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Abstract. There are four kinds of scalars in the n-dimensional pseudo-Euclidean geometry
of index one. In this note, we determine all scalars as concomitants of a system of m < n
linearly independent contravariant vectors of two so far missing types. The problem is
resolved by finding the general solution of the functional equation F(A”Lll,, A”L2l,, e ,A#T ) =

p(A)- F(zlt7 CIRRRE u) using two homomorphisms ¢ from a group G into the group of real
m
numbers Ry = (R\ {0}, ).
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1. INTRODUCTION

For n > 2 consider the matrix Eq = [e;;] € GL (n, R) where

0 for i # 7,
eij =4 +1 fori=j#n,

-1 fori=j=n.

Definition 1. A pseudo-orthogonal group of index one is a subgroup of the
group GL (n,R) satisfying the condition

G=0n,1,R) ={A: AcGL(n,R)ANA" -Ey-A=E\}.

The class of G-spaces (M, G, fo) where f, is an action of G on the space M,
constitutes a category if we take as morphisms equivariant maps Fo5: My, — Mg,
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i.e. the maps which satisfy the condition

(1) A N N\ Fas (fa(@,4) = f5 (Fap (2), A).

a,BzeEMy, AEG

This category is called a geometry of the group G.

If we denote A = [Aﬂ’ll € G then there exist exactly four homomorpisms of the
group G in the group Ry, namely 1(A) = 1, (A) = sign(det A), n (A) = sign (A7)
and € (A) - n(A) (see [3]). In the pseudo-Euclidean geometry of index one there are
the G-space of contravariant vectors

(2) (R*,G, f), where /\ /\f(u,A):A-u,

ueR” AcG

and four G-spaces of objects with one component and a linear transformation rule

1.z for 1-scalars,
e(A)-x for e-scalars,

(3) (R,G,h), where /\ /\ h(z,A) = (4)
TER AECG n(A) = for n-scalars,

e(A)-n(A) -z for en-scalars.

Every equivariant map F' of a system of linearly independent vectors Uyl U
m

with m < n into R satisfies the equality (1), which by applying the transformations
rules (2) and (3) may be rewritten in the form

(4) /\ F(Azll,Ag,...,Au) =1 -F(zll,g,...,u) for 1-scalars,

A€G " m

(5) A/e\G F(Azf’ A%v e A;‘fl) =e(4)- F(zlL, Uy ,%) for e-scalars,

(6) A/e\G F(Azf’ A%v e A;‘fl) =n(A)- F(zlL, Uy ,;té) for n-scalars,

™ A F(Au, Au, ..., Au) = (A) -0(A) - F(u,u,...,u)  for enscalars.
AeG

For the pair u,y of contravariant vectors the mapping p(lll,, 121,) = 11LT -Fy U satisfies

(4), namely

p(Au, Au) = (Au)" - B - (Au) = u” (AT - By - Ay = u” - By -u = p(u, u).
In [7] it was proved that the general solution of the equation (4) is of the form
(®) Fuy,..., u) = 0(p(u, u)) = O(pi;)

326



fori <j=1,2,...,m < n, where © is an arbitrary function of %m(m + 1) variables
Pij-

The invariant p allows us to decompose the space of contravariant vectors (2) into
invariant subsets

R = VU(VUV)U{0} = VUT U{0}
where
x+/ ={u: u e R" Ap(u,u) > 0} is the set of Euclidean vectors,
V= {u: v e R" Ap(u,u) <0} is the set of pseudo-Euclidean vectors,
10/ ={u: ue R Ap(u,u) =0Au+#0} is the set of isotropic vectors,
1*/ —Vu 10/ is the s%t of non-Euclidean vectors.

The isotropic cone V is, moreover, a transitive set. Let K”~! denote a ball in the
hyperplane ¢g" = 1, namely

n—1
n— n— T i\2 n
K"t = {q= g "] s> (df) <1=¢ }
i=1
Lemma 1. For every point ¢ € K"~! and arbitrary matrix A € G we have
) sien (v (.4)) = sen (3 ATa') = sien (47) = (4),
i=1

Proof. From the condition A”-E;-A = E; and the Cauchy-Schwarz inequality
we get

n—1 n—1

Ar = (A2 =113 (¢)° <w (g, A) < AL+ [1[(A7)? = 11D (¢1)%,

i=1 =1
which proves the lemma. O

From uw € V it follows that 4™ # 0 and for an arbitrary matrix A € G we have

also A-u e 1*/ Then

ul w2 un—1 1T

u:[ul,u2,...,u"}T:u"[ e

Fa_n un ’

=u" [qluqzu' "7qn7171]T =u" 4,

where ¢ € K"~!. The point ¢ is called the direction of the non-Euclidean vector u.
The last coordinate of the vector A - u is equal to

n n

(10) (Au)" =AM’ = u”(ZA?qi> =u"-w(qA).

=1 i=1
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In accordance with (9) and (10) we get

(11) A\ )\ sign[(Au)"] = n(A) - sign (u").

ueV AeG
Now, let an arbitrary system of linearly independent vectors Ul U be given.
m
Let L, = L(’lll,, U u) denote the linear subspace generated by the vectors
m
Ul s U and p|L,, the restriction of the form p to the subspace L,,.
m

Definition 2. The subspace L,, is called:

(i) a Euclidean subspace if the form p|L,, is positive definite,

(ii) a pseudo-Euclidean subspace if the form p|L,, is regular and indefinite,
(iii) a singular subspace if the form p|L,, is singular.

If we denote

P(m)= P(’(ll,, Uy u) = det [p;;]}"
then the above three cases are equivalent to P (m) > 0,P(m) < 0 and P (m) = 0,
respectively. Let P;; denote the cofactor of the element p;; of the matrix [p;;]]" and
1

let P13 =1, P (0) =1 by definition.

If m =n—-1and P(n—1) = 0 then the singular subspace L(’lll,, U ul)
determines exactly one isotropic direction ¢ € K" ! whose representative, if
P (n—2)+#0, is of the form

n—1
1 n—1 r 0

12 = P 1iu=v"[¢",¢*. ..,¢" 1] €eVNL,.

( ) v P(n_2); 1, 17:L v [q7q7 »q ) } 1
From p(u,v) =0 for i =1,2,...,n—1 it follows that each vector u is of the form

n—1
13)  u= [ul,u%..,un-l,zukqﬂ where A = det[u i £0.
3 3 3 K3 =1 K3 K3

Let us denote

ul u2 w1

1 1 1

U 1 U 2 U n—1

r—1 r—1 r—1

_ 1 2 -1 _
(14) BT(’lli, Uy .,ngl)— q q q" for r=1,2,...,n—1.

U 1 U 2 U n—1

r+1 r+1 r+1

w ! w? ... unt
n—1 n—1 n—1
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It is easy to prove that B, - By = P .k, so at least one of B, is different from
zero. In [5] it was proved that

(15) A/é\gBT(AzlL,Ag, o Au)=e(A) Buuy,..., u)

and the general solution of the functional equation (5) was given, namely

0 fm<n—lorm=mn—1and P(m)#0,
(16) F(u,u,...,u)z G(pz])B(szgﬂ? ul)ifm:n_landp(m):07
12 n—

O (pij) - det(zll,g,...,u) if m = n,

where © is an arbitrary function of 3m (m+ 1) variables and B is an arbitrary
nonzero e-scalar among B, B, ..., B,_1. In this paper we determine the general
solution of the functional equations (6) and (7).

2. GENERAL SOLUTION OF THE FUNCTIONAL EQUATION (6)

Definition 3. We say that a system of vectors €6 ...se constitutes a pseudo-
n

orthonormal base if

[p(e, g)]’f =FE.

To each vector e of the pseudo-orthonormal base we assign the covector ;f =el E
3 K2

and then ¢ - u = p(e, u).
i i

Definition 4. We say that a pseudo-orthogonal matrix A whose rows consist

. * ok *
of coordinates of covectors €€ ...,¢ corresponds to the pseudo-orthonormal base
n
€,6,...,€.
1’277 '
Let a sequence of linearly idependent vectors Uty Usees U be given. Let us
m n

denote €, = sign P (m) . Apparently ¢, = —1 and from the definition ¢g = +1.

Definition 5. The sequence (+1,e1,€2,...,Em,...,&n—1, —1) will be called the

signature of the sequence of subspaces L(11L), L(’lll,, 121,), v Loy ooy L.

In [7] it was proved that the only restriction is €;41 < &;.
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Lemma 2. The functional equation

/\ F(Au, Au, ..., Au) =n(A) - F(u,u,...,u)
jas 17772 m 172 m

in the case P (m) > 0 has only the trivial solution F(’l{/, Uy u) = 0.

Proof. Evidently m € {1,2,...,n — 1} and the partial signature up to &, is
of the form (+1,41,...+ 1). The vectors

(17) e= u fork=1,2,...m

1 Pk
\/P(k——1).P(k:)';Pki

constitute in the Euclidean subspace L(’lll,, Us-oos u) the first m vectors of a pseudo-
m

orthonormal base. We have

(18) ¢ =e(u,y,...,u) and p(¢,u) =

T

0 for r < k,
O (pij) fork<r<m.

The other vectors e , e ,...,e of the pseudo-orthonormal base is chosen from the
m+1" m+2 n

orthogonal complement L. Inserting the matrix A corresponding to this base into
equation (6) we get

F(zlt,u,...,u):n(A)-F(Azlt,Ag,...,Au):n(A)-@l (pij) -

2 m m

For the matrix C' corresponding to the base €,€..., €,—cwe get
n

n—1

F(?{,g,...,%)zn(C)-F(sz,Cg,...,C%) =—-n(A)- 01 (pij)-

Because in both cases the scalar 1 (p;;) is the same we conclude that F' = 0. g

In the case P (m) < 0 the partial signature up to ey, is either of the form
() (+1,...,41,—-1=¢4,—1,...,—1) for s =1,2,...,m < nor
(xx) (+1,...,41,0=¢4,€541,...,6m) for s =1,2,...,min{m,n —1}.
In both the cases we have P (s — 1) > 0 and P (s) < 0. Using the vectors U, u

S
we get

(19) v:v(lf,g,...,g):EPsi?EV
because v # 0 and p (v,v) = P(s—1)- P (s) <0.

Let us assume that F (111,,’[21,, ..., u) is a general solution of the functional equa-
tion (6) in the case P(m) < 0. We conclude that in this case the function
sign v"F(llL,g, ...,u) is the general solution of the functional equation (4). Us-

ing (8) we get
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Theorem 1. The general solution of the functional equation
/\ F(AzlL,Ag,...,Au) :n(A)-F(llL,g,...,u)
AcG " "
is of the form
0 if m=1,2,...,n—1and P(m) >0,
(20) F(u,u,...,u) =
12 m O (p;j) -sign (v™) if m=1,2,...,n and P(m) <0,
where © is an arbitrary function of %m(m + 1) variables and v is an arbitrary vector

belonging to L., N V.

3. GENERAL SOLUTION OF THE FUNCTIONAL EQUATION (7)

The homomorphisms 1,&,7, ¢ -  constitute a Klein group and the relations (16)
and (20) enable us to determine the general solution of the functional equation (7).

Lemma 3. The general solution of the functional equation (7) is of the form
0 ifm<n—1lorm=mn-—1andP(m)#0,
(21) F(lll,,’lzl,, . ,%) ={ O (pi;) - B-sign(v™”) if m=mn—1and P(m) =0,
© (p;j) - sign (v™) - det(zf, Uy ,%) if m = n,
where © is an arbitrary function of m(m + 1) variables, v is an arbitrary non-

Euclidean vector belonging to the subspace L., and B is an arbitrary nonzero e-scalar
amongst By, By, ..., By_1.

In the formulas (20) and (21) we can use in particular the vector v described by
(19) whereas the e-scalar B in (21) is not determined. However, there exist relations
between v™ in (12), B,,—1 in (14) and A in (13). If P (n — 2) # 0 we have the formula
(12) and Bj_1 # 0. In what follows

n—1 n—1 n—1
B, n—1 1 o
n'an - Pnf i "= an B’L ¢’
v ! P(n_2); 1t Bn—lg 1 (;gq>

n—1 n—1 n—1
— J ) = j o) =
=> q (ZBziiﬂ) =Y 7 (A d)=Auy..., u)
j=1 i=1 j=1
We conclude that
(22) /\ A(A’(ll,, Ag, ce Anv;tl) =c(4) w(q,A)- A(i{,g, e ,ngl).

AeG

We give a more convenient version of this result.
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Theorem 2. The general solution of the functional equation

/\ F(Au, Au,...,Au) =c(A) -n(A) - F(u,u,...,u)
AcC 1 2 m 1 2 m

is of the form

(33) Fluy.....u)
0 if m<n-1or m=n—1 and P(m)#0,
= { O (pij) - sign A(u,u, ..., ul) if m=n—1 and P(m)=0,

1 2 n—
© (p;j) - sign (v™) - det(tlt,g, coou) if m=n,

where © is an arbitrary function of im(m + 1) variables and v is an arbitrary non-
Euclidean vector.
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