If B is a countable limit ordinal, then Zg is the closure of the union of
Los for a < .

Suppose now that (Tot1,mn @ n,m € N,a < ) and Zg are constructed for
B < wy and the condition of Definition 3.2 is satisfied, i.e., for every 0 < a < 8 we
have

(*) T(x+1,m,n = PaTa+1,m,nPa + Ska—i-m,)\a—&-n

for each n,m € N. We construct Zg41 and (T41,m,n : 7, m € N) as follows. Defi-
nition 2.1 (3)-(5) and the above inductive requirement (*) for every a < /3, imply
that A— PgAPg € K({5) for every A € Zg. It follows from Lemma 3.8 that PsZsPg
is a C*-algebra with an essential elementary composition series (PsZ,Pg)a<p and
I3 is generated by PgZsPs and K(¢2). Since K(¢2) = Z; C Ig, for each oo < 3 we
have that

(**) T, = P,@Iapg + K:(fg)

As observed after (1) -(4) of the Introduction the separable ideals of an elementary
essential composition series are stable and so is PgZgPg. Now working with P3Z3Pg
inside P3B(¢2) Ps apply Lemma 3.7 to obtain a stable C*-algebra Zj, . | C P3B({2)Ps
with an elementary essential composition series (Ja)a<pg+1 satistying J, = PsZ, Ps



12 SAEED GHASEMI AND PIOTR KOSZMIDER

for a < 8 and with a sequence {77, ,, : n,m € N} representing the 5 + 1-th level of
Js+1. Now for each n,m € N define

/
Tﬁ+1,m,n = Tm,n + S>\5+m,)\/3+n;

so () of Definition 3.2 is satisfied. By Definition 2.1 (5) we have P;SAﬂ+m,>\ﬂ+nPé =
Sxs+m,xs+n, SO We are in the position of applying Lemma 3.9 to obtain the required
Zs11. Note that by () and Lemma 3.9 the essential elementary composition series
of Tgy1 agrees with that of Zg, in particular, its 5-th element is Zg and its repre-
senting sequence i8S (Ta+41,m.n : 7, m € N, < §+1). This finishes the construction
and the proof. O

4. THE NONSTABILITY

In the previous section we showed that for any blockwise system of almost matrix
units S of size w; which is separated by a system of projections, we can find a
C*-algebra A with an essential elementary composition series of length w; with a
representing sequence which dominates S. In this section we will show that if S
above is a Luzin blockwise system of almost matrix units, then such C*-algebra A
is not stable.

Lemma 4.1. Suppose that A is a stable C*-algebra with an essential elementary
composition series (Lo )a<w,. Then there is a sequence of projections (Ra, Qq : & <
w1) C A such that ht(Ry) = ht(Qo) = o+ 1 for every a < wy and we have

Rq, Qaz =0

for every a1, as < wy.

Proof. Since A is stable we have A = A ® K(l2). As To41/Zo = K(ls), there are
projections in Zyy1/Zq, so let R € T,11 be a lifting of such a projection. We can
choose this lifting to be a projection since each Z,(.A) is a separable AF-ideal (see
Lemma III. 6. 1. of [7]). Let R,Q be two orthogonal projections in K(¢2). Put
R, = R}, ® R and Q,, = R ® Q for every o < wy. Clearly R, Q.,, = 0 for every
ay, a2 < wy. Also ht(R.) = ht(Q!,) = a+ 1, by Proposition 5.3 of [11] and Lemma
1.6. So R, and @, obtained from R/ and @, via the isomorphism between .4 and
A ® K(¢3), satisfy the lemma. O

Theorem 4.2. Suppose that A is C*-algebra with an essential elementary composi-
tion series (Zo)a<w, With a representing sequence that dominates a Luzin blockwise
system of almost matriz units. Then A is not stable.

Proof. Let Ta = (Tot1,mm : n,m € N,a < w1) C B(l2) be a representing sequence
of A (Definition 3.1) which dominates (Definition 3.2) a Luzin blockwise system
of almost matrix units S = {S, ¢ : (§,n7) € A} which is separated by a family of
projection (P, : @ < wi) (Definition 2.1). We will derive a contradiction from the
hypothesis that A is stable.

By Lemma 4.1 there is a sequence (R, Qo : @ < w1) C A of projections such that
ht(Ry) = ht(Qqa) = a + 1 for every a < wy and R,Qp = 0 for every a < 8 < wy.

By Lemma 3.4 we have

Ra:Aa+PaRaPa+Faa Qa:Ba+PaQaPa+G(ya

where F,,, G,, are compact operators and A,, B, € C*(S,,). Note that || A, || Ball >
0 for all 0 < a < wy as ht(Ry) = ht(Qa) = o+ 1.
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So by passing to an uncountable subset X C w;, we may assume that M >

lAall, |1 Ball > 2+ and M > ||F,|, |Gall for each @ € X and some M > 1 and

0

< € < 1. Passing further down to an uncountable subset of X and using the

separability of K(¢3) we may assume that there are compact operators F, G such
that |PLF, — F||,||PLGo — G|l < €/2M and || F||, |G|l < M for every a € X. For
every «, 8 € X we have

0= | RaQsll = | PLRaQ PE
— |PH(Aa + Fa)(Bs + Go)PH| = |(Aa + PEE)(Bs + GsFy)|
> (Ao + F)(Bs + Q)| - (P Fo — F)(Bs + G|

— |(Aa + F)(GsPy — G)| — ||(Py Fo — F)(GsPz — G)||
2
B+ G)|| — 2 — —

M2
Bs + G)| — 3.

v

I(Aa + F)
> [|(Aa + F)
Therefore ||(Aq + F)(Bg + G)|| < 3¢ for every «, 8 € X. However, by the Luzin

(
(

property (Definition 2.2) we can find «, 8 € X such that

I(Aa + F)(Bs + Q)| 2 [|AallllBsll — & > (2VE)* — ¢ = 3¢

which gives the required contradiction. Therefore A is not stable. O

10.

11.

12.

13.

14.

15.

REFERENCES

. T. Bice, P. Koszmider, A note on the Akemann-Doner and Farah-Wofsey constructions. Proc.
Amer. Math. Soc. 145 (2017), no. 2, 681-687.

. T. Bice, P. Koszmider, C*-Algebras With and Without <-Increasing Approximate Units,
arXiv:1707.09287.

. B. Blackadar, Traces on simple AF C*-algebras. J. Funct. Anal. 38 (1980), no. 2, 156-168.

. B. Blackadar, Operator algebras: theory of C*-algebras and von Neumann algebras, Vol. 122.
Springer Science & Business Media, 2006.

. O. Bratteli, Inductive limits of finite dimensional C*-algebras, Trans. Amer. Math. Soc. 171
(1972) 195-234.

. L.G. Brown, Eztensions of AF algebras, Operator algebras and applications, (Kingston, Ont.,
1980), pp. 175-176, Proc. Sympos. Pure Math., 38, Amer. Math. Soc., Providence, R.I., 1982.

. K. Davidson, C*-algebras by example. Fields Institute Monographs, 6. American Mathemati-
cal Society, Providence, RI, 1996.

. A. Dow, P. Simon, Thin-tall Boolean algebras and their automorphism groups. Algebra Uni-
versalis 29 (1992), no. 2, 211-226.

. I. Farah, T. Katsura, Nonseparable UHF algebras I: Dixmier’s problem. Adv. Math. 225

(2010), no. 3, 1399-1430.

I. Farah, E. Wofsey, Set theory and operator algebras, in Appalachian Set Theory 2006-2012,

eds. J. Cummings, E. Schimmerling, LMS Lecture Notes Series 406.

S. Ghasemi, P. Koszmider, Non-commutative Cantor-Bendizson derivatives and scattered C*-

algebras, Preprint 2016.

S. Ghasemi, P. Koszmider, An extension of compact operators by compact operators with no

nontrivial mutipliers, Preprint 2016.

A. Granero, M. Jiménez, A. Montesinos, J. Moreno, A. Plichko, On the Kunen-Shelah prop-

erties in Banach spaces. Studia Math. 157 (2003), no. 2, 97-120.

O. Guzmén, M. Hrusdk, P. Koszmider Luzin families and separation, In preparation. Tem-

porary location of a relevant fragment is www.impan.pl/~koszmider/luzin.pdf

P. Hajek, Petr; V. Montesinos Santalucia, J. Vanderwerff, V. Zizler, Biorthogonal systems

in Banach spaces. CMS Books in Mathematics/Ouvrages de Mathématiques de la SMC, 26.

Springer, New York, 2008.



14

17.

18.
19.

20.

21.
22.

23.

24.

25.

26.

27.
28.

29.

30.

31.
32.

33.

SAEED GHASEMI AND PIOTR KOSZMIDER

. J. Hjelmborg and M. Rgrdam, On stability of C*-algebras, J. Funct. Anal. 155 (1998), no. 1,
153-170.

M. Hrusdk, Almost disjoint families and topology. Recent progress in general topology. III,
601-638, Atlantis Press, Paris, 2014.

H. Jensen, Scattered C*-algebras. Math. Scand. 41 (1977), no. 2, 308-314.

M. Kusuda, C*-algebras in which every C*-subalgebra is AF Q. J. Math. 63 (2012), no. 3,
675-680.

N. Luzin, On subsets of the series of natural numbers. (Russian) Izvestiya Akad. Nauk SSSR.
Ser. Mat. 11, (1947), 403-410.

G. Murphy, C*-algebras and operator theory. Academic Press, Inc., Boston, MA, 1990.

S. Negrepontis, Banach spaces and topology. Handbook of set-theoretic topology, 1045-1142;
North-Holland, Amsterdam, 1984.

A. Ostaszewski, On countably compact, perfectly normal spaces. J. London Math. Soc. (2) 14
(1976), no. 3, 505-516.

J. Roitman, Superatomic Boolean algebras. Handbook of Boolean algebras, Vol. 3, 719-740,
North-Holland, Amsterdam, 1989.

J. Roitman, Autohomeomorphisms of thin-tall locally compact scattered spaces in ZFC. Papers
on general topology and applications (Madison, WI, 1991), 296-308, Ann. New York Acad.
Sci., 704, New York Acad. Sci., New York, 1993.

J. Roitman, A space homeomorphic to each uncountable closed subspace under CH. Topology
Appl. 55 (1994), no. 3, 273-287.

M. Rordam, Extensions of stable C*-algebras. Doc. Math. 6 (2001), 241-246.

M. Rordam, Stable C*-algebras. Operator algebras and applications, 177-199, Adv. Stud.
Pure Math., 38, Math. Soc. Japan, Tokyo, 2004.

P. Simon, M. Weese, Nonisomorphic thin-tall superatomic Boolean algebras. Comment. Math.
Univ. Carolin. 26 (1985), no. 2, 241-252.

J. Tomiyama, A characterization of C*-algebras whose conjugate spaces are separable. Tohoku
Mathematical Journal, Second Series 15.1 (1963): 96-102.

A. Vaccaro, Obstructions to lifting abelian subalgebras of corona algebras, arXiv:1611.06272.
E. Wofsey, p(N)/fin and projections in the Calkin algebra, Proc. Amer. Math. Soc. 136
(2008), no. 2, 719-726.

P. Wojtaszczyk, On linear properties of separable conjugate spaces of C*-algebras, Studia
Math. 52 (1974), 143-147.

INSTITUTE OF MATHEMATICS, POLISH ACADEMY OF SCIENCES, UL. SNIADECKICH 8, 00-656

WARSZAWA, POLAND

67

Current address: Institute of Mathematics of the Czech Academy of Sciences, Zitnd 25, 115
Praha 1, Czech Republic
E-mail address: ghasemi®math.cas.cz

INSTITUTE OF MATHEMATICS, POLISH ACADEMY OF SCIENCES, UL. SNIADECKICH 8, 00-656

WARSZAWA, POLAND

E-mail address: piotr.koszmider@impan.pl


http://www.tcpdf.org

