THE CZECH ACADEMY OF SCIENCES

INSTITUTE OF MATHEMATICS

On the Bonsall cone spectral radius and
the approximate point spectrum

Viadimir Miiller
Aljosa Peperko

Preprint No. 58-2016
PRAHA 2016






ON THE BONSALL CONE SPECTRAL RADIUS AND THE
APPROXIMATE POINT SPECTRUM

VLADIMIR MULLER, ALJOSA PEPERKO

ABSTRACT. We study the Bonsall cone spectral radius and the approximate point spec-
trum of (in general non-linear) positively homogeneous, bounded and supremum pre-
serving maps, defined on a max-cone in a given normed vector lattice. We prove that the
Bonsall cone spectral radius of such maps is always included in its approximate point
spectrum. Moreover, the approximate point spectrum always contains a (possibly trivial)
interval. Our results apply to a large class of (nonlinear) max-type operators.

We also generalize a known result that the spectral radius of a positive (linear) opera-
tor on a Banach lattice is contained in the approximate point spectrum. Under additional

generalized compactness type assumptions our results imply Krein-Rutman type results.
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1. INTRODUCTION

Max-type operators (and corresponding max-plus type operators and their tropical
versions known also as Bellman operators) arise in a large field of problems from the theory
of differential and difference equations, mathematical physics, optimal control problems,
discrete mathematics, turnpike theory, mathematical economics, mathematical biology,
games and controlled Markov processes, generalized solutions of the Hamilton-Jacobi-
Bellman differential equations, continuously observed and controlled quantum systems,
discrete and continuous dynamical systems, ... (see e.g. [31], [23], [30], [29], [4] and the
references cited there). The eigenproblem of such operators obtained so far substantial
attention due to its applicability in the above mentioned problems (see e.g. [31], [23], [4],
(3] [25], [2], [32], [13], [14], [36], [16], [35], [40] and the references cited there). However,
there seems to be a lack of more general treatment of spectral theory for such operators,
eventhough the spectral theory for nonlinear operators on Banach spaces is already quite
well developed (see e.g. [11], [10], [12], [17], [18], [19], [20], [21], [39] and the references
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cited there). One of the reasons for this might lie in the fact that these operators behave
nicely on a suitable subcone (or subsemimodule), but less nicely on the whole (Banach)
space. Therefore it appears, that it is not trivial to directly apply this known non-linear
spectral theory to obtain satisfactory information on a restriction to a given cone of a
max-type operator. The Bonsall cone spectral radius plays the role of the spectral radius
in this theory (see e.g. [31], [32], [4], [24], [22], [36] and the references cited there).

In this article we study the Bonsall cone spectral radius and the approximate point
spectrum of positively homogeneous, bounded and supremum preserving maps, defined
on a max-cone in a given normed vector lattice. We prove that the Bonsall cone spectral
radius of such maps is always included in its approximate point spectrum. Moreover,
the approximate point spectrum always contains a (possibly trivial) interval. Our results
apply to a large class of max-type operators (and their isomorphic versions). Our main
interests are results on suitable cones in Banach spaces and Banach lattices. However,
since the completeness of the norm does not simplify our proofs, we state our results
in the setting of normed spaces and normed vector lattices. Under suitable generalized
compactness type assumptions our results imply Krein-Rutman type results.

The paper is organized as follows. In Section 2 we recall basic definitions and facts that
we will need in our proofs. In Section 3 we prove our results in the setting of max-cones
in normed vector lattices, while in Section 4 we apply our techniques in the setting of
normal convex cones in normed spaces. The main results of Section 3 are Theorem 3.6
and its generalization Theorem 3.7 and the main result of Section 4 are Theorems 4.1 and
4.2.

2. PRELIMINARIES

A subset C' of a real vector space X is called a cone (with vertex 0) if tC' C C for all
t >0, where tC' = {tx : x € C}. Amap T : C' — C is called positively homogeneous (of
degree 1) if T'(tx) = tT(z) for all £ > 0 and = € C. We say that the cone C is pointed if
Cn(=C)={0}.

A convex pointed cone C' of X induces on X a partial ordering <, which is defined by
x <y ifand only if y —x € C. In this case C is denoted by X, and X is called an ordered
vector space. If, in addition, X is a normed space then it is called an ordered normed
space. If, in addition, the norm is complete, then X is called an ordered Banach space.

A convex cone C' of X is called a wedge. A wedge induces on X (by the above relation)
a vector preordering < (which is reflexive, transitive, but not necessary antisymmetric).

We say that the cone C' is proper if it is closed, convex and pointed. A cone C of a
normed space X is called normal if there exists a constant M such that ||z| < M]|y||
whenever z < y, x,y € C. A convex and pointed cone C' = X, of an ordered normed
space X is normal if and only if there exists an equivalent monotone norm ||| - ||| on X,
e, [||lz]]] < |lyl|| whenever 0 < z <y (see e.g. [9, Theorem 2.38]). Every proper cone C
in a finite dimensional Banach space is necessarily normal.
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If X is a normed linear space, then a cone C in X is said to be complete if it is a
complete metric space in the topology induced by X. In the case when X is a Banach
space this is equivalent to C' being closed in X.

If X is an ordered vector space, then a cone C' C X, is called a max-cone if for every
pair x,y € C' there exists a supremum z V y (least upper bound) in C'. We consider here
on C' an order inherited from X,. A map T : C' — C preserves finite suprema on C'
ifT(xVvy) =TevTy (x,y € C). fT:C — C preserves finite suprema, then it is
monotone (order preserving) on C, i.e., Tx < Ty whenever z <y, z,y € C .

An ordered vector space X is called a vector lattice (or a Riesz space) if every two
vectors x,y € X have a supremum and infimum (greatest lower bound) in X. A positive
cone X, of a vector lattice X is called a lattice cone.

Note that by [9, Corollary 1.18] a pointed convex cone C' = X, of an ordered vector
space X is a lattice cone for the vector subspace C' — C' generated by C' in X if and only
if C'is a max cone (in this case a supremum of z,y € C exists in C' if only if it exists in
X; and suprema coincide). Moreover, if z,y, z,u € C, then

(@—y)V(z—u)=(@+u)V(y+2)—(y+u)

holds in C' = C.

If X is a vector lattice, then the absolute value of x € X is defined by |z| = 2V (—x). A
vector lattice is called a normed vector lattice (a normed Riesz space) if |z| < |y| implies
llz|| < |lyl|. A complete normed vector lattice is called a Banach lattice. A positive cone
X, of a normed vector lattice X is proper and normal.

In a vector lattice X the following Birkhoft’s inequality for x1,..., 2., y1,...,yn € X
holds:

(1) N 2= Vil <0l — sl
j=1 j=1 j=1

For the theory of vector lattices, Banach lattices, cones, wedges, cone preserving operators
and applications e.g. in financial mathematics we refer the reader to the books [1], [9],
[7], [41], [6], [26], [5] and the references cited there.

Let X be a normed space and C' C X a non-zero cone. Let T : C' — C be positively

homogeneous and bounded, i.e.,

T
T := sup{M:xeC,x#O} < 00.

]

It is easy to see that ||T'|| = sup{||Tz| : = € C,||z|| < 1} and ||T7"| < |T™| - IT"|
for all m,n € N. It is well known that this implies that the limit lim,, ., ||77|"/" exists
and is equal to inf, [|77||*/". The limit r(T) := lim,,_, ||77]|"/" is called the Bonsall cone

spectral radius of 7. The approximate point spectrum o,,(7") of T is defined as the set
of all s > 0 such that inf{||Tz — sz| : x € C,||z|| =1} = 0.
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For x € C define the local cone spectral radius by r,(T) := limsup, ., ||T"z|".

Clearly r,(T) < r(T) for all z € C. It is known that the equality
(2) sup{r.(T) : x € C} =r(T)

is not valid in general. In [31] there is an example of a proper cone C' in a Banach space
X and a positively homogeneous and continuous (hence bounded) map T : C' — C' such
that sup{r,(T) : z € C} < r(T). A recent example of such kind, where 7" is in addition
monotone, is obtained in [22, Example 3.1]. However, if C' is a normal, complete, convex
and pointed cone in a normed space X and T : C' — (' is positively homogeneous,
monotone and continuous, then [32, Theorem 3.3|, [31, Theorem 2.2] and [22, Theorem
2.1] ensure that (2) is valid.

If X is a Banach lattice, C' C X, a max-cone and 7' : C' — C' a mapping which is
bounded, positively homogeneous and preserves finite suprema, then the equality (2) is
not necessary valid as the following example shows.

Example 2.1. Let X = [* with a standard orthonormal basis {e;,es,...}. Let C' =
{Vioiaje; in > 1ay,...a, > 1} Define T': C — C by T(V)_, aje;) = \/;:11 aji1€)
(the backward shift). It is easy to see that r(T') = 1 and r,(7") = 0 for each x € C. It

also holds that o,,(T") = [0, 1].

Some additional examples of maps for which (2) is not valid can be found in [22].
Let C be a cone in a normed space X and T : C' — C. Then T is called Lipschitz if
there exists L > 0 such that || Tz — Ty|| < L||z — y|| for all z,y € C.

3. RESULTS ON MAX-CONES IN NORMED VECTOR LATTICES

As noted in Example 2.1 it may happen that sup{r,(T) : = € C} < r(T) in the case
when C'is a max-cone. We will prove in Theorem 3.6 that the Bonsall cone spectral radius
of a bounded, positively homogeneous, finite suprema preserving mapping 7' : C' — C|
defined on a max-cone C' in a normed vector lattice, is contained in its approximate point
spectrum. Moreover, we will show that the interval [sup{r,(T) : z € C},r(T)] is included
in 04,(T) for such maps 7.

We shall need the following three lemmas.

Lemma 3.1. Let X be a normed vector lattice and let x1,...,xn,Y1,...,yn € X. Then

H\/% =Vl <Dl =yl
j=1 j j=1

Proof. By (1) we have

n n
[V =V
=1 =1

= H|\/Ij—\/%" ‘ < HZW—%‘! ‘
j=1 j=1 j=1
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n n
< Z [z —y;| || = Z lz; — y;ll,
j=1 j=1
which completes the proof. O

Lemma 3.2. Let X be a vector lattice and z;,y; € X for j=1,...,n. Then

(3) \/xj—\/ng \/(Ij—yj).

If, in addition, X is a normed vector lattice and x; > y; > 0 for j =1,...,n, then

@ 1V 2=Vl <1V =)l

Proof. We have

n n n n
Vo=V —vy+y) <\ —v)+\y
j=1 j=1 j=1 j=1
which proves (3). If X is a normed vector lattice and z; > y; > 0 for j = 1,...,n, then
Vi_i=; > V), y; and this implies (4). 0

Lemma 3.3. Let X be a normed space and let C' C X be a non-zero cone. If T : C'— C
is positively homogeneous and Lipschitz, then r(T) >t for allt € 0,,(T).

Proof. Since T'(0) = 0 and 7" is Lipschitz it follows that 7" is also bounded and so r(7T')
is well defined. If t € 0,,(T), then there exists a sequence (xy) of unit vectors such that
limg o || T2y — tzy| = 0. By induction it follows that limy . || 772, — t/z|| = 0 for all
j € N. Indeed,
177y — gl| < | T7ap = 177 (bze) | + 1777 (bzr) — i
< L];lHTSCk — tl’kH + tHTjillUk — tjill’kH —0

as k — oo, by the induction assumption. Here L denotes the Lipschitzity constant of T'.

It follows that [|T7]| > limy e || T?2x|| = 7 and so r(T) > t. O

The following example shows that in Lemma 3.3 we can not replace the property that
”T is Lipschitz” by a weaker property that ”7T" is bounded”.

Example 3.4. Let X = (> with the standard basis x,,y,,2, (n = 1,2,...). More
precisely, the elements of X are formal sums

o0

£ =Y (QnTn + Baln + Yn2n)

n=1

with real coefficients av,, 8,, ¥, such that

||| := sup{|anl, |Bnl, [7nl :n=1,2,...} < 0.

Then X is a Banach lattice with the natural order.
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Let

C = {Z(O&jl’j + 5;’?/3’ + ’Yij) - X . Oéj,’)/j Z O,ﬂj = jOzj —F]’Y] fOf all ]}
j=1
Then C' is a closed max-cone (moreover convex and normal). Let T : C' — C be defined
by
T(Z(%‘%‘ + Bjy; + Wj)) = (jajy; + ;7).
J=1 j=1

Clearly ||T']| < 1, T is positively homogeneous and preserves (all) suprema.

For k € Nlet uy = k™ 'z +yg. Then |lugl| = 1 and Tuy, = yp, + k25, So || Tur —uz|| =
k=" and 1 € 6,,(T). On the other hand 7% = 0 and so r(T) = 0.

Note that T is not Lipschitz, since || Tuy — ug|| = k=1 but [|T?uy, — Tug|| = || Tux|| = 1.

The following technical lemma is essentially needed in the proofs of our main results
Theorem 3.6, Theorem 3.7, Theorem 4.1 and Theorem 4.2.

Lemma 3.5. Let € > 0 and K > 1. Then there exists n € N with the following property:
if (ar)22, is a sequence of real numbers such that 0 < ay < K* for all k, a, > 1/2 and
lim sup,,_, a,lc/k < 1, then there exist m € N and nonnegative numbers S, (k =0,1,...),
such that
Bo <,
|Br1 — Bel < 2¢,
Br < Brs1 (for all k=0,1,...,m—1),
Br > Brr1 (for all k=m,m+1,...),
amBm =L axfr <1 (for all k),

lim Oékﬁk+1 =0.
k—o00

Proof. Choose mg € N such that (1 +¢)™ > 2¢7!. Choose n > mg such that (1+¢)" >
2K™(14¢)™0. Let (ay) be a sequence of nonnegative numbers satisfying the assumptions.
Set v, = a, (1 + 8)"“‘”'. Then 7, = a,, > 1/2. Let m € N satisfy

(079 ay
— = max —
Tm ko Yk
(such an m exists since limy,_,q :_: = a; ' limy o0 (HZ‘%
(6% (03 N
W—ZZW—Z—landam27mZan21/2.

We show that m > mg. Suppose the contrary that m < mg. Then n > m, since

= 0). In particular, we have

otherwise n < m < my provides a contradiction. We have «,,, < K™ and
Ym = (14 )" So
m mo mo
Qi < K - 2K™ (1 +¢)
Tm T~ an(l+e)rm (L+e)
a contradiction. So m > my.

<1

Y
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Set B, = o 1(1 4 )=l Clearly a,,8, = 1 and B, = a;;! < 2. We have
Bo = Oz;ll(l + E)im < 2(1 + 5)7m0 < e. Clearly limg_, ak6k+1 = 0.

For k=0,1,...,m — 1 we have 0 < [r1 and
Brr1— B = ap (L+e) M V- (14e) ™M) = N(1+e)" ™(14+e—1) < eq,, < 2e.
Similarly, for k =m,m +1,... we have By > (1 and

B — B = a, (1 + e)~h=m) _ (1 + 5)_(k+1_m)) =a; (14e)"F e < 2.

Finally, for each k& we have % < ﬁ:—m So

m

- 1 lk—n]|
B < 2 Bk _ an(l +¢) _
Yrm (1+€)|m (1 +¢)l m|

and the proof is complete. Il

The following theorem is one of the main results of this section.

Theorem 3.6. Let X be a normed vector lattice, let C' C X, be a non-zero maz-cone.
Let T : C — C be a mapping which is bounded, positively homogeneous and preserves
finite suprema. Let sup{r,(T):x € C} <t <r(T). Thent € 04,(T).

In particular, r(T) € 04,(T).

Proof. If t = 0, then for each x € C, ||z|| = 1 we have lim,_, ||T”$||1/” = (0. For each
e > 0 there exists k > 0 such that |T*1z| < g||T*z|. If u = then [jul| = 1 and
|Tul|| <e.

So without loss of generality we may assume that t = 1.

IIT’“:L"II

We distinguish two cases:
L. Suppose that sup{[| \/]_, T’z : z € C, ||lz]| < 1,n € N} = co.
Let k € N. Find x; € C, [lag]| < 1 and ny, € N such that || \/75, T92[| > k. Find

"k |

tr € (1,1 + k=) such that ;""" > 1/2. Find r; > ny, such that HTtT < 1. Set
e = Vo Dok Then lyell 2 (16" V3o Tl = k2
Set ux = k. Then |ug|| = 1 and by Lemma 3.1 it follows

Tj+1$k & le’k
\/th_\/ p |+ -1
j k j=0 "k

[ Tur — wel| < [ Tur — tru]] + (e — D)Jugl| = gl

B TTk+1$k 5
< el IHW ka+k‘ <2yl "t H+E! SE
k

as k — oo. Hence 1 € 0,,(T).

I1. Suppose that

My = Sup{H\/ Tz
§=0

’:xeC,||x||§1,n€N}<oo
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Let € > 0 and K := ||T||. Let n be the number constructed in Lemma 3.5. We have
|T"|| > r(T™) = r(T)" > 1. Find x € C such that ||z|| = 1 and ||7"z| > 1/2. Let
oy = |[T¥2]).

By Lemma 3.5, there exist m € N and nonnegative numbers Sy such that 5y, < e,
|Bra1 — Bk| <26, B < Braq forall k=0,1,... ., m—1, B > By forallk =m,m+1,...,
OB = 1, apfr < 1 for all k£ and limg .o g fBri1 = 0.

Fix r > m such that 8, < ¢||T" x|~

Set u = \/}_o BT*x. Since u > 3, Tz, we have ||u|| > B,||T™z| = 1. By Lemma 3.1
and Lemma 3.2 we have

[Tu — u| = H \ BT e —\/ BkT’“:vH
k=0 k=0

< Hﬁol’H + H\/ TFzB, — \/ Tk;pﬂk_IH + H \/ TreB_ ) — \/ Tk$ﬁkH N ‘ /BTT”‘HxH
k=1 k=1 k=m+1 1

<et |V Tt = )|+ |V Tra(Bs - )| + K < e deMy + 22 0
k=1 k=m+

as € — 0. Hence 1 € 0,,(T). d

The proof above shows more. Namely, the following more general result is proved in
the same way.

Theorem 3.7. Let X be a normed vector lattice, let C' C Xy be a non-zero mazx-cone.
Let T : C' — C be a mapping which is bounded, positively homogeneous and preserves
finite suprema. Let C' C C be a bounded subset satisfying |T"| = sup{||T"z| : = € C"}
for all n. Then

[sup{r.(T) : x € C"},7(T)] C 0ap(T).

Theorem 3.6 and Lemma 3.3 imply the following result.

Corollary 3.8. Let X be a normed vector lattice and let C C X, be a mon-zero mazx-
cone. If T : C'— C is a Lipschitz, positively homogeneous mapping which preserves finite
suprema, then r(T) = max{t : t € o,,(T)}.

From Theorem 3.6 also the following corollary follows.

Corollary 3.9. Let X be a normed vector lattice and let C' C X, be a mnon-zero mazx-
cone. Let T : C — C be a bounded, positively homogeneous mapping which preserves
finite suprema. Then 1r,(T') € 04,(T') for each x € C, x # 0.

Proof. Let x € C, x # 0. Let

K:{\/oijjx:neN,oszO (7=0,1,...,n)}

J=0
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Clearly K is a non-zero max-cone, TK C K. Let y € K, y = \/’].1:0 a;T7z for some
N, QQ, . ..y Q.

Let k € N. We have

Ty < 37 o, IT70l] < maxa - (n+ 1) ma{ T2 j = 0,1, n}
§=0
and

||Tky||1/k < (maxozj)l/k “(n+ 1)1/k max{||Tk+j:v|| :j=0,1,... ,n}l/k — 1.(T)
j

as k — 0o. So 1,(T") < r,(T). Thus sup{ry(T) :y € K} =r,(T) <r(T|k). By Theorem
3.6, 72(T) € 04p(T| k) C 0ap(T). O

Remark 3.10. (i) As shown in Example 3.4, in Corollary 3.8 the assumption "7 is
Lipschitz” can not be replaced by a weaker assumption ”7T" is bounded”.

(ii) An inspection of the proofs, or an application of the above results, show that
Theorems 3.6 and 3.7 and Corollaries 3.8 and 3.9 hold under slightly weaker assumptions
on X. It suffices that X is a ordered normed space, C' C X, a non-zero max-cone and
X — X, anormed vector lattice (equivalently X is a max-cone and there exists a lattice

norm on X, — X ).
Let us consider the following example from [31].

Example 3.11. Let X = C[0,1], C = X, and let T : X — X be a bounded linear
operator defined by T'(x)(s) = sz(s). The map T : C' — C also preserves finite suprema
(maxima) (and is Lipschitz and positively homogeneous) on C. As pointed out in [31],

r(T) =1and T(z) # x for all x € C, x # 0. However, 1 € 04,(T) and the approximate
k

sequence of vectors (zx)reny C C, ||| = 1, is given by zx(s) = s, since
kk
[Tz — x| = [CE 0
as k — oo.

Remark 3.12. Under additional compactness type assumptions on 7', Theorem 3.6 im-
plies Krein-Rutman type results. As is well known, and also shown by Example 3.11,
some additional assumptions are necessary to obtain such results. Let X, C' and T be as
in Theorem 3.6, where C' is also closed. If, in addition, 7" is compact (and continuous)
and r(T") > 0, then there exists y € C, y # 0 such that Ty = r(T)y. Moreover, for each
nonzero t € o,,(T") there exists an eigenvector in C'.

Indeed, there exists a sequence (zy) C C, ||zx|| = 1, with T'z), — tx, — 0. Passing to a
subsequence if necessary one can assume that Tz, — y for some y € C. Clearly tz, — v,
y# 0 and Ty = ty.

It is not hard to see that the same holds if we replace the assumption that "7 is
compact” by the assumption that "7 is power compact” (i.e., that there exists m € N
such that 7™ is compact).
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The results on the existence an eigenvector x € C' for a non-linear operator T corre-
sponding to r(T") are known also under more general compactness type assumptions on T’
(see e.g. [31, Theorem 3.4, Theorem 3.10]), [32, Theorem 4.4], [11, Theorem 10.6]). We
illustrate the usefulness of our Theorem 3.7 by giving an alternative proof of [31, Theorem
3.4] in the case of max-cones in Banach lattices and providing additional information in
this case (Theorem 3.14). Moreover, we do not need to assume the completeness of the
norm. In our proof we apply some of the ideas from [17]. On the other hand, the proof
of [31, Theorem 3.4] was based on a lemma from fixed point index theory ([31, Lemma
3.2], [37, Theorem 2.1]).

To do this, we firstly recall some notions from [31]. If X is a normed space, let v denote
a homogeneous generalized measure of non-compactness on X (as defined in [31, Section
3]), i.e., v is a map which assigns to each bounded subset of X a non-negative, finite
number v(A) and satisfies the following five conditions:

(i) v(A) = 0 if and only if A is compact,

(ii) v(A+ B) < v(A) +v(B),

(iii) v(co(A)) = v(A),

(iv) (AU B) = max{v(A),v(B)},

(v) v(AA) = A (A) if A > 0.

Here we denote A+ B = {a+b:a € A,bec B}, and co(A) denotes the smallest closed
convex set containing A.

Let X be normed vector lattice, let C' C X, be a non-zero closed max-cone and assume
that 7' : C' — X is a continuous and positively homogeneous mapping (and thus bounded).
Let

vo(T) =inf{A > 0: v(T'(A)) < Av(A) for every bounded set A C C}
and
we(T) = sup{\ > 0: v(T(A)) > \v(A) for every bounded set A C C'},

where inf () = co and sup () = 0. Note that we(I) = ve(I) = 1 if dim(X) = co. In this
case we also have

(5) we(tl —T) >t — ve(T)
for ¢t > 0. Indeed,
t= wc<t[) = wc<tl —-T+ T) < wc(t] — T) + Vc(T),

which establishes (5).
UT:C—C,let

(6) BAT) = lim ve(T™)Y™ = inf ve(T™)V™,

n—o0 neN
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if vo(T™) < oo except for finitely many n. (If vo(T™) = oo for infinitely many n one may
define 5, (T") = o0.) The quantity (3,(T") was called the cone essential radius of T" in [31],
but this terminology was changed in [32] due to its imperfections.

Example 3.13. [31, Examples on p. 14 and 15| Let X be a normed space and A a
bounded subset of X. By a(A) we denote the classical Kuratowski-Darbo generalized
measure of noncompactness, i.e.,

a(A) =inf{d > 0 : there exist k€ N and S; C X,i=1,...,k

with diam(S;) <6 such that A =uUF S},

where diam denotes the diameter of the set. In the case X = C(W), where (W,d) is a
metric space, let us denote for § > 0

vs(A) = sup{|z(t) — x(s)| : © € A, with t,s € W satisfying d(t,s) < d}.
Then
A) =infs(A) = 1i A
7(A) = inf 75(A) = lim 75(A)
defines a generalized measure of noncompactness that satisfies a(A) < y(A) < 2a(A).

Consequently, 3, = 3,. However, there exist nonequivalent measures of non-compactness
(see [33], [34]) and this is one of the flaws of the quantity 5,(7).

The following result is a version of [31, Theorem 3.4] for max-cones in normed vector
lattices, which provides more information than [31, Theorem 3.4] even for e.g. max-cones
in Banach lattices.

Theorem 3.14. Let X be a normed vector lattice with dim(X) = oo and let C' C X, be
a non-zero closed maz-cone. Let T : C'— C be a mapping which is continuous, positively
homogeneous and preserves finite suprema and let C' C C' be a bounded subset satisfying
IT"|| = sup{||T"z| : x € C"} for all n. Further, assume that v is a homogeneous
generalized measure of non-compactness on X.

Ift € [sup{r.(T) : x € C"},r(T)] satisfies t > B,(T), then there exists a nonzero x € C
such that Tr = tx.

Proof. By Theorem 3.7 we have ¢ € 0,,(T), so there exists a sequence (zy)reny C C,
|lzk|| = 1, such that ||(¢] — T)xg|| — 0 as k — oo. Denote A = {x) : k € N},
First assume that vo(T) < t. By (5) we have we(tI —T) >t —ve(T) > 0. It follows
from
we(tl = T)v(A) <v((tI —T)A) =0
that v(A) = 0 and so A has a compact closure. Therefore, there exist z € C, ||z|| = 1 and

a subsequence (zy;) C C such that z, — z as j — oo and so Tz = tz.
Since (3,(T') < t, there exists m € N such that vo(T™) < t™ by (6). We also have

sup{r,(T™) : x € C"} = (sup{r,(T) : x € C'})" <" < r(T)™ = r(T™)
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(see e.g. the proof of [31, Proposition 2.1]). By the above proved assertion there exists
y € C, |ly|| = 1 such that T™y = t™y. Define S = ¢t~'T. Now the nonzero vector
r=yVSyVv-.-vS"lyeC
satisfies St = x and so Tz = tx. 0
We call a max cone C' C X o-order complete if for any (x,,),eny C C, such that z,, <y

for some y € X and all n € N, there exists Vo2 ,x,, € C. In the following result we give
some sufficient conditions for the existence of = in a max-cone C' such that r,(T) = (7).

Proposition 3.15. Let X be a normed ordered space such that X is complete. Let C' C
X, be a o-order complete normal maz-cone and let T : C' — C be a bounded, positively
homogeneous, monotone mapping. Then there ezists x € C' such that r.(T) = r(T).

Proof. The statement is trivial if r(7") = 0. So without loss of generality we may assume
that r(T) = 1. Then for each k € N we have ||T*|| > r(T%) = 1. Find z;, € C such that
|zl = 1 and ||T%zy|| > 1/2. Set & = \/;—, k2xg. Then z € C, T*z > k=*T*z;, and so

M| T*z|| = k7| T | =

= k2’
where M is the constant from the definition of a normal cone. So
7.(T) = limsupy, | T*xz||*/* > 1 = (T). Hence r,(T) = r(T). 0

Our results can be applied to various max-type operators (and to the corresponding
max-plus type operators and their tropical versions known also as Bellman operators)
arising in diverse areas of mathematics and related applications (see e.g. [31], [23], [30],
[29], [4] and the references cited there). We point out the following example that was
studied in detail in [31] and [32].

Example 3.16. Given a > 0, consider the following max-type kernel operators T :
C[0,a] — C|0, a] of the form

(T@)(s) = _max k(s Oa(t)

where z € C[0,a] and «, 8 : [0, a] — [0, a] are given continuous functions satisfying oo < f.
The kernel k : § — [0, 00) is a given non-negative continuous function, where & denotes
the compact set

S ={(s,1) € [0,a] x [0,a] : £ € [a(s), B($)]}-
It is clear that for C' = C[0,a] it holds TC' C C. We will denote the restriction T'|¢

again by T'. The eigenproblem of these operators arises in the study of periodic solutions
of a class of differential-delay equations

ey (t) = gly(t),y(t — 7)), 7=r1(y(t)),

with state-dependent delay (see e.g. [31]).
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By [31, Proposition 4.8] and its proof the operator T : C' — C' is a positively ho-
mogeneous, Lipschitz map that preserves finite suprema. Hence by Corollary 3.8 it
follows that r(7) = max{t : t € 04,(T)}. By [31, Theorem 4.3] it also holds that

kn(0) = k(so, s1)k(s1,82) - k(Spn—1, Sn)

r(T) = lim, 00

and
Sn = {(s0,81,582,..,50) 1 50 € [0,a],5; € [a(si-1), B(si-1)],i =1,2,...,n}

Recall that certain Krein-Rutman type results were proved for 7' : ¢ — C in [31,
Theorems 4.1, 4.2 | 4.4, Corollaries 4.21, 4.22], i.e., under suitable additional conditions
on «, f and k (suitable generalized compactness type conditions on 7T'), there exists x € C,
x # 0, such that Tz = r(T)z. However, it was also shown in [31, Proposition 4.23] that
there are also reasonable conditions on «, 8 and k for which such an eigenvector x does
not exist.

We also consider the following related example.

Example 3.17. Let M be a nonempty set and let X be the set of all bounded real
functions on M. With the norm ||f||.c = sup{|f(¢)| : t € M} and natural operations X
is a normed vector lattice. Let C' = X, be the positive cone.

Let k: M x M — [0, 00) satisfy sup{k(t,s) :t,s € M} < occ.

Let T : C — C be defined by (T'f)(s) = sup{k(s,t)f(t) : t € M} and so ||T| =
sup{k(t,s) : t,s € M}. Clearly C is a max-cone, T is bounded, positive homogeneous
and preserves finite maxima. So Theorem 3.6 applies. Moreover, T is Lipschitz. So by
Corollaries 3.8 and 3.9 we have that r(T") = max{t : t € 0,,(T)} and r,(T) € 04,(T") for
each z € C, x # 0. Note also that r(T") = r.(T"), where e(t) = 1 for all t € M.

In particular, if M is the set of all natural numbers N, our results apply to infinite
bounded non-negative matrices A = [a(i,7)] (i.e., a(i,j) > 0 for all 4,5 € N and ||A|| =
sup; jey a(i, j) < 00). In this case, X =1 and C' = I?°. We denote Ty = T and we have

[ Tall = |All = sup [|Tae;]l,
jEN

where {e; : j € N} is the set of standard basis vectors. By Theorem 3.7 the following
result follows.

Corollary 3.18. Let A be an infinite bounded non-negative matriz and let
sup{re;(Ta) : j € N} <t <r(Ta). Thent € 04p(Ta).

Proof. The set C" = {e; : j € N} satisfies the conditions of Theorem 3.7, which gives the
result. U

The following example shows that in general sup{re,(Ta) : j € N} # 7(T4).
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Example 3.19. Consider the left (backward) shift T4 : C' = C, C' =1,

Ta(zy, 29, x3,...) = (9, X3, T4, .. .),

L.e., Tyey = 0 and Tpe; = e;4 for all j > 2. Then r, (T4) = 0 for each basis element e},
but r(T4) = 1. We also have 04,(T4) = [0, 1] = 0,(T4), where

0p(Ta) ={t > 0: Tyx =tz for some x € C,||z| = 1}.

On the other hand, for its restriction T’ A|Car, to the positive cone of the space of null
convergent sequences ¢, we have T(TA|CJ) =1, ap(TA|Cb+) = [0,1) and aap(TA|CD+) = [0,1].
Note that this again shows, in particular, that some compactness type assumptions in
Remark 3.12 and in Theorem 3.14 are necessary.

Remark 3.20. The special case of Example 3.17 when M = {1,...,n} for some n € N
is well known and studied under the name max-algebra (an analogue of linear algebra).
Together with its isomorphic versions (max-plus algebra and min-plus algebra also known
as tropical algebra) it provides an attractive way of describing a class of non-linear prob-
lems appearing for instance in manufacturing and transportation scheduling, information
technology, discrete event-dynamic systems, combinatorial optimization, mathematical
physics, DNA analysis, ... (see e.g. [14], [15], [36], [35] [13], [16], [38] and the references
cited there).

In particular, for a non-negative n x n matrix A it holds (see e.g. [36, Theorem 2.7])
that

Oap(Ta) = 0,(Ta) = {t : there exists j € {1,...,n},t =71, (T4)}.

However, as Example 3.19 shows, an analogue of this result is not valid for infinite bounded
non-negative matrices.

4. RESULTS ON NORMAL CONVEX CONES IN NORMED SPACES

Next we prove the analogues of Theorems 3.6 and 3.7 for positively homogeneous,
additive and Lipschitz maps defined on normal wedges in normed spaces. This result
generalizes and extends an implicitly known result that for a positive linear operator T’
on a Banach lattice X there exists a positive sequence of approximative vectors for the
usual spectral radius (see e.g. the proof of Krein-Rutman’s theorem [1, Theorem 7.10]).
We do not assume the completeness of the norm, we do not assume that the space X is a
lattice and we also do not need to assume that the wedge C'is closed. In the proof we apply
a technique of the proof of Theorem 3.6 and we include it for the sake of completeness.

Theorem 4.1. Let X be a normed space, C C X a non-zero normal wedge and let
T :C — C be positively homogeneous, additive and Lipschitz. If

sup{r(T) : x € C} <t <r(T),

then t € oq,(T).
In particular, r(T') € o4,(T). Moreover, r(T) = max{t : t € 0,,(T)}.
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Proof. By Lemma 3.3 we have r(T") >t for all t € 0,,(T).
Let sup{r.(T) : « € C} <t < r(T). Similarly as in the proof of Theorem 3.6 we may
assume without loss of generality that ¢ = 1.

We distinguish two cases:
L. Suppose that sup{[| >_7_ Tz : 2 € C, ||| = 1,n € N} = o0.

Let k € N. Find ny and x, € C such that [og]] = 1 and || X7 TVa,| > k. Find
tr € (1,1 + k71) such that t,;"‘“_l > 1/2. Find rp > ny such that ”T:f—,f’“” < 1. Set

k

yr o= S Toe Then M|yl > ||t ™ >k TIwg|| > k/2, where M is the constant

J=0 g+t
from the definition of a normal cone.
Set u, = m Then ||ug|| = 1. Since T is additive, positively homogeneous and

Lipschitz with a Lipschitz constant L, we have

T T TJZL‘k
T — | < (7ot~ g+t = Dl = e 1HT( tm)—Z |+t
Jj= j=0

<Hyku1(HT< 2f1k>—T(ZTJ;Ik>H+1> (1)

oM Ty ST oM [T
§T< HZ t]ff— xk”+1)+k =2 (L( kalk\\+1>+k 1
OM(L+1)+1
ZSIEINN

as k — oo. Hence 1 € 0,,(T).

IT. Suppose that My := sup{|| >>7_, T’z : 2 € C, [|z[| = 1,n € N} < co.

Let ¢ > 0 and K = ||T'||. Let n € N be the number constructed in Lemma 3.5. We have
|T™|| > r(T™) = r(T)* > 1, so there exists z € C such that ||z|| = 1 and ||T"z|| > 1/2.
Write oy, = ||T*x]].

Let m € N and f; (k > 0) be the numbers constructed in Lemma 3.5 | i.e., f; > 0,
Bo < &, |Bra1 — Bl < 26, By < Bryq for all k = 0,1,....,m — 1, B > Bryy for all
k=mm-+1,..., apfr <1, apfm = 1, limg_ oo axfrr1 = 0.

Fix r > m such that 3, < | 7" 'z| .

Set u=>1_o BT x. Since u > B,,T™x, we have M ||u|| > B,,||T™z| = 1. We have

1T — ul| = HT (Z @kam> _ Z 5ka:1:H
k=0 k=0
<[ (S rte) - St o e
k=0 k=1

< LHZ BT z — Z/BkT’“‘le te
k=0 k=1
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<L (‘ ) +e
< L(Ke +4eMoM) + ¢ — 0
as € — 0. Hence 1 € 0,,(T). d

G, 1" x

‘ T HmZITkw(ﬁkﬂ - Bk)H + HS T 2(Br — Brs1)
k=0 k=m

Similarly as Theorem 3.7, the following more general result is proved in a similar way.

Theorem 4.2. Let X be a normed space, C' C X a non-zero normal wedge and let
T : C — C be positively homogeneous, additive and Lipschitz. Let C' C C' be a bounded
subset satisfying |T"|| = sup{||T"x| : v € C"} for all n. Then

[sup{r.(T) : x € C"},r(T)] C 04p(T)
and r(T) = max{t : t € 0,,(T)}.

Remark 4.3. In fact, in the setting of Theorems 4.1 and 4.2 the map T extends to a
bounded linear operator on the normed space C' — C. Note that in general C' — C' is not

a lattice. Moreover, the obtained approximate eigenvectors are in C.

Corollary 4.4. Let X be a normed space with a non-zero normal wedge C' C X. If
T :C — C is positively homogeneous, additive and Lipschitz, then r,(T) € o4,(T) for
each x € C.

Proof. Let x € C and let K be the smallest wedge generated by z invariant for T, i.e.,
K={3"gojT’z:n €N, ay,...,a, >0}

Let y = Y" a7z € K. Then ||[T*y|| < 37 oy T*Hz| and it is easy to see that
ry(T|x) < 1.(T) <r(T|k). By Theorem 4.1, 7,(T') € 04p(T'|x) C 04p(T). O

Remark 4.5. Let X, C'and T be as in Theorem 4.2. Under additional compactness type
assumptions from Remark 3.12 or Theorem 3.14, Theorem 4.2 implies Krein-Rutman type
results, i.e., the existence of an eigenvector x € C, x # 0 such that Tx = tx. We omit the
details. As is well-known and also illustrated by Examples 3.11 and 3.19, such additional
assumptions are necessary.

The following result is essentially known, see e.g. [32, Theorem 3.3|, [22, Theorem 2.1]
and [31, Theorem 2.2 and remarks after it]. The sketch of the proof is included for the
sake of completeness.

Proposition 4.6. Let X be a normed space and C' C X a non-zero mormal complete
wedge. Let T : C'— C' be bounded and positively homogeneous. If, in addition,

(1) T is monotone on C or

(i1) T is continuous and additive on C,
then there ezists x € C' such that r.(T) = r(T).



ON THE BONSALL CONE SPECTRAL RADIUS AND THE APPROXIMATE POINT SPECTRUM 17

Proof. Without loss of generality we assume that r(7) = 1 and for each & € N choose
z € C as in the proof of Proposition 3.15. Define z = Y ;- k™ 2x;, € C. If T satisfies (i)
or (ii), it follows that Tx > k~2Tx;. Conclude the proof as in the proof of Proposition
3.15. O

Remark 4.7. Similarly as in [31, Remark on p.12], a slight generalization of Proposition
4.6 is possible. Namely, if ¢} C C are given wedges and T satisfies the conditions
of Theorem 4.6 with respect to the wedge C' as stated. Additionally, we assume that
TC, C C, where the wedge (] is complete. Then there exists x € C] that equals the
Bonsall cone spectral radius of T" with respect to Cf.

As pointed out (and applied) in [31] and [32, Theorem 3.3], the main reason for this
generalization is that it may happen that a non-linear map is monotone with respect to
the (pre)ordering <., but it is not monotone with respect to the (pre)ordering <c, (see,
for instance, [27] and the ”renormalization operators” which occur in discussing diffusion
on fractals).
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