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STOCHASTIC NAVIER-STOKES-FOURIER EQUATIONS

DOMINIC BREIT AND EDUARD FEIREISL

ABSTRACT. We study the full Navier—Stokes—Fourier system governing the motion of a gen-
eral viscous, heat-conducting, and compressible fluid subject to stochastic perturbation.
Stochastic effects are implemented through (i) random initial data, (ii) a forcing term in the
momentum equation represented by a multiplicative white noise, (iii) random heat source
in the internal energy balance. We establish existence of a weak martingale solution under
physically grounded structural assumptions. As a byproduct of our theory we can show that
stationary martingale solutions only exist in certain trivial cases.

1. INTRODUCTION

There is an abundant amount of literature concerning notably the stochastic perturbations
of the Navier—Stokes system in the context of incompressible fluid flows starting with [3].
The existence of weak martingale solutions — these solutions are weak in the analytical sense
(derivatives only exist in the sense of distributions) and weak in the probabilistic sense (the
underlying probability space is part of the solution) — was first shown in [23]. Definitely much
less is known if compressibility of the fluid is taken into account. Similarly to [3], first existence
results were based on a suitable transformation formula. It allows to reduce the problem to
a random system of PDEs, where the stochastic integral does no longer appear. Existence of
solutions in this semi-deterministic setting have been shown in [16] (see also [39] for the 1D case
in the Lagrange coordinates and [40] for a rather artificial periodic 2D case). The first “truly”
stochastic existence result for the compressible Navier—Stokes system perturbed by a general
nonlinear multiplicative noise was obtained by Breit and Hofmanové [9] for periodic boundary
conditions (see [37] for the extension to the homogeneous Dirichlet boundary conditions and
[31], where the system is studied on the whole space). It is based on the concept of finite energy
weak martingale solutions. As in [23] these solutions are weak in the analytical sense and weak
in the probabilistic sense. Moreover, the time-evolution of their energy can be controlled in
terms of the initial energy. This allows to study some asymptotic properties of the system, see
[5], [6] and [31].

All these results are concerned with the barotropic case. The natural next step is to take
additionally into account the transfer of heat. The aim of this paper is to develop a consistent
mathematical theory of viscous, compressible, and heat-conducting fluid flows driven by sto-
chastic external forces.

The motion of the fluid is described by the standard field variables: the mass density o = o(t, x);
the absolute temperature 9(¢, z); the velocity field u = u(t, z) evaluated at the time ¢ and the
spatial position = belonging to the reference physical domain @ C R3. The time evolution of
the fluid is governed by the full Navier—Stokes—Fourier system with stochastic forcing:

(1.1a) do + div(pu) dt = 0,
(1.1b)  d(eu) + [div(pu @ u) + Vp(p, )] dt = divS(d, Vu) dt + oF (g, 9, u) dW,
(1.1c) d(oe(o,9)) + [div(oe(o, ¥)u) + divq(¥, VY)] dt

= [S(¥, Vu) : Vu — p(o,9) divu] dt + oH dt.
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The field equations (1.1) describe the balance of mass, momentum and internal energy. They
must be supplemented with a set of constitutive relations characterizing the material properties
of a concrete fluid. In particular, the viscous stress tensor S, the internal energy flux q as well as
the thermodynamic functions p (pressure) and e (specific internal energy) must be determined
in terms of the independent state variables (o, ¥, u). For the viscous stress tensor we suppose
Newton’s rheological law

(1.2) S =S¥, Vu) = () (Vu + vu’ — ; div u]l) +n(¥) dival.

The internal energy (heat) flux is determined by Fourier’s law
9
(1.3) q=q(¥,V¥) = —k(I)VY =-VK(9), K@) = / k(z)dz.
0

The thermodynamic functions p and e are related to the (specific) entropy s = s(p, ) through
Gibbs’ equation

(1.4) 9Ds(0,9) = De(o, V) er(g,l?)D(%) for all o,9 > 0.

Randomness in the time evolution of the system is enforced in three ways: (i) the initial state
(data) is random; (ii) the heat source H is a random variable that may depend on time, (iii)
the driving process W is a cylindrical Wiener process defined on some probability space, with
the diffusion coefficient gF that may depend on the spatial variable z as well as on the state
variables g, ¥ and u. The precise description of the problem setting will be given in Section 2.
Our main result, stated in Theorem 2.1 below, asserts the existence of a martingale solution
to a suitable weak formulation (1.1)—(1.4) with respect to conservative boundary conditions

(1.5) u|aQ =0, V& n|aQ =0.

We combine the deterministic approach for the Navier—Stokes—Fourier system developed in [17]
with the stochastic theory [9] for the barotropic system.

In contrast with the earlier approach proposed in [15], the existence theory in [17] is built up
around the Second law of thermodynamics. In view of Gibb’s relation (1.4), the internal energy
equation (1.1c¢) can be rewritten in the form of the entropy balance

. (4 _ H
(1.6) d(es) + [dlv(gsu) + div (19)} dt=0cdt+o 3 dt
with the entropy production rate
1 q- VY
(1.7) U—E(S.Vu— 5 )

In view of possible, but in the case of viscous fluids still only hypothetical singularities, it is
convenient to relax the equality sign in (1.7) to the inequality

q- VY
7o)
Well posedness of the problem is then formally guaranteed by augmenting the system by the
total energy balance

1 1
(1.9) d/ [g|u|2+ge} dx:/ gF~udW+/ fg|F|2dt+/ oH dt,
QL2 Q Q2 Q

cf. [17, Chapter 2]. Note that validity of (1.9) requires the system to be energetically insulated
- the total energy flux through the boundary must vanish at any time in accordance with (1.5).
In comparison with [17], equality (1.9) contains the contribution of the stochastic driving force
here interpreted in It6’s sense.

The main advantage of the entropy formulation is the possibility to deduce a relative energy
inequality derived for the deterministic Navier—Stokes—Fourier system in [18], and adapted to
the barotropic stochastic Navier—Stokes system in [6]. In particular, we may expect the strong

1
(1.8) JEE(S.Vu—
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solutions to be stable in the larger class of weak solutions (weak—strong uniqueness). Besides,
there are other interesting properties derived for simpler systems in [6] and [18] that are likely
to extend to the full thermodynamic framework. Note that a weak formulation based on the
internal energy balance in the spirit of [15] apparently does not enjoy these properties unless
the weak solution is quite “regular”, see [21]. We remark that a stochastic version of [15] re-
cently appeared in [38].

The total energy balance (1.9) is considered as an integral part of the definition of weak solu-
tions. This excludes any kind of semi-deterministic approach in the spirit of [3] or [16]. Instead,
we adapt the multi-layer approximation scheme developed in [17, Chapter 3] combined with
a refined stochastic compactness method based on the Jakubowski-Skorokhod representation
theorem, cf. [26]. Although a similar idea has been applied to the barotropic Navier-Stokes
system in [9], the explicit dependence of the diffusion coefficient F on the temperature along
with the total energy balance appended to the problem give rise to rather challenging new dif-
ficulties pertinent to the complete, meaning energetically closed, fluid system. One of the most
subtle among them is the necessity to perform the change of probability space via Skorokhod—
Jakubowski representation theorem before showing compactness of the arguments in the diffu-
sion coefficients F. This is in sharp contrast with the method developed in [9], where the new
probability space emerged in a natural way only at the end of each approximate step of the
construction of weak solutions.

Following [17, Chapter 3] we start with the original (internal energy) formulation (1.1) regu-
larized via artificial viscosity (e-layer), artificial pressure (d-layer), as well as other stabilizing
terms, see Section 3. The so-obtained system is then solved by a Galerkin approximation. Here,
the momentum equation is solved in a finite-dimensional subspace whereas we keep continuity
and internal energy equation in a continuous framework (m-layer). This has the advantage
that the maximum principle applies and both density and temperature remain positive. We
follow the approach from [7]: Instead of introducing a stopping-time as in [9] we cut several
nonlinearities (R-layer) and gain the existence of a strong solution to the so-obtained system
(3.5), see Theorem 3.1. Also differently from [9] we do not apply a fixed-point argument to
get a solution to (3.5). Instead we apply a simple time-step by means of a modification of
the Cauchy collocation method, see (3.14)—(3.18). The latter one can be solved immediately.
Eventually, we pass to the limit in the time-step in Section 3.2. At this stage, it is important
to keep the temperature strictly positive in order to divide finally equation (1.1¢) obtaining
the entropy formulation, cf. Section 4.

The remaining part of the existence proof leans on the entropy formulation, with (1.1c) re-
placed by (1.6) and (1.9). In Section 4 we perform the limit in the Galerkin approximation
scheme (limit m — o0) obtaining the artificial viscosity approximation. In Section 5, we get
rid of the artificial viscosity and related stabilizing terms (limit & — 0). Finally, in Section
6, we remove the remaining artificial terms recovering a weak solution of the original system
(limit § — 0).

2. MATHEMATICAL FRAMEWORK AND THE MAIN RESULT

Due to the lack of regularity of the unknown fields, in particular with respect to the time
variable, we follow the “weak” approach developed in [7].

2.1. Random variables (distributions). Let Q7 = (0,7) x Q. Let (,F, (§¢)i>0,P) be
a complete stochastic basis with a Borel probability measure P and a right-continuous fil-
tration (F:). The majority of the random fields we deal with are vector valued functions
U € LY(Q7; RM) depending on the random parameter w € 2. We say that U is a random
variable, if all functions w — fQT U pdz dt are P—measurable for any ¢ € C°(Qr; RM).
We also introduce a natural filtration or history of U up to a time T,

O'T[U]ZO'{{ U-pdx dt<a};a€R,go€C§°(QT;RM)}.
Qr

We say that U is progressively (§i)-measurable if o,.[U] C §, for any T > 0.
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It is convenient to consider a random variable U € L'(Q7; RM) as a distribution ranging in
a larger space U € W%2(Qr; RM), where the latter is a separable Hilbert space; Whence
Polish. Note that, by virtue of the standard embedding W(f “ << (C as soon as k > 2 7 we
have L'(Qr) «—— W=2(Qr). Accordingly, any such U may be viewed as a Borel random
variable on the Polish space W ~%2(Qr; RM).

2.1.1. Initial data. In the context of martingale solutions, the initial state of the system is
prescribed in terms of a law A - a Borel measure defined on a suitable function space. We
consider (99,9, g) to describe the initial state. Accordingly, we consider A defined on L (Q) x
LY (Q) x L'(Q; R?) satisfying

A{Qo>0 190>0 0<Q<(Q0 |Q|/Qodx<g}—1
(2.1)

/ [loouol? + goe(0, ¥o) + ols(00, Do)l 1) dA < e(r), for all 7 > 1.
L'xL'x Lt
Here p, 0 are two deterministic constants.

2.1.2. Mechanical bulk force. The process W is a cylindrical Wiener process, that is, W (t) =
Y k>1 Br(t)er with (Bx)r>1 being mutually independent real-valued standard Wiener processes
relative to (§t)t>0. Here (er)r>1 denotes a complete orthonormal system in a separable Hilbert
space . In addition, we introduce an auxiliary space iy D U via

Oé2
=40 = E QLCL; — < 00
k>1 k>l

endowed with the norm

2
«
HU”iO = Z k*];’ v = Zakek-

k>1 E>1

Note that the embedding l — $ly is Hilbert-Schmidt. Moreover, trajectories of W are P-a.s.
in C([0,T); Up) (see [11]).

Choosing 4 = ¢? we may identify the diffusion coefficients (Fey)r>1 with a sequence of real
functions (Fk)kZh

oF (0,0, w)dW =" oFy(z, 0,9, u)dBy.
k=1

We suppose that F are smooth in their arguments, specifically,
F). € C'(Q x [0,00)? x R%; R®),

where

oo
(2.2) iy 0l + Ve psuFrllie < fio D fi < oo
k=1

Let us remark that (2.2) implies that F is bounded in g and ¢ but may grow linearly in u. We
easily deduce from (2.2) the following bound

<
|0Fk (0,9, 0)|lw—k2(q;rs) ~ S | oF k(0,9 )| qgirsy ~ S (llell@) + lleull L g;rs))

whenever k > % Accordingly, the stochastic integral

/ oFdW = Z / oFk(0,9,u) dBy
0
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can be identified with an element of the Banach space space C([0,T]; W~=%2(Q)),

/(/ gF(g,ﬂ,u)dW-go) dx
o \Jo
— T k,2 3 3
=5 [ ([ oFrteoti o ar) s, o e wHQiRY). k> ]
k=170 Q

2.1.3. Heat source. Similarly to [17, Chapterﬁ?), Section 3.1], the heat source H may depend
on both t and z, specifically, H € C([0,T] x Q). In addition, we suppose

(2.3) 0< H<H, H (3;) — progressively measurable,

where H is a deterministic constant.

A heat source appears in numerous real-world applications (see e.g. [17]); therefore we find it
important to include it in the existence theory. From the mathematical point of view, however,
its presence in the system can be accommodated rather easily at the same level of difficulty as
the random initial data.

2.2. Structural and constitutive assumptions. Besides Gibbs’ equation (1.4), we impose
several restrictions on the specific shape of the thermodynamic functions p = p(p, 9), e = e(p,9)
and s = s(p,9). They are borrowed from [17, Chapter 1], to which we refer for the physical
background and the relevant discussion.
We consider the pressure p in the form

_ a g4 _ 95/2 Y
s 3pm(e,0) 392 /o
(25) 6(97 ?9) - eM(ga,&) + (L;, eM(Q719) - 5 0 - 5 0 (193/2) ’
4a 93 0
(2.6) s(g,ﬂ):sM(g,ﬁ)—&-??, sM(g,ﬁ):S(ﬁSp)7
_ o 33P(Z) - ZP'(2)
(2.7) S=5(2), 52) = —5 72 <0,
where
(2.8) P € C*[0,00) N C?(0,00), P(0) =0, P'(Z) >0, forall Z >0,
2p(Z)—ZP'(Z
(2.9) 0<§3 (2) ()<c7f0rallZ>O,
2 Z
and
. P(Z) _
(2.10) le_{réo 755 — P > 0.

The viscosity coefficients p, 1 are continuously differentiable functions of the absolute temper-
ature 9, more precisely u, A € C1[0, 00), satisfying

(2.11) 0 < p(l+9) < p@) <E+9),

(2.12) sup (| (9)] + [N (W)]) <7,
Y€[0,00)

(2.13) 0<AW) <A1 +9).

The heat conductivity coefficient k € C1[0, 00) satisfies
(2.14) 0 < k(1493 < k() <RI +9°).
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2.3. Martingale solutions. The solutions to (1.1) will be weak in both probabilistic and
PDE sense. From the point of view of the theory of PDEs, we follow the approach of [17]
and consider so-called finite energy weak solutions satisfying the momentum balance (1.1b),
the equation of continuity (1.1a), together with the entropy balance (1.6), (1.8), and the total
energy balance (1.9). Solutions will satisfy these relations in the weak PDE sense, meaning all
derivatives are understood in the sense of distributions.

From the probabilistic point of view, two concepts of solution are typically considered in the
theory of stochastic evolution equations, namely, pathwise (or strong) solutions and martingale
(or weak) solutions. In the former notion the underlying probability space as well as the driving
process is fixed in advance while in the latter case these stochastic elements become part of
the solution of the problem. Clearly, existence of a pathwise solution is stronger and implies
existence of a martingale solution. In the present work we are only able to establish existence
of a martingale solution to (1.1). Due to the classical Yamada-Watanabe-type argument (see,
e.g., [27] and [36]), existence of a pathwise solution would then follow if pathwise uniqueness
held true. However, uniqueness for the Navier—Stokes—Fourier equations for compressible fluids
is an open problem even in the deterministic setting. In hand with this issue goes the the fact
that the initial state is determined only by the measure A introduced in (2.1).

Let us summarize the above in the following definition.

Definition 2.1 (Martingale solution). Let Q C R? be a bounded domain of class C*TV, v > 0.
Let A be a Borel probability measure on L'(Q) x L'(Q) x L*(Q; R®) enjoying the properties
(2.1). Let H € C([0,T] x Q) be given satisfying (2.3).

Then

((973’ (St)vp)v 97197117 W)

is called (weak) martingale solution to problem (1.1), (1.5) with the initial data A provided the
following holds.

(a) (2,5, (F:),P) is a stochastic basis with a complete right-continuous filtration;
(b) W is an (§¢)-cylindrical Wiener process;
(¢c) the random variables

0€ LNQr), ¥ € LYQr), ue L*0,T; W, *(Q; R%))

are progressively (§t)-measurable, o > 0, ¥ > 0 P-a.s.;
(d) the density o0 € Cy(0,T; L%3(Q)),
the temperature ¥ € L>(0,T; L*(Q)) N L2([0,T]; W12(Q)) P-a.s.,
the velocity u € L?(0,T; Wol’Q(Q; R3)) P-a.s.,
and the momentum ou € Cy,(0,T; L>4(Q; R®)) P-a.s. satisfy

E| sup |oft,- 5{3 ]<oo,
s lett

T
E[ess sup 19(t,-)||%4(Q)} < o0, E{/ ||19H%V1,2(T3) dt} < o0,
t€[0,T] 0

T
E / ull?2 15, dt} < oo, E| sup [eu(t,-) |5/54 ) ;
|: o H Wol Z(Q,R3) te[O,T]l ( |L /4(Q;R3)

(e) the equation of continuity

T
(2.15) / /Q2 (00 + ou- VY] dadt = — /Q 00(0) da

holds for all ¢ € C°([0,T) x R3) P-a.s.;
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(f) the momentum equation

T
/ (“)tw/ ou- @ dxdt
0 Q

T T
+/ 1/1/ ou®u: Ve dxdt—/ w/S(ﬂ,Vu):Vgo dx dt
(2.16) o Je °o Je

T t
+/ zb/p(g,ﬁ)divgo dxdt+/ 1/)/ oF(0,9,u) - ¢ dzdW
0 Q 0 Q

Z—/QOUO'SO dz;
Q

holds for all ¢ € C°[0,T), ¢ € C°(Q; R®) P-a.s.
(g) the entropy balance

T
- / 005(00, Do) dar > / / [s(0,9)0 + 05(e, O)u - V] dedt
T3 0o JQ

w(

(2.17) +/T/ %{S(ﬁ,Vu):Vu—&-Tﬁ)Wﬂﬂwdxdt
0 Q

T T
+/ / KOV Gy, dxdt—i—/ /ngp de dt
o Jog U o Jo?

holds for all ¢ € C([0,T) x R?), ¥ > 0 P-a.s.;
(h) the total energy balance

—/OTatw (/st,ﬂ,u) dx) dtzw(m/QE(go,ﬁo,uo) dx+/0Tw/QgH da dt

T 1 T )
+/0 z/)/QgF(g,ﬁ,u).udeerz/o 1/1</QZQ|Fk(g,19,u) dx)dt

k>1

(2.18)

holds for any ¢ € C°([0,T) P-a.s. Here, we abbreviated
1
E(0,0,u) = Selul* + ge(e, ).

(i) The initial data (09,0, ug) are Fo-measurable, A =P o (go,ﬁo,uo)fl.

Remark 2.1. The random variables o, pu are progressively (F:)-measurable and weakly con-
tinuous, in particular, the real valued processes

t— /ng dx, t — /Q ou- @ dz are (§;) — adapted for any smooth 1, o P-a.s.
The entropy 0s(0,v) is “weakly cadlag”, meaning
t— /QQS(Q, 9 dx is cadlag for any smooth ¢ P-a.s.,
¢f. the discussion in [17, Chapter 1]. The random variables (9,9, u) being progressively (Ft)-

measurable, all stochastic integrals are well defined.

Remark 2.2. The energy equality (2.18), together with the entropy inequality (2.17), forms a
natural counterpart of the energy inequality obtained in [6] for the barotropic case. As in the
deterministic case, cf. [17], equality holds in (2.18).

Remark 2.3. The specific values of the exponents appearing in the integrals in (d) are related
to the constitutive hypotheses (2.4-2.10).

Now we are ready to state the existence theorem which is the main result of this paper.
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Theorem 2.1. Let Q C R? be a bounded domain of class C*TV, v > 0. Suppose that the
structural assumptions (2.2)—(2.14) are satisfied.

Then there exists a martingale solution to problem (1.1), (1.5) in the sense of Definition 2.1
with the initial law A.

The rest of the paper is devoted to the proof of Theorem 2.1. Concluding remarks are
presented in Section 7.

3. BASIC APPROXIMATE PROBLEM

The solutions will be constructed by means of a multilevel approximation scheme. In order
to simplify presentation, we carry over the proof in the absence of the heat source H. The
necessary modifications to accommodate this quantity in the proof are left to the reader and
can be found in [17, Chapter 3].

The standard approach to non-linear partial differential equations starts with a finite dimen-
sional approximation of Galerkin type. Unfortunately, this can be applied only to the momen-
tum equation (1.1b) since we need the density ¢ and temperature ¢ to be positive at the first
level of approximation. Positivity of both results from a maximum principle, where the latter is
usually incompatible with a Galerkin type approximation. It seems therefore more convenient
to apply the artificial viscosity method adding diffusive terms to both (1.1b) and (1.1a). In
order to prove Theorem 2.1 we will regularize several quantities in the system (1.1). Adopting
the approximation scheme developed in [17] we add an artificial viscosity to the continuity and
momentum equations and regularize the pressure. For technical reasons, however, we have to
regularize several further quantities as well.

Following [17], we introduce

eM,(S(Qv 19) = eM(Q7 19) + 6197 65(Q7 19) = e(ga ’19) + 5197
(3.1) sae (9, 0) = sm (9, 0) +dlogd,  s5(0,9) = s(o, ) + dlog(¥),

sa(0) = w(9) + 6 (0 + %) Ks(9) = /019 ko (2) dz.

Let Ay be the Laplace operator defined on the domain (), with the homogeneous Dirichlet
boundary conditions. Let {w, },>1 be the orthonormal system of the associated eigenfunctions.
A suitable platform for the Galerkin method is the following family of finite-dimensional spaces,

3
ngm} ,m=1,2,...

H,, = span {wn

endowed with the Hilbert structure of the Lebesgue space L?(Q; R?). Let
I, : L*(Q; R*) — H,,

be the associated L?—orthogonal projection. As 9Q is regular, we have D(Ag) = W22(Q; R®)N
W, ?(Q; R®) < C(Q; R®). Accordingly,

(3-2) 1P () o (s s) ~ 1P )l sy ~ 1P [Elllpag) = 1E w2z o)

where the associated embedding constants are independent of m.

Moreover, as H,, is finite-dimensional, all norms are equivalent on H,, for any fixed m - a
property that will be frequently used at the first level of approximation.

Next we introduce a cut-off function

1 for z <0,
X € C®(R), x(z)=¢ X' (2)<0for0<z<1,
x(z) =0 for z > 1,

together with the operators
vlr = x(|IVllm,, — R)v, defined for v € H,,.
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Finally, we regularize the diffusion coefficients replacing F by F.,

€ 1
FE = (Fk,a)k21 5 Fk75(m7 9719711) =X (Q - 1) X <|u| - 5) Fk(l‘, Qa’lgau)'

Consequently, in view of (2.2),

o0
|2 + Ve o5 uFkllLoe < fre Zfl?,e < 0.
k=1

(33) ”Fk,s

In addition, we regularize Fy . (-, 0,9, u) in a “non-local” way, specifically, we introduce F; ¢,
(3‘4) Fk’E,E =We* [hﬁFkﬁ('? 0,7, u)] ) hE € CCOO(Q)7

where (we(z))e>o is a family of regularizing kernels.
The basic approzimate problem reads:

(3.5a) do + div(p[u]g) dt =ecAp dt,
(8:5b)  dll,a[ou] + T [div(e[u] @ w)] dt + Mo [x(ull i, — R)V (plo9) +0(e* + o) | at

= 1L, [2A(ou) + x([ul . — R) divS(Vu) + %u] at
L, {gnm [Fs,g(g,ﬂ,u)ﬂ dw,

(3.5¢) d(ges(0,9)) + [div(ees(o,9)[ulg) — div(ks(9)VV)] dt
=[xl — RS, V) : Vu—p(e,9) div [ul ) at

+ {Eé(ﬂgﬁ_Z +2)|Vo|? + (5% — el + EQ|VU.|2} dt,
to be solved in the space-time cylinder [0, 7] x @, with the Neumann boundary conditions
(3.6) Vo-nlsg =0, V¥ -n|spg =0,
and prescribed initial data
0(0,) = 00 € C*(Q), 20 > 0,9(0,-) = Vo, Yo € WH*(Q) N C(Q), Yo >0,

(3 7) 11(0, ) =ug € H,,.

In (3.5a) and (3.5b) we recognize the artificial “viscosity” terms eAp, eA(gu), the pressure
regularization §( 0”4 0?) as well as the cut-off operators applied to the velocity in the convective
terms and other quantities to preserve the total energy balance. Note that equations (3.5a) and
(3.5¢) are deterministic, meaning they can be solved pathwise, while (3.5b) involves stochastic
integration. It is worth noting that (3.5¢) expresses the balance of the internal energy while
the target problem is formulated in terms of the entropy. In the following we give a precise
definition of solutions to the approximate problem.

Definition 3.1. Let A be a Borel probability measure on C*t7(Q) x W12 N C(Q) x H,y,.
Then

((Q’ Sa (gt)v P)» o, 197 u, W)
is called a martingale solution to problem (3.5a)—(3.5¢), (3.6), with the initial data A, provided
the following holds.

(a) (9,35, (81),P) is a stochastic basis with a complete right-continuous filtration;
(b) W is an (F¢)-cylindrical Wiener process;
(¢c) the functions g, ¥, u belong to the class:

0€ C([0,T];C**7(@)), 0> 0 P-a.s.,
9 e C([0,T;Wh?), 0 <9 <9 <9, o, Ks(9) € L*((0,T) x Q) P-a.s.,
u € C([0,7], Hy,) P-a.s.,
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o(t,), 9(t,-), u(t,-) are (Ft)-adapted for any t > 0;
(d) the approzimate equation of continuity
(3.8) Oro + div(p[u]r) = eAp, Vo -n|agg =0 holds in (0,T) x Q, P-a.s,;
(e) the approximate equation of internal energy

0 (0es(0,)) + div(oes(0,9)[u]g) — AKs (1)
(3.9) = x([ullm,, — R)S(¥, Vu) : Vu — p(o,9) div[u]g

]- 5
+20(80" 7 +2)|Vof* + 053 — e0” + g0l Vul’, V¥ nlsg =0,

holds a.a. in (0,T) x Q P-a.s.;
(f) the approzimate momentum equation
t

<Qu(t)7 "P> = <(Qu)07 90> + /0 <Q[u}R ®u, VQD> ds — /0 <X(||u||Hm - R)S(ﬁ, VU.)7 v§0> ds

(3.10) —6/0 <gu,Acp>ds—|—/0 x(lallgm — R)(ps(¥, 0),div ) ds

1 t t
- (u,)ds +/ (oIl [Feg(0,9,u)] AW, ),
0 0

holds P-a.s. for all p € H,, and allt € [0,T7;
(g) we have

(3.11) (ou)o = 2(0)u(0) P-a.s., Ple(0,-),9(0,-),u(0,-)]~" = Algo, Yo, uo]-

Our main goal in this section is to prove the existence of martingale solutions to the ap-
proximate problem (3.5a)—(3.5¢), (3.6).

Theorem 3.1. Let 3 > 6. Let A be a Borel probability measure on C*T (Q)x W12NC(Q)x H,»,
such that

Ao <o< oo, ooz <0 Vornlag=0f =1, A{0<9 <0 <, [[dollyp2 < T} =1,

/ ol dA < @
C2tvxWi2NCx H,,
for some positive deterministic constants o, 0, ¥, ¥ and some r > 2.

Then the approximate problem (3.5a)—(3.5¢), (3.6) admits a martingale solution in the sense
of Definition 3.1. The solution satisfies

(3.12) . (le®llezse +I2ie®llex + e~ (t)lce) < ¢ P-as.
telo,

T
sup [0~ 1 + sup ||19||W$,20Lw+/ (||8t19||%2+||AxIC5(19)||%2)dt§c P-a.s.
te[0,T t€[0,T) ” 0 ” *

(3.13) E l sup ||u<t,->||am] < o(1+Eluol] )
t€[0,T)

where ¢ = (m, R,T,0,0,9, 9, ﬂ).

In order to prove Theorem 3.1 we adopt the following strategy: The Galerkin projection
applied in (3.5b) reduces the problem to a variant of ordinary stochastic differential equation,
where the other unknown quantities g, ¥ are uniquely determined by the deterministic equations
(3.5a) and (3.5¢) in terms of u and the data. Accordingly, problem (3.5), (3.6)) can be solved
by means of a simple iteration scheme. This is the objective of Section 3.1. In addition,
the approximate solutions satisfy the associated energy balance equation yielding the uniform
bounds necessary to carry out the asymptotic limits m — oo, R — 0, and £ — 0.
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3.1. Iteration scheme. To begin, we fix the initial data (oo, 99, ug) satisfying (3.11). The
existence of such data along with a suitable probability space follows from the standard Sko-
rokhod representation theorem. Solutions to problem (3.5), (3.6) will be constructed by means
of a modification of the Cauchy collocation method. Fixing a time step h > 0 we set

(3.14) o(t,+) = oo, 9(t,-) = Yo, ult,:) =ug, for ¢t <0,

and define recursively, for ¢t € [nh, (n + 1)h)

(3.15) 9o + div(o[u(nh,)|r) = Ao, Vo-nlsg =0, o(nh,-) = o(nh—,),
Oi(oes(0,9)) + div(ges (o, F)[u(nh, )] r) — AKs(9)

(3.16) = x(llu(nh, )u,, — R)S(V, Vu(nh,-)) : Va(nh, ) — p(e,¥) div[u(nh, )]z

(317) +68(807 2 + 2)|Vol? + 35 — <0° + <ol Vulnh, ),

V¥ -n|sg =0, d(nh, ) =Jd(nh—,").

Note that system (3.15), (3.16) is uncoupled as the former equation is independent of 1}. Finally,
for ¢ and ¥ given through (3.15), (3.16), we solve

I, (ou) + L, [div (olu(nh,-)]r @ u(nh, )] dt
(318) -+ [x(lu(h, )lm, — R)V (plo,9) + (c* + o)) | at
= T, [eA(ounh, ) + x(lu(nh, Vs, — R) divS(Vu(nh, )) + (o, )] dr
+ 1L, [0IL,, [Fz e(nh, )] AW, t € [nh, (n + 1)h), u(nh,-) = u(nh—).
To proceed it is convenient to rewrite (3.18) in terms of du. To this end, we write
dII,, (ou) = II,,,(dou) + I, (edu) = I1,, (9 ou) dt + IL,,, (odu).
Next, we introduce a linear mapping M o],
Mld]: Hyy — Hny, M0](v) = Il (ov),
or, equivalently,

/M[g]v-cp dxz/gv-go dz for all ¢ € H,,.
Q Q

The operator M has been introduced in [19, Section 2.2], where one can also find the following
properties. We have that M|p] is invertible we have

-1
L(X2,Xn) zeT3

(3.19) M)
as long as p is bounded below away from zero, and, clearly,
M p(IT,,[pv]) = v for any v € H,,.

Let us finally mention that

(3.20) M o) = M| e(m. p)lo* — Pz

<
L(X5:Xn)

provided both p' and p? are bounded from below by some positive constant p- Accordingly,
relation (3.18) can be written in the form
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t

u(t) — u(nh=) + M~ o(t)] / My, [div (elu(n, ) @ u(en, )] dt

+ M) [T [utmh ), = B (bl )+ 5o+ ") |

(3.21) = M o(t)] / T [x(a(nh, )L, — R)divS(9, Vu(nh, )] at

+ M [ot)] /n ‘m, [A(ou(nh, ) + %u(nh, )] ar

t
+ M Ho(b)] / I, [Fe¢(nh, )] dW, nh <t < (n+ 1)h.
nh
The iteration scheme (3.15)—(3.18) provides a unique solution for any initial data (3.14).

Indeed, as u(nh) € H,, is a smooth function, equation (3.15) admits a unique solution for any
initial data g(nh). Moreover, as a direct consequence of the parabolic maximum principle, o
remains positive as long as the initial datum p(nh) is positive. We may therefore infer that
(3.14-3.18) give rise to uniquely determined functions p,9,u. In fact, we find a solution g such
that

o€ C([0,T];C*™(Q)), 0 > 0, P-as.

by applying standard results (see, for instance, [30, Theorem 5.1.21]) pathwise. For equation
(3.16) we obtain a solution ¥ belonging P-a.s. to the class

o0 € L2((0,T) x Q), AuKs(9) € L2((0,T) x Q),
(3.22) Y =
9 € L®(0,T;WH(Q)NL=(Q)), e L=((0,T) x Q).

by applying [17, Lemma 3.4] pathwise. Finally, knowing ¢ and ¢ we can find the velocity
ue€ C([0,T]; X,,) P-acs.

solving (3.18) recursively. Note that our construction implies that g, ¥ and u are (F;)-adapted
and continuous in the time variable P-a.s.

3.2. The limit for vanishing time step. Our next goal is to let h — 0 in (3.14-3.18) to
obtain a solution of the approximate problem (3.5), (3.6). This step leans essentially on suitable
uniform bounds independent of h. To simplify notation, we shall write

[v]n, =v(nh,), Wnr(t, ) = [v(nh,)]g for t € [nh,(n+1)h), n=0,1,....

As all norms are equivalent on the finite-dimensional space H,,, and 9@ is smooth, we get

I[u]n,rllci g .rey < e(l, m, R) uniformly for > 0,and ¢ € [0,T] at least for [ < 2.

Consequently, the approximate equation of continuity (3.15) admits a unique regular solution,
the smoothness of which is determined by the initial data. In particular, the solution p belongs
to the class

(3.23) 0 € C([0,T];C**™(Q)), dio € L>=([0,T];C*(Q))
as soon as o € C*T(Q), Voo - n|pg = 0 for some v > 0. In addition, the standard parabolic
maximum principle yields
(3.24) 0 < r(T,m,R)min gg < o(t,) < F(T,m, R) max gy for all ¢t € [0,T].
Q Q

Note that the regularized velocity [u]y, g is only piece-wise continuous; whence the same is true

for 0,0 and therefore we do not expect 9;0 € C([0,T]; C¥(Q)). Also note carefully that, thanks
to the hypotheses imposed on the initial law A, ¢ is bounded in the aforementioned spaces
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only in terms of the initial datum gy, meaning, no probabilistic averaging has been applied. In
particular, we may infer that P-a.s.

32) e (lett, Mgaso @y + 190t Mowigy + o™ (Mo e
€0,

with c = ¢ (m, R, T, o, 5), whenever
(326) O < Q S Q0; HQO”C?#»U(@) S E ]P)_a"s'

for certain deterministic constants g, 0.
As far as the internal energy equation (3.16) we recall that

(327) 0< Q S 190 S 5, ||190||W1,2(Q) S 5 P—a.s.,

where 9,7 are deterministic constants. From [17, Lemma 3.3, Corollary 3.2] we obtain the
following estimate for the solutions to (3.16)

T
. 2 2 2
teb(l(l)%) 1913y1.2(0) +/o (||3t19||L2(Q) + HAx’C(S(ﬁ)HLZ(Q)) de

inf o)™ dollwiz@) )

< C(llelw~o:myxe: . mlleqo v (, inf

(0
and _

0<fg<9<o,
where 6, 6 depend only on 9, ¥, ||o|lw1.(0,7)x ) [l [U]n,&llc(0,17;x.)-
Thus we may infer that

ess sup ||'l971HLoc(Q)+eSS sup ||19||%/V1,20L00(Q)
te(0,T) te(0,T)
(3.28)

T

+ [ (1091 ) + 1A K5y ) dt & ¢ m. R 0.2.2.7)

uniformly in h, where, similarly to (3.25), the bound is deterministic. This immediately implies
the bounds

(329) H’&||CV(D<)([O,T];W&,2(Q)) S & (m7 Ra ga @7 Qv 5) ) I/(Oé) > 0 for any 0 S a< 1a

see e.g. Amann [1].

Now, we are ready to estimate the velocity. In order to do so, we will systematically use the
fact that all norms are equivalent on the finite dimensional space H,,. It follows from (3.18)
and the equivalence of norms on H,, that

:
/ ou(r,) - dz < |lugllm,, + / sup [[ullg,, dt+T
Q 0 0<s<t

"

| [ etlEedy as de for any @ € o, [l <1,
0 Je Hm

whenever 0 < 7 < T. Consequently, taking the supremum over ¢, we obtain

/ / QHm[FEth dI‘ dWH ,
0 Q Hm™

r
Hm™

for 0 < 7 < T, and for any » > 1. Next, we pass to expectations and apply Burkholder-
Davis-Gundy inequality to control the last integral obtaining

E[sup ||Hm[gu}<t7->||§qm] SE [luoll,] + E[sup ||uzm} dt T
0

0<t<r 0<s<t

>
- / sup [[ullg,, dt +T +
0 0<s<t

<
T [ou] (7 )| 22,,, ~ [[ao]
or,

ML [ou] (7, ) I3,

N e(T, k) H, +/ sup |[ullf, dt +T + H/ / ol [Feelp do dW
0 0<s<t ' 0 JQ

[[uo
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T 00 2 /2
QHmHFk,a,E]h] dx di;|
0 k=1
T T r/2
(&%)5EN%%J+/FEFWIM&JdHJWEL/}:mﬁWmdﬁw@d
0 0<s<t 0 k=1

where we have used the uniform bounds for the density obtained in (3.25). Finally, we use
(3.2) to bound the last integral,

T [FrcellZee = 1Freellyzz = c(@) [Fregll e © frecld):

Seeing that
u = M [g][IL [ou]]
we may use again the bounds (3.25), (3.26) to conclude that

< <
ML [oull| .., ~ [[uller,, ~ [ [ou] ||,

where the constants in ~ depend only on g, 9. Consequently, a direct application of Gronwall’s
lemma gives rise to the estimate

<

+E | sup IIU(Tw)Il%m] ~e(r, TE[L+ [luo|[gm], 7= 1.

T€[0,T]

(3.31) E[ sup |[ILy [ou](7, )%,
T€[0,T]

In addition to the uniform bound (3.31) we will need compactness of the approximate velocities
in the space C([0,T]; H,,). Moreover, we have to control the difference

(u—[u]sn)

uniformly in time. To this end, estimates on the modulus of continuity of u are needed. Evoking
(3.18) we obtain

/ [ou(T1,-) — ou(re, )] - @ dx

= [ [ (ehre i) : T dmar s [ [ vl
+/ /5@[ WANY) dmdt—/ / up - dadt
1 JQ

_/Tz/QX(H[U]MHm — R)S(¥,V[u]y) : Ve dzdt

T2
+/ / oL [Feeln - ¢ da dW for any ¢ € Hy,, 0 <7 < To.
Q

R) ps(o,9)dive dzdt

Hy,

With the bound (3.31) at hand, we may repeat the arguments leading to (3.30) to obtain

E (|, [ou(r1) — eu(m2)lly,, ] < c(r,T) |11 — 72

whenever 0 < 71 <75 <T, |11 — 72| < 1. Thus we may apply Kolmogorov continuity criterion
to conclude that II,,[ou] has P-a.s. S-Holder continuous trajectories for all g € (0, % — %)

"PE[(Juolfm + 1)), r 21

E [T (0] 60,131, < €. TE [Juollz, +1], 7> 2

m)

Recalling the relation
u= Mfl[g]nm[gu]a
boundedness of p from (3.25) and (3.19) we may infer that

(332) E [Iullcs oz, | < B Mol +1]
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uniformly in & whenever r > 2 and § € (0, 5 - ;) with a constant independent of h.
With the estimates (3.25), (3.28), and (3.32) at hand, we are ready to perform the limit h — 0
in the approximate scheme (3.14-3.18). Consider the joint law of the basic state variables
(0,9, u, W) ranging in the pathspace
x = ([0, T];C**(Q)) x [C*([0,T]; L*(Q)) N L*(0, T; WH*(Q))]
X OL([Oa T]v HWL) X C([07 TL”O%

€ (0,7), where 7 > 0 is the minimum of the Holder exponents in (3.25), (3.29), (3.32), and

(3.33). Let [on, VY, un, W] be the (unique) approximate solution issuing from the iteration

scheme (3.14-3.18), with the initial data being §o measureable and satisfying (3.26), (3.27) as
well as

(3.33) E [|luoll,,] <7 for some r > 2.

Let Llon, Y, up, W] denote the joint law of [gpn, ¥4, up, W] on X, whereas L[op], L[94], Llup]
and L[W] denote the corresponding marginals on, respectively.

In view of the bounds (3.23), (3.24), (3.28), (3.29) and (3.31), (3.32), we conclude that
Llon, O, upn, W] is tight on the Polish space X. We may therefore apply Skorokhod’s rep-
resentation theorem to obtain the following.

Proposition 3.1. There exists a comyglete probability space (Q,%, ]f”z with X-valued Borel mea-
surable random variables (o, On, Up, Wy), h € (0,1), and (o,9,u, W) such that (up to a sub-
sequence)

(a) the law of (éhﬂghaﬁhaWh) on X is given by Llon, In, un, W], h € (0,1),

(b) the law of (0,9, u, W) on ¥ is a Radon measure,

(c) (Qh,i?h,uh,Wh) converges P-almost surely to (g,9,0 W) in the topology of X, i.e.
Cc**(Q)) P-a.s.,
Wh(Q) N L*(0,T;W'2(Q)) P-as.,

m) P-a.s.,

o) P-a.s.

on — 0 in C*([0,T7;
Oy — 0 in C*([0,T);
@, — @ in C4([0,T]; H
Wy, — W in C(]0,TY;

(3.34)

Since the trajectories of g, ¥ and 1 are P-as. continuous, progressive measurability with
respect to their canonical filtrations follows from adaptivity of the approximate sequence. Con-
sequently, they are progressively measurable with respect to the canonical filtration generated
by [@197 u, WL namely,

St =0 (0¢[0] U ou[0] U oy [6] U US04 [Wi]),  t € [0, 7).

Moreover, it is standard to show that W is a cylindrical Wiener process with respect to (@t)tzo-
Now, we show that [g, @1] solves the approximate continuity equation.

Lemma 3.1. The process [0, 1] satisfies (3.8) in (0,T) x Q, P-a.s.

Proof. As a consequence of the equality of laws from Proposition 3.1 and Theorem 4.2, we
see that the approximate continuity equation (3.15) is satisfied on the new probability space
by [0n,r]. Moreover, the uniform bounds (3.25), (3.32) hold true also for [gp, 0p]. Hence by
Proposition 3.1 and Vitali’s convergence theorem we may pass to the limit in (3.15) and deduce
that [p,01] is a weak solution to the approximate continuity equation (3.5a). Furthermore, the
bounds (3.25), (3.32) are also valid for the limit process [g, 01]. Consequently, (3.5a) is satisfied
a.e. in (0,7) x T3, P-a.s. Finally, using parabolic regularity theory, we conclude that (3.8) is
satisfies in the classical sense. g

As the next step, we are now going to show that the quantity [, J, @i, W] solves the approx-
imate momentum equation.

Lemma 3.2. The process [, 7,1, W] satisfies (3.10) for all ¢ € H,, and t € [0,T], P-a.s.
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Proof. Modifying slightly the proof, the result of Theorem 4.2 remains valid in the current
setting. Hence as a consequence of the equality of laws from Proposition 3.1, the approximate
momentum equation (3.18) is satisfied on the new probability space by [@h,ﬁh, up, Wh] It is
enough to pass to the limit with respect to h.

We observe that

~ ~ < s
I[an]n(®) = an @l g, ~ P llanlle;m,,

and similarly

cLotes

1[8n]n (1) = 8n(B)ll gz = htllan]
< L1
| 2 SR

[On]n(t) — In(t)

CiL:-

Now, with the convergences (3.34), the bounds (3.25), (3.32) and the assumption (2.2) at hand
we may pass to the limit in the approximate momentum equation (3.18). The only term which
needs an explanation is the stochastic integral. By the uniform convergence of g, and uy
(recall Proposition 3.1), the continuity of the coefficients Fj, . ¢ and the continuity of II,,, it is
easy to see that P-a.s.

o | (28] [P (@), 193], (1)

(3.35) i
= Iy, [l [Fc (6.9, 8)] in L7((0.7) x T?)

for all £ € N and all ¢ < co. On the other hand, we have

E / [T (@010 T [Fe e ([nlns [0], (80101 117, gz, O

< iE/T H {[éh]hﬂm[Fk,a,g([éh]m [In], [ﬁh]h)]} 12
k=1 70 :

dit
L3

0 T
<lanlis, SE /O [ A A IS
k=1

oo T 9 oo
- = - 5 N < iis <
<lanl, YO [ [Brcell@n Baln )], 6 S lanlie, Y52
k=1 “0 ¢ k=1
using (3.2), (3.3) as well as (3.25). Consequently, we can strengthen (3.35) to

o [[20) T [P g (1201, [9n). [B]0)]

(3.36) ~
— 1, [gnm F.(5,0, ﬁ)]} in L2(0,T; Ly(8k; L*(T*))
P-a.s. Combining this with the convergence of W, from Proposition 3.1 we may apply Lemma

Lemma 4.1 to pass to the limit in the stochastic integral and hence complete the proof.
O

Next, we show:
Lemma 3.3. The process [,0,1] satisfies (3.9) a.a. in (0,T) x Q) P-a.s.

Proof. As a consequence of the equality of laws from Proposition 3.1 and Theorem 4.2, we see
that the approximate internal energy balance (3.16) is satisfied on the new probability space
by [oh, I, Up,]. Moreover, the uniform bounds (3.28) hold true also for [g]. Using Proposition
3.1 and we may pass to the limit in (3.16) and deduce that [g,9, 1] is a weak solution to the
approximate internal energy equation (3.9). Furthermore, the limit process ¥ also belongs to

the class (3.22). Consequently, (3.9) is satisfied a.e. in (0,T) x Q, P-a.s. O
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Finally, as J;, obeys the (deterministic) bounds (3.28), (3.29), the limit  belongs to the

same class. In particular, the limit temperature 9 enjoys the regularity claimed in Theorem
3.1.
The proof of Theorem 3.1 is hereby complete.

3.3. Energy balance. We show that any solution of the approximate problem (3.5a—3.5c¢)
satisfies a variant of the energy balance equation. To this end, we take the scalar product of
(3.5b) with u and integrate the resulting expression by parts. We apply Itd’s formula to the

scalar product
/Hm(gu)~u dx:/ olu? dz.
Q Q

/Q Mgl [v] - T fou] d = /Q oML, [v] - u do = /Q v-u dz,

we deduce from (3.5b) that

d/Q;Q|U-|2 dx
= _/Q [diV(Q[U]R ®u) + x(|[ullz,, — R)Vps(o, 19)} u dedt

1 1
+/ [EA(QU) + x(JJullg,, — R) divS(d, Vu) + —u] cu dedt — 7/ lul’do dz
Q m 2 Jq

1
(3.37) +72/ oL [Frc.c])? dxdt—i—/ oI, [Fee] - u dz dW.
2 & )

k>07@ Q

Furthermore, equation (3.5a) tells us that

1/ lul*de dz = 1/ elul?Ap dxdt — 1/ div(o[u)r)|ul* dzdt,
2Jq 2Jq 2Jq
while

: 1 2 1 : 2

div(e[ulg ®@u)-u dz =— [ olulg - VIul* dz= 5 [ div(e[u]g)[ul” dz,
Q 2Jq 2Jq
and
1
5/ A(pu) -u dz = —5/ o|Vul? dz + f/ elul?Ag dz.
Q Q 2 Jq

Consequently, relation (3.37) reduces to

1 1
d/ —olu]* dz + x(||ull,, fR)/ S(¢, Vu) : Vu dxdt+—/ lul? dxdt+s/ o|Vul? dzdt
Q2 Q mJqQ Q

(3.38) :/ x(|lullm,, — R) ps(0,?¥) diva dadt
Q

1
—|—§/ Q|H7,L[FE,£]|2 dxdt—|—/ oI, [Fe gl -u dz dW.
Q Q

Seeing that
x([ullm,, — R)ps(e,?) divu = ps(e,7) div[u]r
we rewrite the energy balance (3.38) as

1
a [ ol dr=—x(uln, —R)/ S(@, Vu) : Vu dxdt+/p5(g,19)div[u]R dz dt
Q Q Q
)

1 1
—a/ o|Vul? dxdt——/ uf? dxdt+zf/ O[T, [Frce])? dadt
Q mJq =02/a

(3.39
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+/ oI, [Fo¢] - u dz dW.
Q

For the first term on the right-hand side we use the approximate internal energy equation to
see

—6/ o|Vu|*dz — x(|Jul|z,, — R)/ S(¥, Vu) : Vudz +/ p(o, ) div[u] g dx
Q Q Q

-/ [at@ea(g,m)emgﬁ%z)vm?w;aﬂ d.
Q

Next, multiplying the equation of continuity on b’'(g) we deduce a renormalized equation
db(e) + div(b(o)[u]r) + ('(0)e — ble)) div[u] g dt = div(}/()Ve) dt — b"(e)|Vel* dt

for any twice continuously differentiable function b. Inserting this into (3.39) we can write the
energy balance in its final form

d/ [ olul? +geg(g,ﬂ)+6<ﬂgl+gﬂ dz

(3.40) —/ luf? dxdt+s/ 95 dadt
/5192 dedt+ - Z/Q|H [Frcell? dxdt—i—/gﬂ [Fee¢]-u dz dW.
k>0

We have shown the following version of the energy balance for the approximate martingale
solutions.

Proposition 3.1. Under the hypotheses of Theorem 3.1, let (0,9, u, W) be a martingale solu-
tion of the approzimate problem (3.5a)—(3.5¢).
Then the following total energy energy equation

/atw(/ £5(0,9,u dx)dt—i—/ w/ (07 + \u\Q)dt

=1)(0) Sa(go,ﬂo,uo) dx+/ /@wdxdt

/ (/ZQH [Frcele, 9wl d:v)dt

k>1

+/0 ¢/Q£)Hm[Fe,E(Qﬂ97u)]-udex

holds true for any deterministic test function ¢ € C°[0,T) , P-a.s. Here, we abbreviated

(3.41)

1 ﬁ
Es(o0,9,u) = §@|u|2 + oes(0,9) + 6 <51 +0 )

Remark 3.1. Consistently with the weak formulation of the field equations in Definition 3.1,
we have rewritten (3.40) in the form of a variational equality with a deterministic test function

.

3.4. Entropy balance. As equations (3.8) and (3.9) are satisfied in the strong sense and ¥ is
strictly positive, we may divide (3.9) by ¥ obtaining the (regularized) entropy balance equation

91 0s5(01) + div(oss o, M)ula) — div ("2 4 591 + " 32))vY)

I
(3.42) = % [x (|ul|zzm — R)S(¥, Vu) : Vu + (@ +0(9° 7 + )) |VI|? + 5?92]

1) _ Ang p(Q7'l9)
2 (BoP2 2 Zz& _ _ 94 & 2
+ 50077 4 2) Vol + =5 (Va0 9) — eale, ) ~ ) — i + SolVul
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satisfied a.a. in (0,T") x Q, together with the boundary conditions V¥ - n|sg = 0.

4. GALERKIN APPROXIMATION

Our goal is to perform several steps: (i) letting R — oo in the approximate system (3.5a)—
(3.5¢), (ii) letting m — oo in the resulting limit, (iii) letting the parameter ¢ — 0. The
technique in these three steps is rather similar and is based on the uniform bounds enforced
by the data. In the following we amply use the Korn—Poincaré inequality:

1
(4.1) Hv||%,V1,Q(Q’R3) < C/Q ES(ﬁ,Vv) : Vv dz for all v e WH2(Q; R?), v]sg =0,
cf. also hypothesis (2.11).

4.1. Uniform bounds. We start by introducing the ballistic free energy,

Heg(0,9) = 0(e(0,9) — Os(0,9)), Hseol(o,9) = o0(es(0,9) — Oss(0,7)),

cf. [17, Chapter 2, Section 2.2.3]. Combining the total energy balance (3.41), with the entropy
equation (3.42) we get the total dissipation balance

1)
/ |: ‘ll‘ +H§O(Q,19)+7Q +§Q d$+9/ / O—RmEde
p-1 T3

// (c0° + |u|2)dt

1)
:/{ 00|uol?® + Hs e (00,V0) + 71

2 +5/ /?92<6M5 (0,9) + gaa (,19))V9~Vﬁdxdt

+/ / (192 +€@194> dl‘dt+/ / QHTn[Fg’f(g,ﬁ,u)} ude:z:
0 JQ

/ (/ngm [Free(o,9,u)]” da;)dt

k>1

95 + 5@3} dz

for any 0 < 7 < T, and any positive constant © > 0, P-a.s., where

1
e = 5 W, ~ RS0, V) s Vu+ Lo 4 L (g D)o o]
gd _Opm [Vo|?
ﬁ 2 2 e 2
+ 558772 +2) Vo + e (0:0) 5+ FIvuf

Keeping € > 0, 6 > 0, £ > 0 fixed we derive bounds independent of the parameters R and m.
As the projections II,,, are bounded by (3.2), we get

Z/mHFMMH>PM§mewmw%mmy

k>0 k>0

Y llellz: [ Frelo, 9, w3 = cle.€,2)

k>0

(4.3)

using also

(4.4) lollz: = [loollzy <@
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Next, by means of the Burkholder-Davis-Gundy inequality,
sup

//QH F. (0,9, )}-
o<t<r

(4.5) 172
e[ % / o [Frcc(o,0,w)] - u da

Furthermore, using once more (3.2), we deduce

r>1.

)

k>0

2
2 I/@laz /@l o2 T [Fic 0,9, w2
S el 0) |l Vaul: | Pre (0,9, w) 3= < (6 0) 72 Iv/oul3:

2
‘ / ol [Froe(0.0,0)] - u da
Q

Next, we observe that the term §/9? on the right-hand side of (4.2) is dominated by its
counterpart § /92 in the entropy production term o R,m.e,5- Analogously, the quantity £09* on
the right hand side is “absorbed” by the term e9® at the left hand side of (4.2).

Consequently, it remains to handle the quantity

1 e (0,9
/792 <€M<Q719>+96Ma(§’ ))V,Q~Vz9 da

appearing on the right-hand side of (4.2). To this end, we first use hypothesis (2.6), together
with (2.9) and (2.10), in order to obtain

1 derr(o,9) 03 +9
il EMAE Y . <
gz (carle ) + 0252 ) Vo - V| < o 5 ) VeV,
where, furthermore,
2 2
|VQ|1;V19| < H|v§‘ + c(k) \V1199| for any k > 0,
and, similarly,

05 [Vol|VY| _  03|Vol? V9|2
52 <k 3 + ¢(k) 55

Thus we infer that

/192‘€M(9a79)+9

< ;/Q [5(%*2 + @)\WP + 5(6&” +2)\v9|2} dz

provided & = £(9) > 0 is small enough. Consequently, passing to expectations in (4.2) we may
apply Gronwall’s inequality to conclude that

1 ) T T "
]E{ sup / [§g|u|2+H5,@(g,19)+7195—&-6@2} dx—f—@/ /O’R’m’e’gdl'—l-ff/ /ﬂdedt]
Q - 0 Q 0 Q

MMV INZIRE:

(4.6)

0<7<T B
(4.7)
1 2 g i< 2 '
<ATOE| | [Feoluol® + Hsoleo, 90) + 7= of +def| da
Q g-1
for any r > 1.

Taking into account the properties of the function Hj g, see [17, Section 2.2.3, (2.49), (2.50)],
we obtain the following bounds depending only on the initial data (go, %, ug) determined in
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terms of their law A, and the parameter &:
Qﬁ

E 71

1
sup [ (Golul? + Hao(e,0) + 85

te(0,1) JQ

El/OTx(HuHm ~R) /TS%{S(&Vu):Vu] dz dt

T
E
0
T

+ 92)> dz

k(1) 8—1 1 2
S(5 Tow +@)>|V19| ) da dt

T3

(4.8)
1 5, 1) 4 2
(65193 +e0° + m\u\ +€5|Vu| ) dz dt

T 1 r
/ / (80" 2 +2)|Vo|* da
o Jrs ¥

9 3PM
T3 Q19

T3

eOE

0,9)|Vol* dzx dt

dt

7

e

A

C(lrﬂ 57 A)’

c(r, &, A),

C(’rﬂ 57 A)?

C(r’ €7 A)’

C(ﬁ 57 A)7

c(r, &, A).

21

As all norms are equivalent on the finite-dimensional space H,,, and 0@ is regular,, we deduce

from (4.8)4 that

©(9,20) + Hs0(7,20)

T T
(4.9) E [ / 2, g ] < c(m,£,6, M),
Finally, we recall the coercivity properties of the function Hs o, see [17, Chapter 3, Proposition
3.2]:
1 _.0H
(410) Hyolo.9) 2 § (ees(o0) + Ocls(a.0)) - (0~ 1122
for any positive g, 9, 9,0. Consequently, (4.8); gives rise to
(4.11) E || sup / (9* + dollog(9)|) dz| | < (& A).
te(0,T) JT3

4.2. Limit R — oo. Keeping m fixed we consider the rather restrictive hypothesis on the

initial distribution of the data imposed in Theorem 3.1:

A =Ag, Ar {0 <0p <00, lloollgz+r < 0rs Voo nlog = 0} =1

Ar {0 <Ig <o, [Pollyr2ne, < 5R} =

/ lluo|l%, dAr < g for any r > 1.
C?+u Wl,szm m

As the uniform bounds will be lost in the limit R — oo we suppose that

(4.12) Ag — A weakly-(*) in M (C*™ x W2 x H,,),

where

AR{0<Q§/QO dz <3, Voo -nlsg =0, oo, 190>0}
a Q

:A{O<Q</QO dxé?» VQOn|8Q:01 00, 190>0}:]-
Q

T
/ [||QO||03+V + [Pl wr2qe, + ||u0||Hm} dAg < ¢(r) uniformly in R,
C2tvxWLH2x H,,
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By virtue of Theorem 3.1, the approximate problem (3.5), (3.6) admits a martingale solution
(0r, VR, ug) with the initial law Ag for any fixed R > 0. Our first goal is to justify the limit
R — oo. The strategy is similar to Section 3.2; we establish compactness of the phase variables
and use a variant of Skorokhod representation theorem.

4.2.1. Compactness. We start recalling the standard parabolic maximal regularity estimates
(see e.g. [25] or [28]) applied to (3.5a):

10c0llLr(0,7;24(Q)) + llellLr o, 7;w2.4(q))
< .
(4.13) ~ [l div(e[u] p) e (0.7:20(@)) + l@ollc2+v (@)

<
lollze o, mwra@)) ~ llelu]rllLe 0, 7;29(@) + l2ollc2++ (@),

for 1 < p,q < co. In (4.13), the regularity of the initial data can be considerably weakened.
However, such generality is not needed here. Now observe that (4.8), (4.9) give rise to

E [|llelu]rllrorizsqp|] < e(r,m, R).

It is worth noting that this estimate is independent of R as long as

T
/O ||u||%/v1,2(Q) dt

As we shall see below, estimate (4.14) remain valid at any stage of approximation.
This interpolated with (4.8) yields

T

<1

(4.14) E l

E H HQUHLP(O,T;LTJ(Q)”T:I < ¢(r) for a certain p > 2;
which, plugged in the right-hand of (4.13), implies

(415) E |:|||Q||LP(O)T;W1,;D(Q))’T] < c(r) for some p> 2.
Finally, the estimates (4.13) and (4.15) can be used again in (4.13) to conclude that

(4.16) E [|10¢0ll o 0.7:00(@)) + llellzr o mwzr@y] ] =~ ()

for some p > 1, where ¢(r) depends also on the initial data, in particular on E[[go ||, -
Now, following the arguments introduced in Section 3.2, we show compactness of pu with
respect to the time variable. Similarly to Section 3.2 and in view of the bounds established

above, it is enough to check the time continuity of the stochastic integral, namely

" N
, k> —.
ka,2‘| 2

E

/ QHm[Fsﬁ(ga’ﬁau)]dW

1

Applying again the Burkholder-Davis-Gundy inequality, we obtain

r
‘ Wooke2
xT

< r/2 2
N — | E Z sup (HQHm[Fk’E,g(g,19,u)]||L1) for any r > 1.
f>1 0t<T @

E

/ oL, [Fe ¢(0, 9, u)|dW

T1

[Nk

Next, by Holder’s inequality,
oML [P e (0.9, )l < Nl 1T [ (0, W)l

< (@) [Freelo 9,0 yze ~ c(@,€) fre

using also (3.3) and (4.4). Consequently, we may use the bounds (4.8) and apply the Kol-
mogorov continuity criterion to obtain

[N

(4.17) E [||gu||rcs([07T};W,k,2(Q))} X ¢(r) for a certain 0 < s(r) <
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provided r > 2, where ¢(r) behaves like (4.16). Apparently, estimates (4.16), (4.17) imply
strong (pointwise) compactness of ¢ and pu necessary for passing to the limit in the nonlinear

terms. As we shall see below, the same property of the temperature will follow from equation
(3.42).

4.2.2. Asymptotic limit. Suppose now that m is fixed. Given a family of approximate solutions
(0r, YR, uR)R>0 We let R — oo. Unfortunately, the available estimates are considerably weaker
than those obtained in Section 3.2, making the choice of the appropriate path space more
delicate. In particular, we have to use the weak topologies that are in general not Polish. Here
and hereafter we systematically follow the approach proposed in [7, Chapter 2.8] and consider
bounded sequences in Banach spaces together with their norms as a new random variables,
applying the standard Skorokhod theorem. The key result is the following theorem:

Theorem 4.1. Let (Ug p)n>1 be a sequence of random variables in a Polish space Yo, (Up)n>1
a sequence of random variables in L*(Qr; RM), and (W,)n>1 a sequence of cylindrical Wiener
processes defined on a complete probability space {Q,B,P}. Suppose that the family of laws of
(Uo,n)n>1 is tight in Yy. In addition, suppose that for any e > 0, there exists M > 0 such that

P{ 1UnllLa(@rirrry > M } < ¢ for some g > 1;
PO >M }<e

uniformly for n =1,2,..., where [[]] : W=™2(Q7) — [0,00], m > YL is a Borel measurable
function.

Then there exist subsequences of random wvariables (ﬁo,n(j))jZI n Yo, (ﬁn(j))jzl, ﬁn(j) €
LY(Q7; RM) and cylindrical Wiener processes Wn(j) on the standard probability space

{[0, 1], 8]0, 1], E} enjoying the following properties £—a.s.:

[Uo,n(j),Un(j),Wn(j)] ~ [ﬁo,n(j),Un(j),Wn(j) (equivalence in law);
fJn(j) — U in W_m’Q(QT; RM)7 g (ﬁn(j)) —* g(U) in L>=(Qr) for any g € CC(RM);
ﬁo,n(j) — UO m Yo, Wn(j) — W in C([O7T];ﬂ0);

sup([Unp ;)] < oo
jz1

If, in addition q > 1, then £—a.s.

U,.(j) — U weakly in L(Qr; RM), f (ﬁn(j)) — f(U) weakly in L"(Qr)
for any f € C(RM) such that

lfV)) <c(+]|v]), 1<s<yq, r=94>1.
s
Remark 4.1. Here and hereafter the symbol f(U) denotes a weak L'—limit of a sequence
(f(U,))n>1. The existence of such a limit for any f with appropriate growth implies the exis-
tence of a Young measure {v; .} z)ecqr associated to the sequence (f(Uyn))n>1, In particular,

(Vo f) = F(O)(t,2) for a.a. (t,z) € Qr, f € Co(RY),
¢f. Pedregal [35].

Remark 4.2. Note that L' (Qr) — W~"2(Qr) as soon as m > (N +1)/2. In applications,
U is a vector of random variables (unknowns) like (o,9,u, VI,Vu) and [[-]] represents the sum
of available uniform bounds, like

[(0:9,u, VI, V)] = |lollLe=(0,7;05) + [VOl2 + [Vl 2 ...
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In addition, we need an abstract result on changing law in a system of stochastic PDE’s.
Specifically, evoking the situation considered in [7, Chapter 2.9], we consider an abstract sto-
chastic PDE

D(U)(7) — Dg +/ divF(U)dt = / G(U)dw,
0 0
or, in the weak form,

T
[ 100 (D(U)0) + 6 B(V), T4 dt
(4.18) 0

T
+ [ 0GR AW+ p(0) (Do, =0
0
for any ¢ € C°(Q), ¥ € C°[0,T), where
D = D(z,U), F=F(z,U), Gy = Gi(z,U), 2 €T3, UecRM,

are nonlinear superposition operators given by Carathéodory functions. We report the following
result [7, Chapter 2, Theorem 2.9.1]:

Theorem 4.2. Let U € L'([0,T]; L*(Q)), Do € L*(Q) be a random variables such that
D(U)a F(U)’ Gk(U) € Ll([ovT],Ll(Q)) P-a.s.,

T oo
/ Z {G(U), p)|* dt < 0o P-a.s. for any ¢ € C2(Q).
0 k=1
Let W = (Wk)kzo be a cylindrical Wiener process. Suppose that the filtration
5t = a(at[U] U Uzczlat[WkD, t>0,

is non-anticipative with respect to W. Let U, Dy be another pair of random variables and W
another stochastic process such their joint laws coincide, namely,

[D()an W] ~ [D()vfja W]

Then W is a cylindrical Wiener process, the filtration
8 =0 (a[O]U U, aWi]) , t20,

is non-anticipative with respect to W, and

[ / " 0 (D(U), )+ (B(V), Vig)]
+ [ e gaw o) <D07<P>1 ~ [ [ [0 (D(©).0) 40 (R0, 90)]
T

(equivalence in law in R)

+/0 W <G(ﬁ), <p> AW +4(0) <D0), 80>

for any deterministic 1 € C°([0,T)), ¢ € C>(T?).
We apply Theorems 4.1, 4.2 to the sequences (Ug r), (Ur)r>o0,
Uyr = {QO,R;ﬂO,RaUO,R]a Ugr = {QR,ﬂR,uR,VUr,VQR,VﬁR},

with the associated Wiener processes Wg, the existence of which is guaranteed by Theorem 3.1.
Here, the initial data (0o, g, Yo,r, Uo,r) are considered in the space Yj € C?* xWh2nC x H,,,.



STOCHASTIC NAVIER-STOKES-FOURIER EQUATIONS 25

The functional [[-]] is taken as the sum of all norm appearing in the estimates (4.8), (4.9),
(4.11), and (4.17) together with the norm of the initial data, specifically,
1 2 9?{1 2
[Urll = suwp | (Sonlunl+ Hsolon,vp) + (-2 + o)) da+ ...
te(0,7)JQ 2 ﬁ— 1

+ llerurllcs (o, 11w —*2(Q))-

In accordance with Theorems 4.1 and 4.2, we obtain a new family of random variables (gr, J R, UR),
together with the Wiener processes Wg, defined on the standard standard probability space
([0,1],B[0,1], £), with the associated right-continuous complete filtration (§F5¥);>o such that:

. [([O, 1], 8]0, 1], (@{VI)QO, 2,) ,0r, VR, Ur, WR} is a weak martingale solution of prob-
lem (3.5), (3.6) in the sense of Definition 3.1, with the initial law A g specified in Section
4.2, In addition, the triple [gr, ¥R, URr| satisfies the total energy balance (3.41) and
the entropy equation (3.42);

e in accordance with (4.12), the initial data satisfy

do,r — B0 in C**(Q), Jo,r — Yo in W2 NC(Q), 00,0 >0,
IN,lQ,R — ﬁo in Hm £— a.S.;
e the functionals bounded in expectations in (4.8), (4.9), (4.11) and (4.17) are bounded

for (@RﬁR, Ug)Rr>0 uniformly for R — oo £—a.s,;
e we have

or — 0 weakly in W1P(0,T; LP(Q)) N LP(0, T; W*P(Q)) for some p > 1 £ — a.s.,
Ur — 0 weakly in L2(0,T; W2(Q)) and weakly-(*) in L=(0,T; L*(Q)) £ — a.s.,
(19 §p = & weakly-(*) in L2(0, T; W2*(Q; R)) £ — as.,

ortp — ouin C([0,T];W~52(Q; R%)) £ —as., k> g;

e the sequence (@R, 1§R, ug, Vu,, Vog, V&R) generates a Young measure;
R>0

e we have
Wgr — W in C([0,T]; o) L-a.s.
Now, we observe that (4.19) yields also strong (in L') convergence of (gr)r>o. As for the
velocity, we have,

diviig bounded in L'(0,T; L>°(T?)) uniformly in R £ — a.s.

Consequently, evoking the well known estimate for the parabolic equation (3.5a)

-
or(T,x) > rrjgn 00 exp <—/ | divag|| L= dt)
0

we deduce that gr is bounded below away from zero in terms of the initial data. Consequently,
relation (4.19) implies

ig — win C([0,T; W 5(Q; R?));
whence, in view of equivalence of norm on H,,,

(4.20) g — uin C([0,T); W»>(Q; R?)) £ — a.s.

The strong convergence of the temperature,
(4.21) g — ¥ in, say, L*((0,T) x Q) £ — ass.,

can be deduced from the equation (3.5b), exactly as in the deterministic case, see [17, Chapter
3, Section 3.5.3]. Here the proof is particularly simple and may be carried over by means of a
variant of Lions—Aubin lemma. We will give a detailed proof under more delicate circumstances
in Section 5 below.
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Finally, to perform the limit in the stochastic integral, we use the following result proved in [7,
Chapter 2, Lemma 2.6.6].

Lemma 4.1. Let (Q,5,P) be a complete probability space, and ¢ > 0. For n € N, let W,, be
an (§7)-cylindrical Wiener process and let Gy, be an (Fy)-progressively measurable stochastic
process such that G, € L*(0,T; Lo (8 W—42(Q))) a.s. Suppose that

Wy, — W in C([0,T]; Up) in probability,
G, — G in L*(0,T; L?(8; W=52(Q)) in probability,
where W =37 | exWy. Let (§i)i>0 be the filtration given as
3t =0 (U3, 0¢[Ger] Uay[Wy]).

Then, after a possible change on a set of zero measure in Q x (0,T), G is (§F¢)-progressively
measurable, and

/ G, dW, —>/ G AW in L*(0,T; W~52(T?)) in probability.
0 0

With Lemma 4.1 and the compactness stated in (4.19), (4.20), and (4.21) at hand, it is not
difficult to pass to the limit in the equations (3.5a-3.5¢) to obtain the following system:

(4.22a) do + div(eu) dt = eAp dt, Vo-nlopg =0,
dIl,,[ou] + 11, [div(ou ® u)] dt + I, [V (p(0,9) +6(0® + 0")) ] dt
~ 11, [EA(QU) + divS(Vu) + %u] dt
(4.22b) + 10, {gnm {FE,E(g,ﬁ,u)H aw
d(ges(0.)) + [div(oes e, ) — div(ns(9) V)] dt
- [S(ﬁ, Vu) : Vu — p(o, ¥) div u} at

1
(4.22¢) ¥ [ea(ﬁgﬁ—Q +2)|Vol? + 65 — 5195] dt + eo|Vul?dt, V9 -nlpg = 0.

Let us summarize the results obtained so far.

Theorem 4.3. Let 3 > 6. Let A be a Borel probability measure on OV (Q)xW12NC(Q)x H,,
such that

A{O<QS/ Q0 d.’I)SE, VQO'H‘QQZOa 00, 190>0}:1,
N Q
!
/ [leollgzes + 190lly2 200, + o]l | dA < c(r) for any r > 1.
C2tvxWL.2xH,,

Then the approzimate problem (4.22a)—(4.22¢) admits a martingale solution in the sense of
Definition 3.1 (with the obvious modifications for € e,6 > 0). In addition, the solution satisfies

_/OTatw</Q€5(g,19,u)dw> dt—f—/OTl/J/Q (5195—#%\11‘2) dt

T
)
:'L/J(O)/ 55(907190;110) d{E—f—/ 7¢dxdt
Q 0 Qﬂ

+;/OT‘”(/QZ@Hm[Fk,sg(@,ﬂ,U)]2 dx)dt

k>1

T
+/ ¢/ QHm[Fe,f(Q7197u)]'ude3},
0 Q
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with

1 8
Es(0,9,u) = 59|u|2 + oes(0,0) 46 <591 +0 >

for any deterministic smooth test function ¢ € C[0,T).

4.3. Limit m — oco. Keeping € > 0, § > 0 and £ > 0 fixed, our next goal is to let m — oo
in the approximate system (4.22). With the same initial law A, this can be done in a similar
way as in the preceding step modulo certain modifications due to the lost of regularity of the
velocity in the asymptotic limit. In particular, the bound (4.9) and related estimates on the
density are no longer valid for m — oc.

At this stage, it is also convenient to replace the internal energy equation (4.22c) by the entropy
balance

d(oss(o,9)) + div(oss (o, 9)u) dt — div [(% o991 4 ﬁ—))Vﬁ] at

(4.24) - % S(0. V) Vu + (@ 807+ @)) Vol + 5@} d

|00 1 DT+ 5 (v5s(0.0) - enter) - HE )|

4
+ {—5194 +5§|Vu|2} dt
Note carefully that this is possible as ¥ > 0 and equation (4.22c) is satisfied a.a. Thus (4.24)

follows by dividing (4.22¢) by 9.
Now, exactly as in [17, Chapter 3, Section 3.5], we deduce from (4.24) the inequality

d(oss(o,9)) + div(oss (o, 9)u) dt — div [(% o951 ¢ —))w] at

2
—ediv {(ﬁsMﬁ(g, ) —enr,s(0,0) — pM(QQ’)) vg] di

X
(4.25)
1 k(W) & -1 )
5[8(19 Vu) : Vu+(T + 500 ))|W| +562}d
- 1 dpm
B—2 2 2 _q4
+ [219(69 +2)[Vel* +e 55 (e D)Vl 519} dt.

Consequently, adapting the dissipation inequality (4.2) to the present setting, we deduce that
(4.9) must be replaced by

T T
E l/o %S(ﬂ, Vu) : Vu dt] < e(r),

which, combined with inequality (4.1), gives rise to
T

T

At this stage, we choose the initial velocity uy € L?(Q; R?) and adjust the initial law A to
up = ug,m = I, up. Accordingly, Theorem 4.3 yields a family (o, 9m,u) of approximate
solutions. Now, we may repeat step by step the arguments of the preceding part to obtain a
martingale solution of the following approximate problem:

(4.27) do + div(ou) dt =eAp dt, Vo-nlsg =0,
d(ou) + div(eu ® u) dt + V (p(0,9) + 6(0” + %)) dt

4.28
(4.28) - [eA(gu) n divS(vu)} dt + oF . (0,0, u) dW,
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d(oss(0,9)) + div(oss(o,9)u) dt — div [(@

~ediv Kﬁsm(g, 9) — enrs(0,9) — W(Qg”g)) VQ} dt

TP 4 i))w} at

,192

)
(4.29)
k(9 1)
> 2[5, Vu) - vut (* 59) S Lyywop o]
+ B(S(ﬂgﬁ2+2)|v9|2 s%ag—M( ,9)|Vol? _5194] dt, V9 - nlag =0,
3
o st s ([ - 5) )
(4.30)

(/ZQ|F;“§ (0,9,0)? dx)dt—i—(/ QFE,g(g,ﬁ,u).udx> dw.
Q Q

k>1
Note that the entropy inequality (4.29) as well as the total energy balance (4.30) must be
already interpreted in the weak sense as in Definition 2.1. On the other hand, we still recover
the strong (a.a. pointwise) convergence of the arguments in the diffusion coefficients Fy, . ¢ to
perform the limit in the stochastic integral.

4.4. Limit £ — 0. Our final goal is to perform the limit £ — 0. To this end, we choose the
cut—off functions he in (3.4) to approach 1 and the regularizing kernels we to approach the
Dirac mass. As the stochastic terms in (4.28) and (4.30) do not contain the projection II,,, we
no longer need (3.2). Instead, we simply use

<
”Fk,s,f(gaﬂau)”L;Q ~ Hkaf(Qa ’ )”Loo = (g)fk,s

n (4.3), (4.5) and all other terms involving the stochastic integral.
Summarizing, we record the following result.

Theorem 4.4. Let 3> 6. Let A be a Borel probability measure on C*TV(Q) x W12NC(Q) x
L?(Q; R3) such that

A{0<Q</Qo dz <9, Voo -nlspg =0, oo, ?90>0}=1
Q

,
/2+ - {||QO||C£+V + ||790||W;’2rwcm + ||u0||L;;} dA < ¢(r) for any r > 1.
C2HvxWl2xL

Then the approximate problem
(4.31) do+div(ou) dt =eAp dt, Vo -n|sg =0,
d(ou) + div(ou @ u)dt + V (p(g7 9) 4 6(0" + 92)) dt

(4.32) — [eA(ou) + divS(Vu)| dt + oF. (0,9, u) W,

d(ess(o,0)) + div(ess(o, ¥)u) dt — div [(@ + 6971 + %))Vﬁ} dt

—ediv {(ﬁsMﬁ(@ 9) —ems(0,9) — ]91\4(9&19)) Vﬂg] dt
[ (9, V) : Vu+ (© 5;9) g(ﬁﬁ*1+$))lvz9|2+5%} dt
PM

1
[ B2 +2)|Vol* + ¢ 7966—( ,19)|Vg|2—5194} dt, V9 -n|pg =0,

B )
[ olul? + oes( g,ﬁ)+6<ﬂgl+g)] dx+</1rs (5195—192) dx) dt

(4.34) )
2(/ ZQ|Fk5 (0,0,u)? da:)dt—i—(/ QFE(Q,ﬁ,u)~udx> dw.
T3

k>1

(4.33)
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admits a martingale solution in the sense of Definition 2.1 (with the obvious modification for

g,0>0).

5. THE VANISHING VISCOSITY LIMIT

Our ultimate goal is to perform successively the asymptotic limits € — 0 and 6 — 0 in the
approximate system (4.31-4.34). It is worth noting that the relations (4.27) and (4.29) are
deterministic and the same as in [17, Sections 3.6 - 3.7], where a similar limit in the absence of
stochastic forcing is performed. Thus, at least in (4.27), (4.29), the limit process is exactly the
same as in [17, Chapter 3] as long as suitable uniform bounds are established. Accordingly, we
adopt the following strategy:

e Making use of an appropriate form of the total dissipation balance (4.2) we derive the
energy bounds.

e We derive all other estimates, in particular for the pressure and the velocity, that
require stochastic averaging.

e Changing the probability space we recover (weak) compactness pointwise with respect
to the random parameter. Accordingly, we perform the limit passage, in which the
equation of continuity and the entropy balance are handled in the same way as in [17,
Chapter 3].

e We pass to the limit in the stochastic integral using Lemma 4.1.

We aim to perform the limit ¢ — 0 extending the validity of Theorem 4.4 to the following
System.

(5.1) do + div(pu) dt =0,
(5.2) d(ou) +div(eu®u)dt + V (p(o,9) + 6(0® + 07)) dt = divS(Vu) dt + oF (o, 9, u) dW,

d(0s5(0,9)) + div(oss(o,9)u) dt — div [(@ +O(07 7 + ))w] dt

(5.3) . %[sw,Vu) Va4 (@+ %9&—1 ))Ivm%am} dt,
» d/ [1 lul? + oes(o,9) + <6Q_ﬂ +o0 )} de — </1r$ 1;52 dx) dt

</ Zg\Fk 0,9,u)? dz)dt+ </ gF(g,ﬁ,u)-udz) dw.
T3 T3

k>1
The main result of this section is the following.

Theorem 5.1. Let 3> 6. Let A be a Borel probability measure on C*"(Q) x Wh2 N C(Q) x
L?(Q; R?) such that

A{0<Q§/ 0o dz <9, Voo-nlog =0, 90,190>0}1
2=/,

/ [||go||02+y + 1Yol yr2ne. + ||u0||L2} dA < e(r) for all r > 1.
C2HvxWh2x [2 * * * *

Then the approzimate problem (5.1)—=(5.4) admits a martingale solution in the sense of Defin-
ition 2.1.

The proof of Theorem 5.1 requires the full strength of the method developed in the context
of the deterministic Navier—Stokes system. Possible oscillations of the density are ruled out
thanks to the weak compactness of a quantity called effective viscous fluz,

(;lu(,g) + 77(19)) divu — p(o,9),

where u, 17 are the viscosity coefficients.
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5.1. Uniform energy bounds. Using (4.33), (4.34), or rather their variational formulation

via the appropriate versions of (2.17) and (2.18) containing the artificial pressure, we deduce
the total dissipation balance

1 T T
/ [fg\u|2+H5,@(Q,19)+LQ6+592] dx—l—@/ /Uagdx—i-/ /5195dt
Q p—1 0 JQ 0 JQ

1)
< /{ 0wl + Hs e (00,V0) + -1

//(192+5@194>d3:dt+/ /QQFE(Q7197H).udxdW
/ </Q/;Q|FMW9 u)|? :c>dt

for any 0 < 7 < T P-a.s., where

QO + 590} dx

_ 1 : K)oz 4 (81 4 5
G = 5[S(ﬁ,vu).v u+ SV + ( )\vm +5§2}
=) 310M [Vo|?
072 2y
+219(ﬁ +2)|Vol® + o0 —(0,9) 9

Thanks to hypothesis (2.2) we get

/ 0|Frc(o,0,0)|Jul dz S f; / o(1+[uf?) de, / o[Frc(o,0,0) dz < f2 / o(1+uf?) dz
Q 3 Q 3

Thus we may pass to expectations in (5.5) and apply a Gronwall-type argument to deduce the
following bounds, cf. [17, Chapter 3, Section 3.6.1]:

(5.6) E

1 T
ess sup / [f,g|u\2 + Hso(0,9) + Lgﬂ + 592} dz| | <e(r,A),
QL2 B—

te(0,T) 1

in particular

E || sup llollsio| | < clr),
t€(0,T) |
5.7 E < A
(5.7) [ Sup IIQUHL;ﬁ(Q’RS) |= c(r, A),
E ||ess sup H19||L4 <e(r,A).
te(0,T) |
Moreover, boundedness of the entropy production rate
(5:5) E {0z %1 0.1y ] < (i)
gives rise to
(5.9) E |V a0,y xuros) | + B | IV911520,0yxqumsy | < € A);
whence, by Poincare’s inequality and (5.7),
(5.10) E [ Iully0,rwsginey + B (191220, mwr 2y < e A).

Note that we keep the initial law A the same as in the previous section.
Finally, we deduce from the equation of continuity (4.22a) that

(511) Lot dr= [ o do B[IVEaliaqomyers) < clr )
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Note that all estimates are independent of €.

The above bounds are not strong enough to control the pressure term proportional to ¢” that
is for the current stage bounded only in the non-reflexive space LL. The adequate estimates
will be derived in the next section.

5.2. Pressure estimates. Following [17, Chapter 2, Section 2.2.5] we introduce the Bogovskii
operator B enjoying the following properties:

B:Ly={fe LR | (flg =0} - W"(Q: RY), divBIf] = fing, 1<q< o,
1B [divg]ll .o < lgll (@) wheneverdivg € L, 1 < ¢,r < co.

The idea, borrowed again from [17, Chapter 2, Section 2.2.5], is to use the quantity

Blo—(0)q]

as a test function in the variational formulation of the momentum balance (4.28) (cf. formula
(2.16)). Note that this is not straightforward as the legal test functions allowed have the form
Y(t)p(x), where both ¢ and ¢ are smooth and deterministic. Nevertheless, such a procedure
can be rigorously justified by the application of a suitable version of the generalized 1t6 formula
to the functional

(p, q) — / q- A_1VQC1$
T3
(see [9, Sec. 5]). We rewrite (4.28) in the differential form
d/ ou-p dz —/ [Qu®u : ch+p5(g,19)divcp} dx dt
Q Q

(5.12)
= —/ [S(ﬁ,Vu) : Ve +eV(pu) : V(p} dzdt —|—/ oF:(0,9%,u) - ¢ dz dW.
Q Q

Seeing that
d(Blo— (0)g]) = —Bdiv(pu) dt + eB[Ap] dt,

we obtain
T
/ /m(@ﬂ) [o—(0)q] dzdt
o Ja
t=T T
= UngB[@(Q)Q] de—o/O /QQU®u:VB[9(9)Q] da dt
T T
+/0 /QS(ﬁ,Vu):VB [0 — (0)o] dxdt—i—/o /QQU-B[div(Qu)] dz dt
te /Q V(ou) - VBlo — (e)o] — ou- B(Ag)] drdt
T
(5.13) -/ /Q oF.(0,9,u) - Blo— (0)q] dz dW.

As shown in [17, Chapter 3, Section 3.6.3], all deterministic integrals on the right—hand side of
(5.13) are controlled by the energy bounds. This means, in the present setting, their expected
values are controlled by the bounds (5.7-5.11).
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As for the stochastic integral, we apply the Burkholder-Davis—Gundy inequality:

E[/OT/QQFE<Q,197u>~B[g—<g>Q1 s ai| |

t T
<E| sup //QFE(Q,ﬁ,u%B[Q—(Q)Q] dz dW
telo,7] 1Jo JQ
T 00 2 r/2
SE / > /Q@Fk,s(97197U)-B[9—(Q)Q} dz dt] :
0 =

where, due to (2.2) and the properties of B and 5 > 3,

/ oFy-(0,0,1) - Blo— (0)o] dr| = fillBlo— (o)) Iz / o(1 + |u]) de
Q Q

£ fellolz /Q o1+ ul) de.

T
//pa(eﬁ)g dz dt
o Jo

5.3. Compactness of the momentum in time. Using the same arguments as in Section 4,
specifically, the Kolmogorov continuity criterion, we may deduce from the momentum equation
(5.12) the estimate

Hence we conclude that

(5.14) E l

1 <e(r,0,A).

T < . 3
CS([O,T];W,k,Q(Q;Rg)} ~ ¢(r) for a certain 0 < s(r) < 3 k> —.

(5.15)  E|foul .

5.4. Stochastic compactness method. The uniform bounds derived in the previous section
are optimal in view of the energy method. We are ready to perform the limit ¢ — 0. We
proceed in two steps. Similarly to Section 4, we make use of the general results stated in
Theorems 4.1 and 4.2 to pass to the standard probability space ([0, 1],95[0, 1], £). Then we
adapt the method known for the deterministic case to show compactness of the temperatures
and the densities which is the main issue here.

Applying Theorem 4.4 we get a family of martingale solutions (g., J¢, uc)eso of problem (4.31-
4.34). Evoking the compactness method used in Section 4, we get a new family of random vari-
ables (ge, Ve, Uc)e>0, together with the processes W. and with the associated right-continuous
complete filtration (@g )t>0 such that:

. [([07 1], 8]0, 1], (@f)tzo,ﬂ,) , 0,02, U, VNVE} is a weak martingale solution of problem
(4.31-4.34), with the initial law A;
e the initial data (o.c, o, Uo ) satisfy
@0,6 - 4_60 in CQ_H}(Q); 150,5 - 1§0 in Wl’z N C(Q)7 Q07190 > 0)
lp.c — Ug in L*(Q, R?),
L£—a.s.,; 3
o the functions (g, VY., 0.) satisfy the bounds (5.6-5.10), (5.14), and (5.15) £—a.s. uni-

formly for ¢ — 0;
e we have

0. — 0 weakly in LPT1((0,T) x Q) and weakly-(*) in L>=(0,T; L?(Q)) £ — as.,
¥, — 0 weakly in L?(0,T; W2(Q)) and weakly-(*) in L>=(0,T; L*(Q)) £ — a.s.,

(5-16) & & weakly in L2(0, T; W2(Q: R®)) £ — aus.,

btie — git in C([0,T):; W—F2(Q: B%)) k > % € as.
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e the family (g, V., 0:0., V., Vi, )eso generates a Young measure;
e we have

W. — W in C([0,T); 4o) L-a.s.

5.5. Strong convergence of the temperature. We establish the strong convergence of

the temperature fields (U.)eso exploiting pathwise the piece of information provided by the
deterministic entropy inequality (4.29). Indeed repeating step by step the arguments in [17,
Chapter 3, Section 3.6.2] for an fixed w € (0,1) we can show that

(5.17) D. — 0 in L*((0,T) x T%) L-a.s.

In a similar way, we recover the weak formulation of the renormalized equation of continuity:

/ / O + b(62)e - Vi + (b(3:) — 5:b/(32)) div i) dadt
518

—5/ /b” )| Vae|? dxdt+£/ /b’ 0:)Vo:-V dxdt — /b )w(0) dz

for any v € C2°([0,T) x R®) and any sufficiently smooth b.

5.6. The limit in the stochastic integral. To perform the limit in the momentum equation
(4.32) we have to handle the stochastic integral. In view of Lemma 4.1, we need to show the
strong convergence

(5.19) 0-F.(0z,0.,1.) — gF(,9,10) in L2(0,T; L*(4o; WF2(Q))), k > %

First, we claim that it is enough to show that
- _— 3
(5.20) 0.F.(3.,9,1) — oF(g,9,1) in L*(0,T; L?(to; W 2(Q))), k > 3
Indeed as the functions Fy, . are globally Lipschitz (uniformly for ¢ — 0, recall (2.2)), we have

GF (00,02, 00) = 0.F (02,9, 0)| = fioe (10— 9] + [ — ),

where, by virtue of (5.16), (5.17),

] 6.(9. — ﬁ)‘ o < 12| /o0y 0= — Dll s (@) — 0 in L*(0,T) S-as.
Similarly,
(5.21) [0c(0e — W)l 1) < [V 0llpz(rs) [V 0e (0 — )| L2(q;R3)-

However, in view of (5.16) again, we have

T T
(5.22) / /§E|ﬁ€\2 dx dt—>/ /§|ﬁ|2 dz dt;
0o J@ 0 JQ

whence the right-hand side of (5.21) tends to zero in L?(0,T) £-a.s.
Now, convergence in (5.20) follows the fact that g. satisfy the renormalized equation (5.18),
specifically,

b(g.) — b(d) in Cy([0,T]; LP(Q)) £ — a.s. for any bounded continuous b,

see [7, Chapter 4].
In view of Lemma 4.1, we may pass to the limit in the approximate momentum equation (4.32)
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T
/ atw/ 5 drdt
0 Q

T T
+/ w/§ﬁ®ﬁ:Vgo dxdt—/ w/S(ﬁ,Vﬁ);v(p dz dt
0 Q 0 Q

obtaining

(5.23) . .
+/ ¢/p5(§,1§)divcp dxdt+/ w/ oF(3,9,10) - dzdW
0 Q 0 Q

=—/§0ﬁ0'90 da;
Q

for all ¢y € C°[0,T), p € C°(Q; R3) L-as.

5.7. Strong convergence of the density. In the first step, we proceed as in the proof of
(5.14) and test the momentum equation (4.32) by ¢ (¢)¢(z)VA™[100.], where ¢ € C(0,T),
¢ € C*(Q) and A~! is the inverse of the Laplacean on the whole space R?, cf. [17, Chapter
3, Section 3.6.5]. In the stochastic terms, we apply It6’s formula to the function f(p,q) =
fQ q- (VA 1gp]dz. Similarly to (5.13) we obtain the integral identity:

(5.24) / /¢g p5 5., 9.) S(ﬁE,Vug).R[nge) dz dt = ZIJS g

where
T
L. - _5/ / ¥C bt - VA div(10V4,)] da dt
0 Q
T
12,525/ /swV(éeﬁs)-V(CVA‘l[nge]) dxdt
0 Q
T
Be= [ [ we(om Rigns] — 2.5 o) Rllga) dr i
Lio=- / / Ups(8,0.)VC - VA (1o da dt,
L. — / / VS(J., Vi) : V¢ ® VAL 1oa:) da dt,
0 JQ
T
L. — _/ /z/;(@eﬁE@ﬁE) LV ® VAI 106, de dt,
0 Q
T
o= [ [ 0w Caa- VA 102 do
0 Q
and

T
IS,E = _/ Qﬁ/ CIQFE(§E71§E7{:‘E) . VAgl[lQée] dx dWs
0 Q

Here, the symbol R stands for the double Riesz transform, defined componentwise as R;; =
02, A710,,, cf. [17, Chapter 3, Section 3.6.5].

Applying the same treatment with ¢ (¢)¢(z)VA~![1g0] as the multiplier to the limit equation
(5.23), we obtain

(5.25) / /wg — (9, Vi) : [1Qg) de dt = ZI Cas.
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where
13:/OT/ng@ﬁ-R[ngu]—(@ﬁ@ﬁ):R[lQQ]) dz dt,
n-- ' /Q Ups(@.9)VC - VAT [1gd] da dt,
I5_/0T/QwS(1§,Vﬁ):VC@VAxl[lQQ] dz dt,
16:_/0T/Q¢(§ﬁ®ﬁ):v<®VA;1[1Q@] dz dt,
I; = —/OT/Qatzp ¢ou- VA 1ga] dz dt,

and

T _
_ s 3oy -1 ~ z
Is = /O w/QCQF(Q, 1) - VA [1gg] dz dW.

Now, using the deterministic arguments, exactly as in [17, Chapter 3, Section 3.6.5], we may
use the uniform bounds established in Section 5.1, notably (5.11) to show that

1175, 1275 — 0, Ij75 HI]' fOI‘j :3,...,7273.8.

Finally, we claim convergence of the stochastic integrals Igs . — Ig. To this end, we use Lemma
4.1. To begin, we observe that (5.19), together with the available uniform bounds, implies

(5.26) 0-Fe(de,de,0c) — 0F(8,9,0) in L0, T; L*(8o; W™ 12(Q)))
£-a.s. Moreover, we have
(5.27) CA™V5. — ¢ATIVG in C([0,T); W, (Q; R%))

by the compactness of the operator (A~'V : LP(R3) — Wol’Q(Q) for p > g. Combining (5.26)
and (5.27) with Lemma 4.1 we conclude Ig . — Ig.

Thus we have shown that £-a.s

/OT /621/)((]95(@5,55)@5 —S(@., Vi) : VA’1V1Q§E) dz dt
(5.28)

T -
. / /1/}C<p5(§,1§)§ ~S(9, Vi) : VA*1V1Q§) da dt.
0 JQ

Relation (5.28) gives rise to the effective viscous flux identity discovered by Lions [29] and, after
a tedious and rather nonstandard manipulation, gives rise to the strong (pointwise) convergence
of the density, more specifically,

(5.29) /an log(g:)(1) do — /Q olog(9)(7) dz for any 7 € [0,T] L-a.s.

The arguments are purely deterministic and use only the renormalized equation of continuity
(5.18) and compactness (IP-a.s.) of the initial density distribution g. o. A detailed proof is given
in [17, Chapter 3, Section 3.6.5]; see [7, Chap. 4.4] for the barotropic stochastic case. As the
function g +— plogp is strictly convex, relation (5.29) implies (up to a subsequence) strong
(a.a. pointwise) convergence of (gc)es0-

5.8. Conclusion. As we have established strong convergence of the families (g¢)e>0, (155)5>0
it is a routine matter to pass to the limit in the weak formulation of (4.31-4.34) to obtain the
limit system (5.1-5.4). We have shown Theorem 5.1.
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6. THE LIMIT IN THE ARTIFICIAL PRESSURE

In this final section we let 6 — 0 in the approximate system (5.1-5.4) and complete the
proof of the existence of solutions stated in Theorem 2.1. As in the preceding sections, the
proof consists in (i) showing uniform bounds independent of §, (ii) applying the stochastic
compactness method based on Skorokhod representation theorem, (iii) showing compactness
of the temperature and the density by means of deterministic arguments.

6.1. Initial data. The initial data considered in Theorem 5.1 are quite regular. In order to
achieve the generality of the initial law in Theorem 2.1, we consider a family of Borel probability
measure (As)s>o defined on L'(Q) x L(Q) x L*(Q; R?) such that

As = {90>07 0<Q§/ 00 dz <7, Voo -n =0, o, 190>0}_17
2= |,
/L1><L1><L1 {HQOHTCEM + 1Pollyy12q0, + ||u0||TLi} dAs < ¢(r,d) for all r > 1.

Let A be the law specified in (2.1). We consider a sequence (As)s>o such that

As — A weakly-(*) in M (LN(Q) x L'(Q) x L*(Q; R%)),

/L}D><L;,><LulC

uniformly for § — 0.

00|uo|? + oes (00, Y0) + 0085 (00, 90) + 5Q5HL1 dAs <c¢(r) for all r > 1

6.2. Uniform energy bounds. We start with the energy estimates that basically mimick
those obtained in Section 5.1. Let (p,9,u) be a dissipative martingale solution to (5.1-5.4)
constructed by means of Theorem 5.1. We intend to derive estimates which hold true uniformly
in 6. The total dissipation balance (5.5), that can be derived exactly as in Section 5.1, provides
the following uniform bounds, see [17, Chapter 3, Section 3.7.1] for details:

r

(6.1) E || sup [lo?5| | +E || sup o], ]5cl<r,A>;
| |[te(0,T) » [0,T] v
(6.2) E ||ess sup [[olul®||,,| + | sup [loul/*s S ey (r,A);
tefo.7) o1 L
(6.3) E [lla) P22 | < calr ),
T
T <
(6.4) B fess sup 9113] | + B [IV050mcq)] = el )
/19 T
(6.5) E|[|%0) gy S e(r, A).
v L2((0.T)xQ)

Finally, we report the conservation of mass principle

(6.6) lo(r, My = / o(r,) dz = / oo dz < for all 7 € [0,T].
Q Q
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6.3. Pressure estimates. In order to derive refined estimates of the pressure, we apply a
method similar to Section 5.2. We consider

Bb(e) — (b(e))el

as test function in the momentum equation (5.2). Here b is a smooth function with moderate
growth specified below. Next, using the regularization method of DiPerna and Lions [13] we
can show that g, u satisfy the renormalized continuity equation (cf. [17, Chapter 2.2.5]) holds

(/ / 2)0) + blo)u - Vi + (b(0) — ob(0)) divuy] dadt
(6.7)

:—/mewdx
Q

for any test function ¢ € C°([0,T) x R?). In other words, the renormalized equation (6.7)
provided u has been extended to be zero outside (). Consequently, we get

dBb(e) — (b(e))ql = —B[div(b(e)uw)] dt

(6.8) o o
+B|(b(e) — ¥(e)o)divu— ((b(e) — ¥'(0)o) divu) | dt.

Exactly as in Section 5.2 we deduce

/ / ps(e.9) [b(e) — (ble))q] du dt
0 /@

:UW5H>W> } //wmvmu<@mmm
(6.9) //819Vu VBb(e) - (b(2))o] dxdt—/ /Qu Bldiv(b(o)u)] dzdt
o[ w578 [0 00— blo) v — ((o)o— o) divag]

_/O /QQF(Q,ﬁ,u)-B[b(@)—(b(@)Q dedW = ZI

Now, consider b(g) = ¢* where 0 < o < %

The estimates for the “deterministic” integrals can be obtained exactly as in [7, Sec. 4.5.2]
using the uniform bounds from the previous section. We only give the details for the stochastic
integral. As a consequence of (6.6), standard L?-estimates for the inverse Laplacian, and the
embedding relation W14(Q) — C(Q) for ¢ > 3,

(6.10) sup_[|B [b(0) - (b(0))Qlll - ~ 1 P-as.
t€[0,T]

where the norm is controlled by a deterministic constant proportional to 9. Next, we have by
the Burgholder—Davis—Gundy inequality
T}

E[ [ oF(e.0.)- Blbo) ~ 0lo)e] dsaw
//QF (0,9,u) - B[p® — (0%)g] dzdW

Tl

sup
te[0,7]

T o0 2 r/2

SE QFk 0,9,u) - Blp* — (0%)q] dx dt] ,
k=




38 DOMINIC BREIT AND EDUARD FEIREISL

where, due to (2.2) and (6.6), (6.10),

\ / oF4(0,0,0) - Bo® — (o7)q] da

0Bl ~ (@l [ (o elul) do
Q
@) fe /Q o+ olu]) d

Consequently, we may infer, similarly to Section 5.2, that

(6.11)

1 < c(o,r)

ps(0, )0 dxdt
Q

for a certain o > 0.

6.4. Stochastic compactness method. Exactly as in Section 5.3, we show the estimate

1 3
(6.12) E [||gu||gs([07T];W,k,2(T3))} < ¢(r) for a certain 0 < s(r) < 3 k> 7
Now, following the arguments of Section 5.4 based on Theorems 4.1 and 4.2 we pass to the
Skorokhod representation on the standard probability space ([0, 1], B0, 1], £) obtaining a family
of random variables (Q§,1957U.5)5>07 together with the processes W;s and with the associated
right-continuous complete filtration (&t)tzo such that:

. [([O, 1], 8]0, 1], (@f)t20,£> ,ég,ﬁg,ﬁg,Wg] is a weak martingale solution of problem
(5.1-5.4), with the initial law As;
e the initial data satisfy (9o s,%0,s, Uo,5) satisfy
d0.s — &0 in L'(Q), 00 >0
19075 — 190 in Ll(Q), Yo > 0,
flo’(; — ﬁo in Ll(Q, R3);
L£-a.s.; 3
e the functions (gs, s, 0s) satisfy the bounds (6.1-6.6), (6.11), and (6.12) £ P-a.s. uni-

formly for § — oo;
e we have

0s — 0 weakly in LI((0,T) x Q) for some ¢q > g,weakly—(*) in L>°(0,T; L5/3(Q)),

)
(613) Js — ¥ weakly in L2(0,T; WH2(Q)), weakly-(*) in L>=(0,T; L*(Q)),
' (

iy — 0 weakly in L?(0,T; W01’2 Q: R?)),
3
ost; — ou in C([0,T]); W~"2(Q; R®)) k > 3
L-a.s,; 3 3
e the sequence (gs, Vs, s, Vs, Vlg)s>0 generates a Young measure;

e we have . )
Ws — W in C([0,T]; L) a.s..

6.5. Compactness of the temperature and the density. Following the strategy from
Section 5 we can use the deterministic arguments specified in [17, Chapter 3, Section 3.7.3] to
show that

(6.14) s — 0 in L*((0,T) x Q) £ — a.s.

Next, we easily adapt the arguments of Section 5.7 to the multipliers of the form

EOC(R)ATIV (19Tk(3s) , and E(0C(@)ATY (19T(0))
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where T}, is a family of cut—off functions,

Ty(r) = kT (%) :

rfor 0 <r <1,
T € C*®[0,00), T(r) =< T"(r) <0 forre(1,3),
2 for r > 3.

Using the same arguments as in Section 5.7, in particular when handling the limit in the
stochastic integral, we deduce the effective viscous flux identity in the form:

(@ DVTa) ~ (u0) +100) ) Telah v

(6.15)

—21(09) Til@) -~ ((3u(0) +0(0)) Tz div) £ - as.
see also [17, Chapter 3, Section 3.7.4] and [7, Chap. 4.5].

Relation (6.15) in fact yields strong (a.a. pointwise) convergence of the density. Here, the
argument is more involved than in Section 5.7, however, still purely deterministic. The reader
may find a detailed proof in [17, Chapter 3.7.5].

Having established the strong convergence of the approximate densities, we easily perform the
limit § — 0 in the system (5.1-5.4) to recover the original problem. We have proved Theorem
2.1.

7. CONCLUSION, POSSIBLE EXTENSIONS, ABSENCE OF STATIONARY SOLUTIONS

For the sake of simplicity, we have assumed that the viscosity coefficients behave like linear
functions of the temperature, see (2.11). In particular, this gives rise to the velocity field living
in the “standard” energy space L2(0,T; VVO1 ’2(Q; R3). A more elaborate treatment in the spirit
of [17, Chapter 3] would yield the existence result in the physically more relevant range of
viscosities, namely,

2
0<p(l+9%) < p@) <El+9%), g<0¢§1.

Further generalizations of the constitutive assumptions as well as the underlying spatial domain
and boundary conditions in the spirit of [17, Chapter 3] are possible.

Finally, it is worth-noting that, unlike the simplified barotropic problem (see [8]), the full
Navier—Stokes—Fourier system does not admit, in general, stationary solutions (that is, solu-
tions which law is independent of time). This is a simple consequence of the total energy
balance (1.9). Indeed passing to expectations and assuming the total energy to be stationary,
we get

T2 1 T2
E - F 2 H =
/7'1 /Q2QZ| k(0,9,1)] da:dzH—/T1 /Qg da dt 0

k>1

for a.a. 0 <7 < 7 P-a.s.. Thus if H > 0, the driving force must vanish identically a.s. along
the paths of any stationary solution. This is in strong contrast to the barotropic case, where
the existence of (non-trivial) stationary martingale solutions has been recently shown in [8].
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