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1 Introduction

The paper deals with the well-posedness of the strong solution of fluid-structure interaction problem
when the mixed boundary conditions are considered.



We shall investigate the motion of a rigid body inside of a viscous incompressible fluid. The
fluid and the body occupy a bounded domain Q@ C RY (N = 2 or 3) with the boundary 99 € C%!.
Let the body be an open connected set Sy C € at the initial time ¢ = 0, Sy € C%. The fluid fills
the domain Q5(0) = Q\Sp at ¢t = 0.

The Cartesian coordinates y of points of the body at ¢t = 0 are called the Lagrangian coordinates.
The motion of any material point y = (y1, .., yn)? € Sy is described by two functions

t—q(t)eRY and ¢~ Q(t) € SO(N) for te[0,7],

where q = q(t) is the position of the body mass center at a time ¢ and SO(N) is the rotation
group in RY ie. the Q = Q(¢) is a matrix, satisfying Q(¢)Q(¢)”7 = I, Q(0) = I with I being the
identity matrix. Therefore, the trajectories of all points of the body are described by a orientation
preserving isometry

B)(t.y) = a(t) + QO)(y — q(0))  forany y € Sy (11)

and the body occupies the set
St)={xeR": x=B(y), yeS=B(tS) (1.2)

at any time t. The velocity of the body, called 7igid wvelocity, is defined as

d

EX(t,y) =u, =a(t) +P(t)(x — q(t)) for all x € S(t), (1.3)
where a = a(t) € RV is the translation velocity and P = P(¢) is the angular velocity. The velocity
u, has to be compatible with B in the sense

dQ

- — - T — 1
=2 and i Q" =P inl0,7]. (1.4)

The angular velocity IP is a skew—symmetric matrix, i.e. there exists a vector w = w(t) € RY, such
that
P(t)x = w(t) x x, vx € RN, (1.5)

We define Qp(t) = Q\ S(t). We consider the following problem modeling the motion of the rigid
body in viscous incompressible fluids:
Find (u,p,q, Q) such that

p(Ou+ (u-V)u) =V -T(u,p), V-u=0  in Qp(t) x(0,7), (1.6)
u=0 ono, (1.7)

%q - fas(t) T(u, p)ndO,

%(Jw) = - faS(t)(X —q(t)) x T(u, p)ndO, (1.8)
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(u—u,) n=0, f(us—u)-7=T(u,p)n-7 ondS(t), (1.9)

u(.,0) =ug, q(0) = qo, q'(0) = ag, w(0) = wy, (1.10)
where n(x) is the unit interior normal at x € 95(t), i.e. the vector n is directed inside of S(t).
The matrix J

J= ( )ps(lx —qt)'L— (x - q(t) @ (x — q(1))) dx
S(t
is the matrix of the inertia moments of the body S(t) related to its mass center, p is the constant
density on the body. In (1.6) u is the fluid velocity;

1
T =—pl+2uDu and Du = 5 (Vu + (Vu)T> ,

where T is the stress tensor, I is the deformation-rate tensor; p is the constant density of fluid, p
is the fluid pressure; p > 0 is the constant viscosity of the fluid.

Let us mention that the problem of the motion of one or several rigid bodies in a viscous fluid
filling a bounded domain was investigated by several authors [5, 6, 7, 16]. In all mentioned articles a
non-slip boundary condition has been considered on the boundaries of the bodies and of the domain.
Hesla [14], Hillairet [15] have been shown that this condition gives a very paradoxical result of no
collisions between the bodies and the boundary of the domain.

Our article is devoted to the problem of the motion of the rigid body in the viscous fluid when
a slippage is allowed at boundaries. The slippage is prescribed by the Navier boundary condition,
having only the continuity of the velocity just in the normal component. To our knowledge the
first solvability result was done by Neustupa, Penel [24], [25], in a particular situation, where they
have considered a prescribed collision of a ball with a wall, when the slippage was allowed on both
boundaries. Their pioneer result shown that the slip boundary condition cleans the no-collision
paradox. Recently Gérard-Varet, Hillairet [12] have proved a local-in-time existence result: up to
collisions. Gérard—Varet et al. [13] have been investigated the free fall of a sphere above a wall, that
is when the boundaries are C'"*°-smooth, in a viscous incompressible fluid in two different situations:
Mized case: the Navier boundary condition is prescribed on the boundary of the body and the
non-slip boundary condition - on the boundary of the domain; Slip case: the Navier boundary
conditions are prescribed on both boundaries as of the body and of the domain.

The result of them is interesting, saying that in the Mized case the sphere never touches the
wall and in the Slip case the sphere reaches the wall during a finite time period.

Recently, the global existence result was proven in the mixed case see [4], even if the collisions
of the body with the boundary of domain occur in a finite time under a lower regularity of the
body and domain than in work of [13]. Our article deals with the strong solution of the mixed case.
The existence of strong solution was studied by Takahashi, Takahashi and Tucsnak [28, 29] in the
no-slip boundary conditions and in the slip case by Wang [31] in the 2D case.

The plan of the paper is as follows. In section 2 we define the functional framework at the
basis of our work, we recall also the main result of this work. Next in Section 3 we define the local
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change of coordinates as in Inoue and Wakimoto [17] and we prove the existence of solution to
the linearized problem. Finally in Section 4 we consider the nonlinear problem and we prove the
existence of solution using a fixed point argument.

2 Preliminaries and the main theorem

We will use the following function spaces on the moving domain:
L*(0,T; H*(Qp(t)), H(0,T; L*(Qr (1)), (2.1)
C([0, T]; H' (e (1)), L*(0, T5 H' (Qe(1)).

To precisely define these functon spaces we follow approach of Takahashi [28], Wang [31] and suppose
that there exists a C'* diffeomorphism X (¢, z,y) from Qg(0) to Qg(t) such that

gt X(t,x,y)
Ot 0z Qye2

s ZSL Val,aQZO (23)

exist and are continuous.
For all function u(t,-) : Qp(t) — R3 we define U(t, z,y) as

U(t, z,y) = a(t, X(1,z,y)).
The function spaces which have been introduced in (2.1) can be redefined in the fixed domain

L*(0,T; H*(Qp(t)) = {u: U € L*(0,T; H*(Qr(0)))},
C(0,T; H' (Qp(t) = {u: U € C(0,T; H'(2£(0)))}.

Theorem 2.1 Suppose that
up € Hl(QF(O))aus,O = ag+wo X (y — qo) € H'(5(0)),

they satisfy
(1g — us0) - nfas) =0,
Uglan = 0,
divuy =0 inf), (2:6)
diSt(S(), 89) > 0.

Then there exists a mazimal Ty > 0 such that (1.6)—(1.9) has a unique solution which satisfies for
all T < TO

u,p,at),w(t) € Up(Qp(t)) x L*(0,T; HY(Qp(t)) x HY(0,T) x H(0,T), (2.7)

where

Ur(Qp(t)) = L*(0,T; H*(Qp(t)) N C(0,T; HY (Qp(t)) N HY(0,T, L*(Qp(t))).



3 Strong solution

3.1 Local transformation

Since the domain depends on the motion of the rigid body, we transform the problem to a fixed
domain. We define as in Takahaski [28] the local transformation introduced by Inoue and Wakimoto
[17]. Let us 0(t) = dist(S(t),00). We fix o such that d(t) > dp and define the solenoidal velocity
field A(t,z) such that A = 0 in the J§y/4 neighborhood of 992, A = a(t) + w(t) x (z — q(t)) in the

do/4 neighborhood of S(t). Then the flow X is defined
X(t) : Q — Q,
#X(ty) =AMt X(t,y)), X(0,y) =y VyeQ
We denote Y the inverse of X.

Now we introduce the new unknown functions

P(t,y) = p(t,X(t,y)),
Ut,y) = Jv (t, X(t,y)u(t, X(t,y)),
E(t) = Q'(t)w(2),
£(t) = Q'(t)a(t),
T(U(t,y), P(t,y)) = Q" () T(Q()U(t,y), P(t,y))Q(t),

for t € [0,7] and y € Qy and

Ty (t, X(t,y)) = (gjj)

Before deriving the transformed equations we also introduce the metric covariant tensor
9ij = Xk,iXk,ja

the metric covariant tensor
g7 = YieYir
and the Christoffel symbol (of the second kind)

1
F?j = §gkl(gil7]‘ + g1 — gij,l)'

It is easy to observe that in particular it holds
I = Yiu X

The transformation of the rigid body

/ T(w,p)n(t)d0 = Q [ T(U, P)Ndo,
dS(t) 95(0)
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/65(@ (z —q(t)) x T(u,p)n(t)dO = Q oo y x T(U, P)Ndo.

After transformation we get the following system

+ (M —L)U = -N(U) — Gp, (3.7)
div U =0, (3:8)
Ut y) - N = (E(t) xy +£() - N, (3.9)
mi =-—-m(E xE) — 7 (U, P)Ndo, (3.10)
dt 25(0)
[%E =E X ([E) — /3(0) y x T(U, P)Ndo, (3.11)
(U —Usg) - Nlss@) =0, (3.12)
B(U —Ug) - 7las) = —2(D(U)N - 7|50 (3.13)
U =0 on 99, (3.14)
£(0) = a(0) and E(0) = w(0), (3.15)

where I = Q'JQ is the transformed inertia tensor which no longer depends on time ([21]). The
operator L is the transformed Laplace operator and it is given by

Lu)y =Y (g ow)+2 Y ¢"Th 0, (3.16)
k41 ik l=1
n Z (9 (g"T%) +Zg’flr;?;r§;m)uj. (3.17)
7,k l1=1

The convection term is transformed into

Zujﬁ u; + Z gy (3.18)

7,k+1

The transformation of time derivative and gradient are given by

ZY D, + Z ( LY+ (00Y)(0; xk)) w,. (3.19)

7,k=1

The gradient of pressure is transform as follows

=> gop. (3.20)
j=1



3.2 Stokes problem

We will consider a linear system coupling Stokes type equations in a fixed domain to a system of
ordinary differential equations:

po,U —vAU+ VP = F in Qp(0) x [0,T],
divU = 0in Qg(0) x [0,T],
U(y,t) = 0,y € 00Qrp(0), t 0,77,
U(y,t)-N = Ug-N on 05, (3.21)
(T(U,P)N)-7 = B(Us—=U)-7on 095,
mx' = — [ps0 T(U, P)Ndo + Fy,
I = — [,q0(x—a(t) x T(U, P)Ndo +F,.
Let us mention the “classical” steady Stokes equations

v=v, onoaf (3.22)

{ —Av+Vp=f, divv=0 inQ

Theorem 3.1 For any f € L*(Q), v, € H¥?(9Q), Q C CY', [, vindl = 0. Then problem (3.22)
has a unique strong solution (v,p) € H*(Q2) x H*(Q) satisfying

Vlla2@) + IPla@ < CUEl 2@ + Vel goz@)-

Proof. see [11], Theorem 5.1, p. 232.

The steady Stokes equations with slip boundary boundary was investigated by B. da Veiga in
Hilbertian case [2]

—Av+Vp=f divv=0 1in

(v—g)-n=0 on 09 (3.23)
B(v—g) - 7=-2(D(v)-N)-7  on oS

Theorem 3.2 For any f € L?(Q), g € H2(0Q), Q C CY!, the problem (3.23) has a unique strong
solution (v,p) € H*(Q) x HY(Q) satisfying

[Vlla2@) + IPla@ < CUEll2@ + Igllme2@)-



Proof. see [2, 27].

We recall a well-known result see Takahashi [28].

Proposition 3.1 Let H be a Hilbert space. Let A : D(A) — H be a self-adjoint and accretive
operator. If f € L*(0,T; H), ug € D(AY?), the problem

u+Au=f u(0)=u
has a unique solution u € L*(0,T; D(A)) N C([0,T]; D(AY?)) N H(0,T; H) which satisfies

lull z20,r:pa)) + 10l oo 0,7 pa1/2)) + [l 2070y < C(ll0ll parrzy + 1€l 220.7:00))

with a constant C' depending on the operator A and time T. Moreover, the constant C' is a nonde-
creasing function of T.

We define the functional spaces:

H=1{pc L*Q):dive =0, there exists ¢ € D'(Qr(0)), ¢s € R
such that ¢ = ¢r on Qp(0), ¢ = ¢pg onS(0)},

where R = {¢: ¢ = x4 +ws Xy, Xo € R®, wy € R}, and

V={¢ecH; ¢y H(Qr(0)), and satisfy ¢, ¢g satisfy: ¢plog =0, (¢r — ¢5)-N = 0}.

For u,v € H we define the inner product by (-,-) by

(u,v) :/ Gpup - Vg +/ psusVs,
Qp(0) 5(0)

which implies that
(u,v):/ pFuF'VF+MXus'XV5+qu5'wus-
Qr(0)

To solve the linear equation (3.22) we introduce the following space

D(A) ={¢ € H; ¢r € H*(Qr(0)); ¢r,ds satisty ¢plog =0, (¢r — ¢s) - Nas) =0,
B(or — ¢s) - Tlas) = —2(D(dr) - N) - Tlas() }-

Let us define an operator A as

{ —vAu in Qp(0),
Au =

14 v . 324
e fas(o) D(u)N do + (% faS(O) D(u)n x ydcr) Xy, yinS(0) (3.24)
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and

Au = PAu, (3.25)
where P is the orthogonal projector on H in L?*(€2). Define
D(A) ={¢ € H}(Q),¢p € H*(Qr),divé = 0 in Q,D(¢) =0 in S}. (3.26)

Proposition 3.2 The operator A defined by (3.24) - (3.26) is self-adjoint and positive. Conse-
quently A is generator of contraction semigroup in H. Moreover, there exists a constant C' > 0 such
that for any u € D(A) we have

a2 < C||Aul| 2@ (3.27)

Proof. See [28, 31].

Proposition 3.3 Let T > 0. If Uy = (Upg,Ugg) € V, F € L*0,T;L*(Q(0,7))), F;,Fuy €
L?(0,T), then problem (3.19) has a unique solution on [0,T]. Moreover, we have the following
estimates:

1Uetr@r ) + VPl 220,220 + X 51 0,7) + [|wWs 1 0m) <
C(|Fars Fyllz20,m) + 1F | 2200,m52000)) + [Usoll a1 (s)) + 1Uoll a1 (r(0)))

where C' in nondecreasing function of T'.

Proof. Tt follows after small modification from results of Takahashi and Wang, see [28, 31].

4 Nonlinear case

We know that our problem is equivalent to the following problem in the fixed domain

po, U — vLU + p(MU + NU) + Gp = f,

divU =0,
Us(t.y) - N = (S(t) x y + £(1) - N,
mie=-m(Sx& - [ T(UpNo,

85(0)

iy sy - / y x T (U, p)Ndo,
dt 85(0)

with the boundary conditions

(U—-1Ug)-Nlsps =0,
U =0 on 01,
B(U —Us) - Tlaso) = —2(D(U) - N) - 7]as(0)-



Proof of Theorem 1 The proof is based on the fixed point argument. Let us define
F:(V,m &%) - (U PET)

which maps
Ur(Qp) N L0, T; H(Qp) x HY(0,T) x H(0,T)

into itself. Moreover, (U, P,g, f]) satisfy
poU —vAU + Vp = G,
div U =0,
Us(t,y) = (X xy +£(1) - N,
d ~
m€(t) = —/ (2uD(U) — PI) - Ndo + Fy;,
dt 85(0)

d ~
1-(8() = - /8 S(O)(QMMU) — PI)-N-rdo + Fy,

with the boundary condition

(U —Usg) - Nlss) = 0,
(U —Ug) - Tlasy = —2D(U)N - 7|a5(0),

U =0 on 09,
where
G=wL—-A)V+pMV +((V-Gr—pNV,
Fy=m(Xx§), F; =% x (I%).
Let T > 0.
We define

K= {(V,’]T,E,W) € MT(QF) X LQ(OaTa Hl(QF) X Hl(O,T) X H1(07T)7
IV llor@r) + 17l + €llmor) + 12 m0r) < R}

As a first step we show that F(K) C K.
We denote

By =By = (&, llusolla1(s, [Tl H' (2£(0)), T, Il 2. (0, 00; L*(2))).
From Proposition 3.3 we get

NUlletr @) + 1Pl 20,05t 2y + 1€l 20,0y + 2] 520,
< By(1+ ||GHL2(0,T,L2(QF) + HFMyFJHLQ(O,T)-
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From [28] we have
|Gl L20,r:22p)) + 1F0r5 Fillz20r) < KoT + B.

It follows that

+ 1€l mor) + 180 < KTV + By,

10

Now taking By < R/4, T < (%) we get KoT1° + By < R and F(K) C K.
Secondly, we prove that F is a contraction operator when 7T is small enough and R large enough.
Let F(VE, THEL YY) = (Uk, Pi, £, for i = 1,2 where (Vj, 7k, £, 3%) € K. We set

U=U'-U?
Ug = UL — U2,
etc. then
po U —vAU+VP =G, divU=0 in[0,T) x Qp,
Us(t,y) = £(t) + 3(t) x y in Qg,
d ~
m—¢& = —/ 2(D(U) — PI)Ndo + Fyy,
dt 25(0)
d ~
I—(X(t) = —/ 2u(D(U) — PI)N x (y)do + Fy,
dt 25(0)
where

G=v[(L'—A)V]+vLV? - M'V
~ MV [(V—-GYHr +Gn?
+ NV - N2V

FM = m(El X 61) — m(EQ X 62),

FJ = 21 X (121> — 22([22)
Applying [28] Corollary 6.16 we get

|G l20,7:02(000)) + [ F0m 20,1
< Ko (| V ||t (25(0)) + ([Tl 220,75 2c0)) + 1€z 0,7 + |l 2707 -

Applying Proposition 3.3 we have

1 Uletrr0)) + 1Pl L2000 @) + 1€l 2100 + 12 5107)
< Ko (| V lur@r o)) + 10| 220,201 00 0)) + 1€l 0.0y + 11 Z] 1 0.1))-
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Thus, when T' is small enough, F is a contraction operator.

Acknowledgements:

The work of H. Al Baba and S. Necasovd was supported by Grant No. 16-03230S of GAC in the
framework of RVO 67985840. The work of B. Muha was supported by by Croatian Science Founda-
tion grant number 9477. The work of N.V. Chemetov was supported by PEst-OE/MAT/UI10209/2013,
financiado pela Fundagao para a Ciéncia e a Tecnologia.

References

[1] R. A. Adams, J. F. Fournier, Sobolev spaces. Second edition. Pure and Applied Mathematics
(Amsterdam), 140. Elsevier/Academic Press, Amsterdam, 2003.

[2] Beirdo da Veiga, H. Regularity for Stokes and generalized Stokes systems under nonhomoge-
neous slip-type boundary conditions. Adv. Differential Equations 9, 9-10, 1079-1114, 2004.

[3] F. Boyer. Trace theorems and spacial continuity properties for the solutions of the transport
equations. Differential Integral Equations, 18 (8), 891-934, 2005.

[4] N. Chemetov, S. Necasova, The motion of the rigid body in the viscous fluid including collisions.
Global solvability result. Nonlinear Anal. Real World Appl. 34, 416-445, 2017.

[5] C. Conca, J. San Martin, M. Tucsnak. Existence of solutions for the equations modelling

the motion of a rigid body in a viscous fluid. Commun. Partial Differential Equation, 25,
1019-1042, 2000.

[6] B. Desjardins, M.J. Esteban. Existence of weak solutions for the motion of rigid bodies in a
viscous fluid. Arch. Rational Mech. Anal., 146, 59-71, 1999.

[7] B. Desjardins, M. J. Esteban. On weak solutions for fluid-rigid structure interaction: Com-
pressible and incompressible models. Commun. Partial Differential Equations, 25, 1399-1413,
2000.

[8] R.J. DiPerna, P.-L. Lions. Ordinary differential equations, transport theory and Sobolev spaces.
Invent. Math., 98, 511-547, 1989.

[9] E. Feireisl. On the motion of rigid bodies in a viscous compressible fluid. Arch. Rational Mech.
Anal., 167, 281-308, 2003.

[10] E. Feireisl, M. Hillairet, S. Necasové. On the motion of several rigid bodies in an incompressible
non-Newtonian fluid. Nonlinearity, 21, 1349-1366, 2008.

[11] GALDp1, G.,P., An introduction to the mathematical theory of the Navier-Stokes equations:
Linearised steady problems. Springer Tracts in Natural Philosophy, 38, 2nd edition, (1998),
Springer.

12



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

D. Gérard-Varet, M. Hillairet. Existence of weak solutions up to collision for viscous fluid-solid
systems with slip. Comm. Pure Appl. Math. 67 (2014), 12, 2022-2075.

D. Gérard—Varet, M. Hillairet, C. Wang. The influence of boundary conditions on the contact
problem in a 3D Navier-Stokes flow. J. Math. Pures Appl. (9), 103 (2015), no. 1, 1-38.

T. I. Hesla. Collision of smooth bodies in a viscous fluid: A mathematical investigation. PhD
Thesis — Minnesota, 2005.

M. Hillairet. Lack of collision between solid bodies in a 2D incompressible viscous flow. Comm.
Partial Differential Equations, 32 (7-9), 13451371, 2007.

K.-H. Hoffmann, V. N. Starovoitov. On a motion of a solid body in a viscous fluid. Two
dimensional case. Adv. Math. Sci. Appl., 9, 633-648, 1999.

A. Inoue, M. Wakimoto, On existence of solutions of the Navier-Stokes equation in a time
dependent domain. J. Fac. Sci. Univ. Tokyo Sect. IA Math. 24, 2, 303-319, 1977.

P.-L. Lions. Mathematical topics in Fluid mechanics. Volume 1: Incompressible models. Clare-
don Press, Oxford, 1996.

GALDI, G. P., An introduction to the Navier-Stokes initial-boundary value problem. Funda-
mental directions in mathematical fluid mechanics, 1-70, Springer, 2000

GALDI, G. P., On the motion of a rigid body in a viscous liquid: A mathematical analysis
with applications. Handbook of Mathematical Fluid Dynamics, Volume 1, Ed. by Friedlander,
D. Serre, Elsevier 2002.

M. Geissert, K. Gotze, M. Hieber Lp-theory for strong solutions to fluid-rigid body interaction
in Newtonian and generalized Newtonian fluids. Trans. Amer. Math. Soc. 365, 3, 1393-1439,
2013.

O. Glass, F. Sueur, Uniqueness Results for Weak Solutions of Two-Dimensional Fluid—Solid
Systems. Archive for Rational Mechanics and Analysis 218, 2, 907-944, 2015.

J. Necas, Direct methods in the theory of elliptic equations, Translated from the 1967 French
original by Gerard Tronel and Alois Kufner. Editorial coordination and preface by Sérka
Necasovéa and a contribution by Christian G. Simader. Springer Monographs in Mathematics.
Springer, Heidelberg, 2012.

J. Neustupa, P. Penel. Existence of a weak solution to the Navier-Stokes equation with Navier’s
boundary condition around striking bodies. Comptes Rendus Mathematique, 347 (11-12), 685—
690, 2009.

J. Neustupa, P. Penel. A Weak solvability of the Navier-Stokes equation with Navier’s boundary
condition around a ball striking the wall. In the book: Advances in Mathematical Fluid
Mechanics: Dedicated to Giovanni Paolo Galdi, 385408, 2010, Springer—Verlag Berlin.

13



[26] J. A. San Martin, V. N. Starovoitov, M. Tucsnak. Global weak solutions for the two dimensional
motion of several rigid bodies in an incompressible viscous fluid. Arch. Rational Mech. Anal.,
161, 93-112, 2002.

[27] Shibata, Yoshihiro; Shimada, Rieko On a generalized resolvent estimate for the Stokes system
with Robin boundary condition..J. Math. Soc. Japan 59, 2, 469-519, 2007.

[28] Takahashi, Takéo Analysis of strong solutions for the equations modeling the motion of a
rigid-fluid system in a bounded domain. Adv. Differential Equations 8, 12, 1499-1532, 2003.

[29] Takahashi, Takéo; Tucsnak, Marius Global strong solutions for the two-dimensional motion of
an infinite cylinder in a viscous fluid. J. Math. Fluid Mech. 6, 1, 53-77, 2004.

[30] R. Temam, Navier-Stokes Equation: Theory and Numerical Analysis, North-Holland, 1977

[31] Wang, C. Strong solutions for the fluid-solid systems in a 2-D domain. Asymptot. Anal. 89
3-4, 263-306, 2014.

14


http://www.tcpdf.org

