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Complete Euler system
Standard formulation

Oro + divy(ou) =0
O¢(ou) + divy(ou®@u) + Vep =0

1 1
O (2Q|U|2 + QE) + divy, [(29|u|2 + oe + p) } =0
Conservative variables

3tg + dime =0

0rm + divy (rrwfjm) +V.p=0

0,E + div, {(E +p) m} —0
0

p=(v—1)ee, p—(71)<




Entropy

Gibbs’ relation

Entropy balance

Ot(0s) + divx(sm)O

Entropy in the polytropic case




Admissible weak solutions

Field equations

Oro + divy(ou) =0
Ot(ou) + divy(ou @ u) + Vip =0

1 1
O (2g|u|2 + ge) + divy, [(2Q|u|2 + pe + p) } =0

Entropy inequality

Dr(05) + div,(osu) > [0

Impermeability boundary conditions

u-I1|aQ=0




Infinitely many weak solutions

Initial data

9(07 ) = 0o, U(O, ) = Uo, 19(07 )

Existence via convex integration

Let N =2,3. Let gg, ¥g be piecewise constant (arbitrary).
Then the exists ug € L such that the Euler system admits infinitely
many admissible weak solution in (0, T) x Q.




Measure—valued solutions
Parameterized measure and the dissipation defect

S={0>0, meR? Ec[0,00)}
{Yt,x}tE(O,T),XGQa Yt,x € P(S)a De Loo(07 T), D>0

Field equations

O: <Yt7x; o) + divy <Yt,x§ m) =0

m®m

O <Yt,><; m> + divy <Yt,x;

> + vx <Yt,x; P> = DX,UC

at/ <Yt,x; E> dx + D= 0, at <Yt,X; QS> + diVX <Yt7X;5m> 2 0
Q

Compatibility

/ /|uc\dxdt§ C/ Ddt
0o Ja 0

«O» «FH»r «E




Relative energ

Relative energy in the standard variables

£ (Q,ﬁ,u @,5,&)

1 N . . o=
= Solu- 0)° + 0,Hyz(8,9)(0 — 8) — Hyz(3,9)

Hz(o,9) = 9(6(9,19) -

Relative energy in the conservative variables

£ (g,m,E @,rﬁ,E_)
= —0[ 05— 0,(05)(0 — ) — Vim(05) - (m — ) — De(o5)(E — E)

_ 55}



Thermodynamic stability

Thermodynamic stability in the standard variables

dp(0,v) de(p, 1)

90 % v

>0

Thermodynamic stability in the conservative variables

(0,m, E) — os(o,m, E)

is a concave function

Thermodynamic stability in the polytropic case

95—95<;)7 p=(y—1)ge

S(2) >0, (1—~)S'(Z) —~S"(Z)Z > 0




Stability of strong solutions

Measure—valued strong uniqueness

Suppose the thermodynamic functions p, e, and s comply with the
hypothesis of thermodynamic stability. Let (o, m, E) be a smooth
(C1) solution of the Euler system and let (Y;.; D) be a dissipative
measure—valued solution of the same system with the same initial
data, meaning

Yo,x = Oo(x),mo(x),Eo(x) fOr a.a. x € Q2.

Then
D=0, Yt,x = 5Q(t,x),m(t,x),E(t,x)

for a.a. (t,x) € (0, T) x Q.




Generating MV solutions, limits weak — MV

Navier—Stokes—Fourier system

Oro + divy(ou) = 0,

Ot(ou) + divy (ou @ u) + V,(p + apr) = vdiv,S,
Or (o(e + aegr)) + divy (o(e + aer)u) + wV,q

= 1S : V,u — pdiveu — A9 — 9)3.

Constitutive assumptions, radiative components

2
S(o, Vxu) = p (qu + Viu-— 3divxu]1> ,




Limit (weak) — (MV)

Vanishing dissipation limit

Suppose that p and e are interrelated through the polytropic EOS
with v = % and “other mostly technical conditions”. Let

v=w=¢, a&® a>1 A= f<1.

Let (0c,¥Ye,uc)es0 be a family of weak solutions to the
Navier-Stokes—Fourier system periodic in the space variable.

Then (e, Y:,u:)e>0 generates a Young measure Y and the energy
defect measure a function D - a (DMV) solution of the Euler system.




Limits of Euler flows with strong stratification

Scaled Euler system
Oro + divy(ou) =0

1 1
O¢(ou) + divy(ou ® u) + ?VXp(g, ¥) = ?vaq),

1 1 . 1 1
O (29u|2 + 0e(o, 19)) + divx [(2Q|U|2 + oo 19)) “]

. 1 1
+divy ((Szp(g,ﬁ)u) = E—ZQVXCD u.
Geometry

Q=72x(0,1), 72 =[0,1]|{0,1} — the two dimensional torus

u~n\39—0




Initial data

Stationary problem

p=od, b=9d(z) = -2z

Well-prepared initial data
1 = 1
00, = 0s + 5@8,3-; 190,8 =0+ 5195),27 Ug ¢

1 1
152100 () + 1952111 () + l1uo.c [l oo iy < €,

oM =0, 19(()2 — 0, ug. — Ug in L}(Q) as ¢ — 0,

Uo € WR2(Q; R®), k >3, Uy = [U3, UZ,0], divyUp = 0.




Target problem

Euler system

HU+U-V,U+V,N=0, div,U =0, x, € T2,

Stratified initial data

U(0, x) = Uo(xp, 2) = [UL(xn, 2), U3(xh, 2), 0]




Singular limit (MV) — strong

Convergence to the target system

Let {Y;, }(txe@,m)xa, D be a family of dissipative
measure—valued solutions to the scaled system scaled Euler system,
with the well prepared initial data

£ _
Y07X - 690,5;QO,EUO,vaQO,EﬂO,a .

Then
D — 0in L>=(0, T),

and

Yo = 695-,95U,cvgs§ in L*(0, T;M+(‘F)W€ak—(*))’

where [gs, ©] is the static state and U is the unique solution to the
incompressible 2D Euler system




