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Abstract The paper discusses the fractional operators
Ve dive, (=8)*2,

where o is a real number, the order of the operator. A definition of the fractional gradient
of a function f employed frequently in the literature is

V*f (x) = %‘lf(x)el + ...+ D%‘nf(x)e”

where e[, ..., e, is an orthonormal basis in the physical space V and D%‘l s, %‘n f
are one-dimensional fractional derivatives applied to the coordinate variables &, ..., ¢,
of the point x inthe basise|, ..., e, . Unfortunately, this definition is wrong: it will be shown

that it depends on the chosen basis, i.e., V* f does not transform as a vector under rotations.
The same objection applies to any other fractional differential operator defined in a similar
manner. As a reaction to that fact, the paper presents a novel approach to the operators

of fractional vector analysis based on elementary requirements, viz.,
e translational invariance,

e rotational invariance,

e homogeneity of degree o € R under isotropic scaling;
e certain weak requirement of continuity.

Using methods of the theory of homogeneous distributions the paper

e proves that these requirements determine the fractional operators uniquely to within
a multiplication by a scalar factor;
e derives explicit formulas for these operators.

For (—A)“/ 2 we recover the standard formulas for the Riesz-Bochner-Feller fractional
laplacean. For the fractional gradient the requirements lead to the following formula:
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hf (x + h) :
1i ST o an f 0< 1
Ko fllr{)l|h|>{ |h|n+fx+l d ! 0
Ve F () = VFx) if a=1,
w ] h(f(Hh)l_hﬂ(f;JVf(X) ) g it 1<a <2,
R” '

x € R", where p, is a normalization factor to be determined below from extra addi-
tional requirements. (The general case —o < o < o is treated in Section 4.) The paper
then proceeds to prove some basic properties of the fractional operators, such as, e.g., the
identity

div (VAf) = = (-p) P2y,

which generalizes the classical case div(Vf) = Af.

Keywords fractional gradient, divergence, and laplacean, translation invariance, rotation
invariance, positive homogeneity of degree o, fractional vector identities, distributions
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1 A frequent fundamental error in the definition of the
fractional gradient

The isotropy of space plays central role in all branches of physics. The success and
importance of the classical differential operators of the vector analysis, i.e., the gra-
dient, divergence, and laplacean,

V, div, A,

derives from their invariance under rotations, a concrete manifestation of isotropy.*
Recent works on long-range forces and on other nonlocal aspects of continuum
mechanics employ the fractional analogs

Ve dive, (—A)%?

* The importance of symmetry and invariance principles for continuum mechanics was
fully recognized for the first time by Walter Noll.
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of the classical operators of non-integral orders o.* The Riesz-Bochner-Feller frac-
tional laplacean is classical; the literature is extremely large. In contrast, the fractional
gradient and divergence are relatively new and only in a preliminary stage of develop-
ment. Frequent approaches to the fractional gradient are based on a blind analogy with
the integral-order: choose an orthonormal basis in the physical space V and represent
the fractional gradient of a scalar function f on V by an n-tuple of one-dimensional
“partial” fractional derivatives along the co-ordinate axes.** This definition has a fatal
flaw: the gradient V* f constructed in this manner depends on the chosen coordinate
system.

To see it, let f be a scalar-valued function on the n-dimensional real inner product
space V. In an orthonormal basis {e,,...,e, } in V, the function f is represented by
a function f of the coordinates ¢ys..., ¢, of ageneral pointxin V,

f(x) = f(fl’ cees fn)
The fractional gradient of f is then defined by
V*f=D%fe+..+D¢ fe,

where D%‘l_ f are the one-dimensional partial fractional derivatives with respect to &;,
1 < i < n. For example, for 0 < o < 1 one can use Marchaud’s derivative [36;
Chapter 2]:

— « T(p(fj) —(P(fi—i”l)
S T(-a) notl

where I' is the gamma function and for the given i, ¢ is a function of one scalar
variable ¢, defined by

(p(f) = f:(fla 751'_175751'4-17"‘ ’fn)

with ¢, for j + i frozen. No further formula needs to be written to see that this
definition depends on the basis. Indeed, to evaluate, say, V*f (0), one needs to know
only the behavior of f along the coordinate axes given by the basis, the rest of the
landscape of f is irrelevant. In a different basis, the same recipe sees the behavior of f
in a different, totally unrelated n-tuple of directions, which, thanks to the nonlocality
of D%‘i , leads to a different result in general. For example, one can have V f (0) = 0
in one basis and V£ (0) + 0 in a different basis. Paradoxically, the reason for this
flaw is not that the adopted definition is nonlocal, but that it is not nonlocal enough
to encompass the behavior of f in all directions.***

%Cl-f(fl"" ’fn)

dn

* There are many papers on the subject in the past 10-15 years, which differ in rigor and
clarity. See, e.g., [28, 27, 32, 18, 7, 6] for some applications and [2-4, 10, 24, 5, 25, 40, 26, 41, 9,
1,8, 42,29-30, 33] for the theory and discussions of general aspects.

** The exceptions are [24-26, 8, 33].
*** An analogous coordinate definition of the fractional laplacean,
(=) %u:= —(D% u+ ...+ D% u)
results in a highly coordinate-dependent fractional wave equation
Uy — (_A)oc/zu = f’
with obvious undesirable consequences. Fractional Maxwell’s equations occurring in the liter-
ature are subject to the same criticism.
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In this paper I formulate natural “qualitative” requirements on the fractional op-
erators: the invariance under translations and rotations, homogeneity of order o under
isotropic scaling (to fix the order of the operator), and some mild continuity. The paper

e proves that these requirements determine the fractional operators uniquely to
within a multiplication by a scalar factor;
e derives explicit formulas for these operators.

See Sections 2 and 4. The derivation uses aspects of the theory of homogeneous of
distributions; references are given in Sections 4 to 8.

Outline of the paper. Section 2 describes the fractional operators of orders 0 <
o < 2 on infinitely differentiable functions with compact support. Section 3 intro-
duces two kinds of function spaces for the fractional operators used here, the spaces
of type & and 7 . The central section of the paper, Section 4, defines the fractional
operators of all orders —oo < o < oo (or even of all complex orders), and establishes
their position as the only operators satisfying our requirements. Section 5 presents
fractional generalizations of the main classical vector identities and analytic depen-
dence of the fractional operators on the order o« € C. Section 6 outlines weak defini-
tions of fractional operators which extend them to less regular functions (actually to
distributions from the dual of 7). The last two sections are devoted to proofs. Section
7 establishes the convergence of the integrals occurring in the definitions fractional
operators and other analytical aspects. Finally, Section 8 shows that every operator
meeting our qualitative requirements is a multiple of the fractional operators defined
in Section 4.

2 Fractional gradient, divergence, and laplacean:
the case) < a <2

We work in a real inner product space of dimension n, which we represent by R”.
Foreacha € R", A > 0, and g € O(n) (= the group of orthogonal transformations
in R") we denote by 7, 17, and p , the transformations in R" given by

TX=X—a, N;x=2x, pqxzq_lx, x e R”.

We use the symbol o to denote the composition of mappings, defining the composite
map ¢ o Yy by (¢ o) (x) = ¢ (Y (x)) for any two mappings ¢ and .

We characterize the fractional gradient of order o € R as a linear transformation
G which associates with each “nice” complex-valued function f on R” a complex-
vector-valued function Gf = G (f) on R” satisfying the following requirements

G(fot,) = (Gf) o1, (2.1)
G(fopy) =q(Gf)op,, (2.2)
G(f ony) =2A*(Gf) on, (2.3)

for any nice f, any ¢ € O(n), a € R"”, and A > 0. The translation invariance
(2.1) need not be commented; Condition (2.2) is the independence on the basis in
R". Condition (2.3) fixes the order of the operator in analogy with the derivatives
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of integer orders. When augmented with a mild continuity requirement, Conditions
(2.1)—(2.3) determine the operator G uniquely to within a constant multiplicative fac-
tor, as shown in Theorems 2.2 and 4.2. Analogous results for the fractional divergence
and laplacean are presented in Theorems 2.4, 2.6 and 4.6.

We shall define the fractional operators on three types of spaces, viz., on scalar-
and vector-valued versions of the spaces &, on scalar- and vector-valued versions of
the spaces .7 , and on duals of .7’ of the spaces .7 . The definitions of & and .7
are given in Section 3; the differences in the behavior of the fractional operators are
described at the beginning of Section 4. We use the terms scalar- or vector-valued
operatoron & or .7 for any linear transformation from these domains into the spaces
of all complex-valued or complex-vector-valued (= C"-valued) functions on R”. We
use the modifiers ‘translationally invariant’ and ‘x-homogeneous’ for any scalar- or
vector-valued operator satisfying (2.1) and (2.3), respectively. We use the symbols
V and div (without exponents) for the classical differential operators; the symbol
(—A)* with k a nonnegative integer is the power of the classical laplacean.

For nonnegative values of o the formulas for fractional operators display certain
periodicity with period 2. In this section we treat only the first period, 0 < o < 2.
Throughout this section, we assume tacitly this restriction on .

2.1 Definition The fractional gradient V* of order « is a vector-valued operator on
2 (R") defined by

. hf (x+h) .
<
uaglnolmljzg NEEa dh if 0<a<l,
VIf(x) =4 Vf(x) if o=1,
h(f (x+h)—fx)=Vf(x)-h) .
MOCRJ” e dh if 1<a<?2
forany f € Z (R") and any x € R”, where
=220 ((n +a+1)/2) /T (A - 2)/2). (2.4)

The normalization factor i, (as well as the factor v, to be introduced below) is not
important for most of the discussion in this paper. It is important only for the factional
vector identities and for the analyticity to be discussed in Section 5.

It will be shown below that the definition of V* is consistent in the sense that the
involved integrals converge and the limits exist. The same remarks apply to Defini-
tions 2.3 and 2.5, below.

Examples 6.2 and 6.3 evaluate the fractional gradient of Dirac’s delta function
V%6 (x) and the one-dimensional fractional gradient D*6 (x) of the Heaviside func-
tion 0 for0 < o < 1.

2.2 Theorem The operator G := V% is
(i) Z-continuous,*
(i1) translationally invariant,

* That is, for any x € R”, the function f + G(f)(x) is a Schwartz distribution. See
Section 3.
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(iii) rotationally invariant in the sense of (2.2), and

(iv) a-homogeneous.

Conversely, any vector-valued operator G on & (R™) satisfying Conditions (i)—(iv)
is a scalar multiple of V%, i.e.,

Gf (x) =cV*f (x)
forall f € 2 (R",C"), all x € R" and some ¢ € C.

2.3 Definition The fractional divergence div* of order « is a scalar-valued operator
on Z (R",C") defined by

h-v(x+h)

li —— = dh if 0<ua<l,
Hey slln01|h|'[>g || totl ! %
div* v(x) = { divo(x) if =1,
h-(v(x+h) —v(x) — Vo) -h )
,uOC[R_[ ( el ) dh if 1<a<?2

forany v € 2 (R",C") and any x € R”.

2.4 Theorem The operator S := div* is
(i) Z-continuous,

(i1) translationally invariant,

(iii) rotationally invariant in the sense that

S(qg(vop,)) =S(v)op, (2.5)

forany ve (R",C") and any g € O(n), and
(iv) a-homogeneous.
Conversely, any scalar-valued operator S on & (R",C") satisfying Conditions (i)—
(iv) is a scalar multiple of div®, i.e.,
Sv(x) = cdiv* v(x)

forallve Z(R",C"), all x € R" and some ¢ € C.

2.5 Definition The fractional laplacean (—A)%? of order «/2 is a scalar-valued
operator on & (R") defined by

J () if =0,
vajf(x)|;|f+(§+h) dh it 0<o<l,
0 fw =1
ylim | LSRR e <y <,
L0 |p]e At
—Af(x) if =2

forany f € Z(R") and any x € R”, where
v, := 2% 20 ((n + @) /2) /T (=a/2). (2.6)
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2.6 Theorem The operator L := (—A )42 s
(i) Z-continuous,

(i1) translationally invariant,

(iii) rotationally invariant in the sense that

L(f op,) = (Lf)op,, (2.7)

forany f € Z(R") any q € O(n), and
(iv) a-homogeneous.
Conversely, any scalar-valued operator L on & (R™) satisfying Conditions (1)—(iv) is
a scalar multiple of (-h)*/? ie.,

Lf (x) = c(=0)*2f (x)
forall f € 2 (R"), all x € R" and some ¢ € C.

3 The spaces 2(R",Z) and  (R", Z)

Throughout, Z denotes a finite-dimensional complex normed vector space, mostly a
placeholder of C or C”. Further, we denote by N, and N the sets of all nonnegative
and all positive integers, respectively.

We denote by & (R”,Z) the Schwartz space of infinitely differentiable complex-
valued functions f : R” — Z with compact support. We abbreviate & (R") :=
2 (R",C) and simplify the notation in the same way also for other function spaces
below. A sequence f; of elements of & (R",Z) is said to & -converge to an element
fof Z(R",Z) if there is a compact subset K of R” such that the supports of all f,_are
contained in K and all gradients V'’ f5 uniformly converge to Vif,i =0,1,... Let
X be another finite-dimensional complex normed vector space. A linear map U from
2 (R, Z) into the space of X-valued functions on R” is said to be & -continuous if
for any fixed x € R” one has

U(fi) (x) = U(f) (x) (3.1

for any sequence f, that &-converges to f.
Following [22-23], we introduce the space ff (R",Z) of all infinitely differen-
tiable maps f : R” — Z such that the gradient V'f of any order i € N, satisfies

[ IVif(x)|dx <o and Vif(x) >0 as |x| > w.
[Rn,

We endow .7 (R",Z) with a countable system of norms | - |,,,, m € N, defined by
1l = max {IVFN IV ll,: 1€ Ny, 0<i <m}
where || - ||; and || - ||, are the standard norms on the spaces L' (R",Z) and L*(R",Z).

Here L” (R", Z) is the Lebesgue space of Z-valued maps on R” integrable with p th
power, 1 < p < «. We have the following embeddings:

I (R",Z) c L”(R",Z) foreach p € [l,»].

A sequence f;. of elements of 7 (R"”,Z) is said to 7 -converge to an element
fe7(R",2)if
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lfix = fl,, >0 as k— o foreach m e Ny.

A linear map U from a subset .o of 7 (R”,Z) into the space of functions on R” with
values in a finite dimensional vector space X is said to be .7 -continuous if for any
fixed x € R” we have (3.1) for any sequence f, of elements of .o/ that .7 -converges
to an element f € .o/ .

4 Fractional gradient, divergence, and laplacean:
the general case

The objective of this section is to extend previous results on V%, div*, and (— A )O‘/ 2
to all orders o € R, eventually satisfying « = —n. We shall consider these operators
on the spaces of type & and 7 . There are two main differences in the behavior of the
fractional operators on & and on .7 . First, while there are nontrivial translationally
and rotationally invariant, z-homogeneous, and continuous operators on the space &
for all € R, on the larger space .7 such nontrivial operators exist only for o = —n.
The second, and more important difference is that for a = 0 the fractional operators
map the spaces .7 into .7 ; there is no counterpart of that for the spaces of the type ¥ .
The mapping property for .7 is necessary for the weak definitions of the fractional
operators on irregular functions in Section 6.

If ¢ : R" — Z is a Lebesgue measurable map, we define the principal value of
the integral [pn ¢ (h) dh by

Pv [ ¢(h)dh:=1lim | ¢(h)dh
R~ el0 |h|>e
provided the integrals on the right-hand side converge for all ¢ > 0 and the limit exists
and is finite. If ¢ is absolutely integrable on R” then
Pv [ o(h)dh = [ @(h)dh
R~ R~

but of course the principal value can exist even when the integral does not exist.

Iff e 7 R",Z),xeR",ieNyandh € R", we write

Vif(x) -h':=Vif(x) (h,...,h) 4.1
i times
where on the right-hand side, V'f (x) is interpreted as a symmetric Z-valued i-linear
form on f. We denote by [«] the integral part of a complex number o, defined as
[¢] = [Rea].
Since I'' is defined on C ~ {—k : k € N}, the normalization factor u,, from (2.4)
is defined for all « € C except for the elements of the set

{-n-1,-n-3,...} U {l1,3,...}
and the normalization factor v, from (2.6) is defined for all « € C except for the
elements of the set
{-n,-n-2,...} U {0,2,...}.
Let us put

E,:={-n—1L-n-3.} E, i={-n-n-2_}

v
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4.1 Definitions (Fractional gradient and divergence) The fractional gradient V% of
order « € R ~ [, is a vector-valued operator on 2 (R™) defined by

hf (x + h)
luoc[RJn |h|n+oc+l dh’
2[(ax—1)/2]+1 Vlf (x) K
VIO =1 h(fGem = xS )dh 42)
Hy V[Rn || totl ’
A(O‘_l)/ZVf(x)

for every f € 2 (R") and x € R”"; the three regimes in (4.2) correspond to the
following three conditionson oo € R ~ [E ;:

1) : a<0, (i) : o« = 0 not odd, (i) : o« = 0 odd, 4.3)

respectively. The fractional divergence div* of order « € R ~ [ u 18 a scalar-valued
operator on & (R”,C") defined by

h-v(x+h)
by | = dhs
an Il
2[(ax—1)/2]+1 Vii)(x) . hi
div* v(x) = m(ven - 5 i) (44)
Jy, PV [RJ” |h|n ot dh,
ACD/2 div p(x),

for every v € Z(R",C") and x € R"; the three regimes in (4.4) correspond to
Conditions (i), (ii), and (iii) in (4.3).

We shall see in Section 7 that the integrals in (4.2), (4.4) and in (4.5), below,
converge and the principal values exist. Furthermore, recall that the restriction o ¢ [E ,
comes from the fact that p, is undefined on E > it we omit that factor, then the right-
hand sides of (4.2) and (4.4) are meaningful for all « € R. We use the symbols VZf,
and div? v for the so simplified expressions.

We have the following two generalizations of Theorem 2.2.

4.2 Theorem Ifo € R then VY is a vector-valued, translationally and rotationally
invariant, a-homogeneous, and & -continuous operator on % (R"); conversely, any
operator with these properties is a multiple of V2.

The rotational invariance in Theorems 4.2 and 4.3 is interpreted in the sense of (2.2).
The proofs of all resutls in this section are deferred to Sections 7 and 8. The following
theorem strengthens Theorem 4.2 if « =2 —n.

4.3 Theorem If o« > —n then Equation (4.2) is meaningful for all f € 7 (R"),
which defines V* as a translationally and rotationally invariant, a-homogeneous,
and I -continuous vector-valued operator on 7 (R™); conversely, any operator with
these properties is a multiple of V%,



4. Fractional gradient, divergence, and laplacean: the general case 10

44 Remark Ifo —2[(x—1)/2] > 1,ie, ifa e (1,2) U (3,4) U (5,6) U ...,
and f € 7 (R"), then the principal value symbol in (4.2), can be omitted.

With this assertion we see that the fractional gradient introduced in Definition 4.1
reduces to that from Definition 2.1 if 0 < o < 2.

For completeness, we note that if o« < —n, there is no nontrivial translationally
and rotationally invariant, z-homogeneous, and .7 -continuous vector-valued operator
on 7 (R™). Briefly and roughly, the reason is that the .7 -continuity enforces that
the operator must be given by (4.2), for all f € 7 (R"). However, if « < —n then
7 (R") contains many elements f for which the integral in (4.2), diverges. The same
applies to scalar-valued operators on .7 (R") and on 7 (R",C").

There are analogs of Theorems 4.2 and 4.3 and of Remark 4.4 for the fractional
divergence. These analogs generalize Theorem 2.4 and show that the fractional di-
vergence introduced in Definition 4.1 reduces to that in Definition 2.3 if 0 < o < 2.
Since the modifications are obvious, explicit statements are omitted.

4.5 Definition (Fractional laplacean) The fractional laplacean of order o /2, where
a € R ~ [E,, is a scalar-valued operator on & (R") defined by

fx+h)
- L=~ dh
voc[R.[n |h|n+oc d ’

2[x/2] yi i

(D)2 f (x) = p 7f(f) —fle+h) 4.5)

v, Py | =0 dh,

Rn |h|n+oc
(=A% f (x)

for every f € Z(R") and x € R”; the three regimes in (4.5) correspond to the
following three conditionson o € R ~ [ :

(1) : a<0, (i) : « =2 0 noteven, (i) : « =0 even,
respectively.

Recall that the restriction o ¢ [, comes from the fact that v,, is undefined on [t ;
it we omit that factor, then the right-hand side of (4.5) is meaningful for all « € R.

We use the symbol (—A )ff/ 2 f for the so simplified expression.

The following two theorems generalize Theorem 2.6.

4.6 Theorem If o € R then (—A )ff/ 2isa scalar-valued, translationally and ro-

tationally invariant, o-homogeneous, and < -continuous operator on % (R"); con-
. .o . 2
versely, any operator with these properties is a multiple of (—A )ff/ .

In Theorems 4.6 and 4.7, the rotational invariance is interpreted in the sense of (2.7).

4.7 Theorem If o« > —n then Equation (4.5) is meaningful for all f € 9 (R"),
which defines (— A )O‘/ 2 as a translationally and rotationally invariant, a-homogeneous,
and I -continuous scalar-valued operator on 7 (R™"); conversely, any operator with
these properties is a multiple of (—A )%/,
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The following remark shows that the fractional laplacean introduced in Definition
4.5 reduces to that in Definition 2.51f 0 < o < 2.

4.8 Remark If0 < o —2[a/2] < 1,ie., ifae (0,1) U (2,3) U (4,5 U...,and
f € 7 (R"), then the principal value symbol in (4.5), can be omitted.

We conclude this section with a discussion of the definitions in this section.

Formulas (4.5) are standard; if —n < o < 0 then (- A )O‘/ 2 f callled is M. Riesz’s
fractional integral of f of order f = —o while if « = 0 then (=A)/? f is cal-
lled Riesz-Bochner-Feller’s fractional power of the laplacean or M. Riesz’s fractional
derivative of f of order a.. The term ‘fractional power’ is in harmony with the Balakr-
ishnan theory of fractional powers of nonnegative operators, see, e.g., [22]. Equations
(4.5), 5 are particular cases of the formulas for the power A” of a general operator A
withA = —A and y = «/2. There is a large literature on Riesz’s fractional integro-
differentiation and on fractional powers of operators, see [36] and [22] for detailed
expositions of the theory, history and bibliography of these subjects. A recent pa-
per [19] reviews possible definitions of the fractional laplacean and describes their
relationships in various function spaces.

The fractional gradient V O of order o = 0 is the classical Riesz’s tranform, which
has numerous applications in analysis. The generalization to all o, i.e., the object de-
noted here by V*f, is due to J. Horvéth [16-17], although he did not interpret his
construction as the fractional gradient. Horvéth defines V* equivalently as the dis-
tributional gradient of Riesz’s fractional derivative. The interpretation of Horvath’s
distribution as the fractional gradient appears under the name Riesz’s fractional gra-
dient in the recent papers [39, 37]. The notion of fractional divergence seems to be
new, but it is analogous to the fractional gradient.

There are several equivalent formulas for the fractional laplacean, which include
those containing iterated finite differences [36; Chapter 5, Equation (25.61)], and the
formulas splitting the integration over R” into those near the origin and over the rest of
R, with a simultaneous introduction of regularizing terms [36; Chapter 5, Equation
(26.66)]. We also refer to [16, 31] and the references therein. Similar alternatives can
be constructed for the fractional gradient and divergence.

S Analyticity, ranges, and fractional vector identities

As mentioned in Section 2, the normalization factors u,, and v,, are introduced to get

suitable analyticity properties of V*, div* and (—A )*/? and simple forms of frac-
tional vector identities for them. The present section briefly discusses these questions.

5.1 Theorem (Analyticity)
(i) Foreach f € (R"), ve Z(R",C") and x € R" the functions which asso-
ciate with any o € R ~ I, the values

V*f(x), div*¥o(x), (5.1
and with any o € R ~ [ the number

(—A)Y2f (x) (5.2)
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have analytic extensions to the set C ~ [E uand C ~ LE,, respectively.
(i) Ifve T (R",C") and f € T (R"), the expressions in (5.1) and (5.2) have an-
alytic extensions from the set {o. € R : « > —n} totheset {a € C : Rea > —n}.

The extensions of (5.1) are given by the right-hand sides of (4.2) and (4.4) without
any modification for all « € C ~ E,, except for the “punctuated vertical lines” in C
constituting the set

IF# ={xeC:Reax=1,3,....,Ima + 0}.

The extension of (5.2) is given by the right-hand side of (4.5) forall « € C ~ [,
except for the punctuated vertical lines in C constituting the set

F,:={xeC:Reax=0,2,...,Imo + 0}.

Detailed formulas for the extensions on these exceptional lines are omitted.

The analyticity is a standard tool for classes of problems like the present one, dat-
ing back to the foundational works of M. Riesz [34], L. Schwartz [38], I. M. Gel’fand
and G. E. Shilov [13-14], N. S. Landkof [20] and others.

5.2 Proposition (Ranges) IfRea > 0, then the operators V* and (= A)*'? map
the space I (R™) into the spaces J (R",C") and 7 (R"), respectively, while the
operator div* maps 7 (R",C") into 7 (R").

This invariance of the spaces of the type 7 opens the way to the fractional vector
identities and to the weak definitions of the fractional operators in Section 6. This
is the main motivation for the spaces of type .7 . The classical test function spaces
2 (R") or & (R™) do not enjoy similar invariances. Also note that Proposition 5.2
does not hold for Re o < 0. We refer to [23] for the proof of Proposition 5.2 in the
case (—A)%?; the cases of V* and div* follow by easy modifications.

5.3 Theorem (Fractional vector identities) If o, f € C satisfy Rea > —n and
Re f = 0, we have the following identities:

VA(=A)PI2 = verB, (5.3)
div* (- A)P/? = div*th, (5.4)
(=02 (=) = (=) @+P)/2, (5.5)
div* VB = —(=p)@+P)/2 (5.6)

for arguments from the spaces J (R") and 7 (R",C"). Formulas (5.5) and (5.6)
imply the following inversion formulas if 0 < Rea < n :

(=8) "2 (=02 =idy ga),
- diV_O( V(x = ldg*([Rn)
where id - gn) is the identity map on 7 (R").

Our restrictions on o and f come from our choice of the test functions spaces 7 .
Different choices lead to less restrictive conditions, see [16—17, 31] and the refer-
ences therein. Equation (5.5) is standard while (5.3) is due to Horvéth (in a different
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notation). We conclude the discussion with the following particular cases of (5.3) and
B4 If-n+1< o< o then

VA (x) = =V(=A) @ D/2f (x),
div* v(x) = —div(=A) @ D/2y(x).

These formulas can be used to define V* and div* in terms of the fractional laplacean.

6 Weak definitions of V%, div*, and (—A)*/2

In this section we briefly discuss the extension of the fractional operators to larger
classes of objects than functions from & (R") or 7 (R").

The definitions are based on the duality between the fractional gradient and di-
vergence and on the formal self-adjointness of the fractional laplacean, i.e., on the
easily verifiable relations

| fdiviodx=—- [ v-V¥fdx
[Rl’l [Rl’l

and
[ F(=t)2gdx= | g(~M)*2f dx
[Rn [Rn

forevery f,g € 7 (R"),ve 7 (R",C"),and o« > 0.

We denote by .7/ (R",Z) and 2’(R",Z) the spaces of continuous functionals
on7 (R",Z) and  (R",Z). The space .7 ' (R",Z) can be interpreted as the set of
all distributions from 2’ (R”, Z) that have a .7 -continuous extension to .7 (R",Z).
In this interpretation, for example, Dirac’s d-function belongs to .7 ' (R”) since the
formula 6 (f) = f (0) gives a continuous functional on .7 (R"). The difference be-
tween 2’ (R",Z) and .7 ' (R",Z) can be seen on distributions represented by func-
tions. It is well-known that the distribution H € 2’ (R",Z), given by

H(g) = [RJ fx) - gx)dx, (6.1)

for every g € Z(R") is well defined if f is a locally integrable function on R”.
On the other hand, the Banach space duality theory shows that the distribution H can
be extended to a continuous functional on .7 (R") if and only if f can be written
as f = f, + f, where f, € L"(R") and f.. € L*(R™). The latter fact is written
symbolically as

f e LY(R™) + L*(R").

Thus, e.g., the functional (6.1) with, say, f (x) = leﬁ, belongs to 2’ (R") for all
satisfying —n < § < o0 butto .7 '(R") only if —n < f < 0.
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6.1 Definition LetReo > 0.If f € /'(R") and v € 7' (R",C"), we define V*f
as an element of 7/ (R",C") and (—A)*/?§ and div* v as elements of 7 (R") by
the formulas

(V) (w) = —F(div*w),
((=8)*27)(g) = F((=1)"%),
(div* v) (g) = —v(V*g),
forevery g € 7 (R") andw € 7 (R",C").
Ordinary functions are covered by these definitions by associating with any f €

L' (R") + L*(R") and any v € LY"(R",C") + L*(R",C") the functionals | €
J'(R") and v € 7' (R",C") given by
f(g) = [ gfdx, v(w)= [ w-vdx
[Rl’l [Rl’l

forany g € 7 (R”) andw € 7 (R",C").
The widened scope of the fractional operators allows us to present the following
examples.

6.2 Example Let us calculate V%6 for 0 < o < 1. The Definitions 6.1 and 2.1 give

) x-v(x)
(VOC&) (’l)) = —(leOC ’l)) (0) = — U, Pv [RJ” W dx
for every v € 7 (R"); this can ve written symbolically as
x
VO(&(X) = _MOCPVW .

6.3 Example Letn = 1andlet 0 : R — R be the Heaviside function,
0 if x<0,
1 if x>0.

We shall show that the fractional gradient (derivative) D% := V¥ of 0 for 0 < o < 1
is given by

0 (x) ={

D*0 (x) = “2=1 (6.2)

|x[*
where v, _ | is given by (2.6) withn =1, i.e,,
L 270 (0 /2)
T plr((1-a)/2)
Note that D*0 (x) approaches D0 (x) = 0 (x) as « approaches 1, i.e.,

v
2=l 5 5(x) in T'(R) as o — 1.

|x[*
Thus the family of functions g, (x) := v,_,/Ix|*, 0 < « < 1, is an approximation of
the delta function in the sense that
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J g, () f (x)dx = f(0) as o —1 (6.3)
R

forevery f € 7 (R). Unlike the usual family of Friedrich’s mollifiers

g,() =plox/p), 0<p<l,

with the support of ¢ < (—1,1) and [ ¢ (x) dx = 1, here the support of g, = R and
J[R 8, (x) dx = . We shall see that to establish (6.3), it suffices to use the localization
properties saying that for any ¢ > 0 and any f € 7 (R),

T g,(x)dx —> 1 and | lj g, () f(x)dx -0 as o — 1. (6.4)
e x|>e
These, in turn, follow from the asymptotics

Vy_y ~ (¢—1)/2 near o =1, (6.5)
which is a consequence of I'(z) ~ 1/z near z = 0. Of course, alternatively, (6.3)
follows from the analyticity of D*0 asserted by Theorem 5.1.
Proof We have

D% (v) = —0(div* v) = —0((=A) @D/ 2 div v)

for each v € 7 (R), where the first equality is the definition and the second equality
follows from the identity div* v = (—A) (@=1/2 diy p, a particular case of (5.4).
Using

/
(~A) @D 2divox) = v, | vath)
R |hl*
we find , .
D*0(v) = —v,_, [ 0(x) j% dhdx.
R g4l

Exchanging the orders of integration and evaluating the inner integral according to
JRO )V (x + h) dx = —v(h) we find, finally,

D*0(v) =v,_, [ v(h) |h|"*dh,
R

which is (6.2).
Next, we prove (6.4). Assertion (6.4), follows by combining the equality
[ Ixl™%dx = 281_“/(1 — o) with (6.5). Further, we observe that
| [ g, f ) dx|<v,_e™* | |f(0)]dx;

|x|>e |x|>e
since the integral on the right-hand side is finite, the limit « — 1 using (6.5) provides
(6.4),. We now employ (6.4) to prove (6.3). To this end, we choose n > 0 and use
the continuity of f at 0 to find ¢ > 0 such that |f (x) — f(0)| < 5 forall x| < e.
Then | [% g, (x) (f (x) —f(0)) dx| < n[°, g, (x) dx. We now use the estimate

Hga(X)f(X) dx—f(O)\ < \ } g, (x) (f(x) = f(0)) dX\
: I (6.6)
+}f(0)—f(0)_Jga(X)}+}| IJ g, () f (x) dx}
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in the following way. By the above, the first term on the right-hand side of (6.6) is es-
timatedby 17 [, g, (x) dx. By (6.4), the last converges to i as & — 1. The remaining
two terms on the right-hand side of (6.6) converge to 0 by (6.4), ,. Thus

lim sup\ugga<x>f<x> dx~f ()] <n

o— 0

and the arbitrarines of n > 0 gives (6.3). O

7 Consistency of the definitions of V?*, div*, and (—A)“/ 2

In this section we shall show that the right-hand sides of Formulas (4.2), (4.4), and
(4.5) in the definitions of the fractional operators deliver finite numbers and well-
defined vectors. In view of the translational invariance, it suffices to consider only
the special case x = 0 in these formulas. This reduces the proofs in this section
and in Section 8 to the theory of homogeneous distributions, see Schwartz [38],
Gel’fand & Shapiro [12], Gel’fand & Shilov [13; Sections 1.3 and III.3], Lemoine
[21], Hormander [15; Section 3.2] and Estrada & Kanwal [11; Section 2.6]. Even
though the results can be reconstructed from these sources, we present complete
proofs for reader’s convenience.

In addition to setting x = 0, we omit the unessential normalization factors i, and
v, and we also change the notation by writing x for the variable previously denoted
by h.

If f is a k-times continuously differentiable function on R” with values in Z, we
denote by TXf the Taylor expansion of order k of f at 0, i.e., a function defined on
R" with values in Z given by

k Vi - x!
ka (x) = 'z W

i=0

for any x € R", where we use the notation (4.1).

7.1 Proposition

(1) If « € R then (—A )ff/ 2 s 9 -continuous, o-homogeneous, and translationally
and rotationally invariant scalar operator on & (R").

(1) If « > —n then an analogous assertion holds for the operator (—A)“/ 2 on
T (R™).

(i) If 0 < a — 2[a/2] < 1, the principal value symbol in the second regime in (4.5)
can be omitted for any f €  (R").

Here the rotational invariance is interpreted in the sense of (2.7).

Proof 1t suffices to prove only Assertions (ii) and (iii); Assertion (i) is proved by
obvious simplifications of the proof of (ii).

Proof of (ii): Let > —n and f € Z (R”) and prove that Equation (4.5) gives
a well-defined distribution in 7' (R"). Since the regime (4.5)5 s clear, we consider
only the regimes (4.5), .

Prove that if o < 0, the integral in (4.5), absolutely converges, i.e., that
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[RJ x| 7" 7% f (x) ]| dx < oo. (7.1)

We split the integral in (7.1) into the sum
[ X7 ldx+ [ X7 f (o ldx.

x| <1 |x|>1
The first integral converges since f is bounded and x > |x|~"~% locally integrable.
To prove that the second integral converges also, we note that 0 < n + o < n so that
n/(n+ o) >1. We choose any p > n/(n + o) and use Holder’s inequality

l/q

| mldes( [P ax) ' (f irmirax) a2
[x|>1 [x|>1 [x|>1
where ¢ = p/(p — 1). The first integral on the right-hand side of (7.2) converges by
our choice of p; the second integral converges also since 7 (R"”) < L7 (R") for any
q 2 1. Thus the integral in (4.5), absolutely converges.
Prove that if o« 2 0 is not even, the principal value in (4.5), exists and is finite.
We shall prove the following formula for the principal value:

_ 12[e/2] _ 12[a/2]+1
lim | J (x) an f&) L | J) =T - f&
el0 x]>e x| x| <1 x| 73
f ) =T2f @) -
+ dx
xi>1 |x|72 o

where the two integrals on the right-hand side absolutely converge.

To establish the convergence of the first integral on the right-hand side of (7.3),
we observe that the order of the singularity at 0 is O(|x|2lo/21+2-n-oy The singu-
larity is integrable since 2[o/2] + 2 —n — o > —n as a consequence of the definition
of the integral part of a number. To establish the convergence of the second inte-
gral on the right-hand side of (7.3), we note that the order of the integrand at oo is
O(|x|2[#/21=n=2y ‘Since o > 0 is not even, we have [¢/2] < /2 and thus the ex-
ponent 2[o/2] — n — o satisfies 2[a/2] —n — o < —n. This proves the convergence
of the second integral.

To prove the equality in (7.3), we note that the convergence of the first integral
on the right-hand side of (7.3) allows us to replace that integral by

fx) = T2

|x|n+oc

lim
el0 o< x| <1

dx. (7.4)

Since the last term in the Taylor expansion T2lo/21+1 f (x), i.e., the term
VZ[a/2]+1f (0) ~x2[°‘/2]+1/(2[oc/2] + 1)|

is an odd function of the integration variable x, it is annihilated by the integration
over the symmetric domain in (7.4). So we can replace T2lo/2]1+1 f (x) in (7.4) by
T21%/21 £ (x). Then the right-hand side of (7.3) becomes

fx) =T22 () f(x) =T2/2f ()

|x|n+oc |x|n+oc

dx

lim
el0 g« x| <1

dx+ |

[x|>1
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which is exactly the left-hand side of that equation. Thus the principal value in (4.5),
exists and is finite.

To complete the proof of (ii), we already know that the right-hand side of (4.5)
provides a well-defined scalar-valued operator L on 7 (R"). Elementary substitu-
tions in the integrals in (4.5) show that L is translationally and rotationally invariant
and «-homogneous. Also, it is a matter of a routine use Lebesgue’s dominated con-
vergence theorem to establish the .7 -continuity of L. These steps are omitted and the
proof of (i1) is complete.

Proof of (iii): We have to establish the absolute convergence of the integral

J fx) =T 2 ()

R |x|n+o

dx.

In view of the above discussion it suffices to estimate the integrand near the origin.
By the mean value theorem, the integrand is of order O (x| 2%/ 21+ 1=n-e) The inte-
grability near the origin then follows from 2[a/2] + 1 — n — o > —n which in turn
follows from the hypothesis 0 < o — 2[a /2] < 1. O

7.2 Proposition

(1) If « € R then V¥ and div% are & -continuous, o-homogeneous, and transla-
tionally and rotationally invariant vector and scalar operators on 2 (R") and
2 (R",C").

(ii) If « > —n then analogous assertions hold for the operators V* and div* on
T (R™) and 7 (R™,C").

(Gii)If oo — 2[ (o« — 1) /2] > 1, the principal value symbols in (4.2), and (4.4), can be
omitted.

Here the rotational invariance is interpreted in the sense of (2.2) and (2.5), respec-
tively.

Proof The assertions can be proved in several ways. One possibility is to adapt
the proof of Proposition 7.1 to the present situation. Perhaps a more conceptual and
definitely shorter way is to reduce the present proposition to Proposition 7.1. This is
the way we shall go. The proof will explain, among other things, the shift by —1 in
the regimes of « in (4.2) and (4.4) with respect to those in (4.5).

In the case of V* the reduction to Proposition 7.1 is accomplished by the follow-
ing formula:

(=)D 20(0)

V() = - 7.5
/(0) o (7.5)
forany f €  (R") where v(x) = xf (x), x € R”. We note that the case o« = —1
must be excluded, but this gap is easily overcome since the value « = —11is in no way

special for the fractional gradient.

To establish (7.5), in Equation (4.5) we replace the function f by the function v
and the exponent o by « + 1. This reduces the right-hand side of (4.5) to the right-hand
side of (4.2) by noting that the Leibniz rule for derivatives of order k gives

VEu(0) - x* = kx VELF (0) - XK1

and consequently,



8. Invariant a-homogeneous operators 19

T2[(O€+l)/2]v(x) — xTz[(OC—l)/Z]-‘rlf (X)
The proof is completed by the identity

Vyirp = — (e +1Dug,, (7.6)
which follows from (2.4) and (2.6).
The assertion about div* is reduced to Proposition 7.1 by noting that
(=) D2 (0)
o+1

div* v(0) =

forany v € 7 (R",C") where f (x) = x-v(x), x € R". This is proved by employ-
ing the formula
ka (0) - x* = kx- V¥ 1p0) - x5 1,

its consequence
T2[(oc+l)/2]f (x) =x- T2[(oc—l)/2]+lv(x)’
and (7.6). O

8 Invariant a-homogeneous operators

In this section we complete the proofs of the results in Sections 2 and 4 by proving
that any operator meeting our requirements of invariance, homogeneity and continuity
is a multiple of one of the fractional operators of Section 4. The most systematic
and conceptual proof seems to be the one which would combine the description of
a general o-homogeneous distribution by Lemoine [21; Theorem 3.1.11* with the
rotational invariance. Nevertheless, a direct proof is given below without the reference
to Lemoine’s result.

We say that a scalar-valued function f : R” — C is rotationally invariant if
7 (gx) = 7 (x) for every x € R"” and ¢ € O(n). We say that a vector-valued function
o7 : R" — C” is rotationally invariant if o (gx) = g0 (x) for every x € R" and
g € O(n). Itis well-known that fis rotationally invariant if and only if there exists
a function ¢ : [0, ) — C such that

f(x) = (x]) (8.1

forevery x € R" and ¢ is rotationally invariant if and only if there exists a rotationally
invariant scalar-valued function f* such that

7 (x) =xf (x) (8.2)

for every x € R".

We denote by & (R”} ) the Schwartz space of all complex-valued functions f on
R” with compact support that is contained in R, := R” ~ {0} and by 2’ (R’) the
dual of Z (R7}).

* Incidentally, an essential hypothesis, stated elsewhere in Lemoine’s paper, viz. Equation
(1.3.1), is missing in Part b) of [21; Theorem 3.1.1]. See [11; Theorem 18, Section 2.6] for a
complete statement (without proof, though).
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8.1 Lemma Let o € Randlet F € 2'(R") be a rotationally invariant and o-
homogeneous functional,* i.e., let F satisfy

F(fopy) =F(f), F(fony)=AF() (8.3)

forevery f € & (R"™), every g € O(n), and every A > 0. Then there exists a c € C
such that

J (%)
F(f) =c [RJ” |x|n+oc (84)
forevery f € I (RY).
Proof Let us first show that there exists a ¢ € C such that
= o(s)
F(f)=c£sochl ds (8.5)

for every rotationally invariant function fe 9 (R%) where ¢ is as in (8.1). We
denote by € the set of all functions ¢ : R — C with compact support that is contained
in (0,0).LetA : ¥ — C be defined by

Alp) = F(f)
for every ¢ € € where f is given by (8.1). Clearly, A is a-homogeneous, i.e.,
AWY,) = 27AW) (8.6)

forany 4 > 0 and y € %, where y, is given by (1) = Y (At), fort = 0. We
differentiate (8.6) with respect to A at 4 = 1 to obtain

A W) = a(dli/l) ’;;1 :A(% ’A:l)' 8.7)

That the differentiation can be absorbed into the argument of the functional is justified
by the continuity of A inherited from the & -continuity of F. It is easily found that

dw}u _ /
= \Hm =0/ (1)

where the prime denotes the standard differentiation with respect to ¢. Denoting by 2z
the operation of multiplication by the independent variable, i.e., (#2y) (t) = 1) (z),
we rewrite (8.7) as

A" (s Y)") = 0. (8.8)
Let us fix any @ € % such that jg’co(s)/s““ds = 1. Letnow f € Z(R™) be
rotationally invariant with ¢ as in (8.1). Define  : R — C by

v =12 (S)S;ff" ) 4 (8.9)
0

for any ¢ = 0, where

* This terminology differs from the standard one, where F is said to be a-homogeneous if
itis (—a — n)-homogeneous in the present terminology. A distribution corresponding to an a-
homogeneous function is a-homogeneous in the standard terminology. The definition adopted
here is more convenient for our purpose.
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(s)

Sa+l

ds.

c =

o—3
S

The choice of ¢ and the fact that both ¢ and w have bounded supports imply that
Y (¢) vanishes for all sufficiently large z. Thus y € %. Further, a differentiation of
(8.9) yields that
@ = m““(m_“w)/ + cw
and hence
A(@) = A(2” (™ %Y)) + CA(w) = CA(w)

by (8.8). Invoking the definition of ¢, we obtain (8.5) withc = A(w).
Letnow f € & (R, ). The integration of (8.3), with respect to the Haar measure
Hhon O(n) (see, e.g., [35; Theorem 5.14]) provides

F() = [ F(fop)db@ =F( | fop,dbia))
O(n) O(n)
where we have used the & -continuity and linearity of F'. The function
f=[ fop,dbq)
O(n)
is rotationally invariant and thus it admits a representation (8.1) where

1

p(r) = ——— [ fO)da(y) (8.10)
Kn-1r Sr

for r > 0, where k,, _, is the area of the unit sphere in R”. Thus F(f) is given by
(8.5) and hence

2 o(s)
F(f) =C g SO(T ds.
The formula (8.10) and the spherical Fubini’s theorem gives (8.4). O

82 Lemma Let v € R and let F € 2'(R"™) be a rotationally invariant and o-
homogeneous functional in the sense of Lemma 8.1. Then there exists a ¢ € C such
that

F(f) =c(-0)2?f (0)
forevery f € & (R").

Proof The objective is to prove that F is a multiple of the functional given by the
right-hand side of (4.5) with x = 0 where we omit the normalization factor v,,.

If « < 0, then F(f) is given by (8.4) and the proof is complete.

Next we consider the case o« = 0 and not even. By Lemma 8.1 there exists a
¢ € C such that (8.4) holds for every f € Z (RL). Let F : Z (R") — C be given
by
f ) -T2 )

|x|n+oc

F(f) =cPv |

[RH

for every f € 2 (R"). We note that for f € & (R.) we have F(f) = F(f) by
(8.4). The proof of the proposition in the present case will be complete if we show that
F =Fon%(R"). Since F = F on Z (R"), the difference F — F is a distribution

dx (8.11)
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with the support is contained in {0}. It is well-known that such a distribution is a
linear combination of finitely many gradients of the Dirac distribution ¢ at 0 € R”,
i.e.,

- k
F-F=1Y¢- -V (8.12)
[=0

for some nonnegative integer k and some (tensorial) constants c¢,;. However, the distri-
bution F — F must be a-homogeneous. Since o > 0 is not even, the right-hand side of
(8.12) is inconsistent with z-homogeneity of F — F unless all ¢ ; vanish. Thus F = F
on % (R™). Thus, F is given by the right-hand side of (8.11), which is also a multiple
of the right-hand side of (4.5), withx = 0. The proof of the proposition in the present
case is complete.

Finally, let « = 0 be even. Lemma 8.1 says that there exists a ¢ € C such that
F(f) is given by (8.4) for every f € & (R",). We shall now show that there is no
way to extend the right-hand side of (8.4) to a rotationally invariant, «-homogeneous
and & -continuous functional on & (R") unless ¢ = 0. To prove the claim, let w €
2 (R") be any function satisfying @ = 1 in some neighborhood of 0 € R” and let
F : Z(R") — C be defined by

F(f)y=c [ " (f () —o®)T (x) dx

[Rl’l

for every f € Z(R"). It is not hard to see that F is a well-defined and Z-
continuous functional, not necessarily a«-homogeneous and rotationally invariant.
Moreover, F (f) = F( f) forevery f € Z(R). Thus by the argument similar
to that given above the difference F — F takes the form (8.12). If f is such that

ViF)=0, 0<I<k, I[+oao,
then (8.12) takes the form

F(f) = (=D%, - V7 (0) +C[RJ |7 (f () — o (x) - VIF(0) - x*) dux.

The condition of z-homogeneity reads
XF(f) = (=1)*2%c, - VFf(0)

+c[R_[ x| 7" (f (Ax) — Ao (x) - VF(0) - x*) dx.

The substitution x — y = Ax and the division by 1% transforms the last equation into

F(f) = (=D%, - V*f(0) +C[RJ T ) o (v/A) - VEF(0) - y¥) dy.

A differentiation of the last relation with respect to 4 at 4 = 1 yields

c[RJ IxXI7""*(y - Vo (y)) - Vf(0) - y*dy =0

and consequently, taking the trace, noting that tr y* = |y|*, and using the arbitrariness
of V#f (0) we obtain

c [ ™"y -Vo@)dy =0. (8.13)
[Rl’l
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We recall that the function o is completely at our disposal provided @ = 1 in some
neighborhood of 0 € R”. In particular we can assume that @ (x) = 0 (|x|) for every
x € R" where 0 is smooth, 0 = 1in some right neighborhoodof 0 € R,and 0 (r) = 0
for all sufficiently large » > 0. Equation (8.13) is then equivalent to

c[0'(r)dr —cH(0) =—-c=0.

0

Thus F = 0 and (8.12) yields
k

F(f) = 2 (D'e;- Vi (0)
forevery f € & (R"). The differential operator on the right-hand side is rotationally
invariant and o-homogeneous only if it reduces, in a standard way, to a multiple of
A*'? . Thus we can write

F(f) =a(=0)"2f(0)
forevery f € 2 (R") and some a € C. O
8.3 Lemma Let v € Randlet F € 2'(R",C") be a rotationally invariant and
a-homogeneous functional, i.e., let F satisfy
F(qg"(vop,)) =F(v), F(von,) = i"F(v) (8.14)

for every v e 2 (R",C"), every q € O(n), and every A > 0. Then there exists a

¢ € C such that
F(v) = cdiv¥ v(0)

forevery ve Y (R",C").
Proof Definea G € ' (R") by

G(f) = F(v) (8.15)
forevery f € ¥ (R"), where v is given by
v(x) =cf (x),

x € R". Then G is rotationally invariant in the sense of (8.3); and positively homo-
geneous of degree o — 1. By Lemma 8.2 there exists a ¢ € C such that

G(f) =c(-0)¥ V21 (0) (8.16)
forevery f € & (R"). The integration of the identity (8.14), over O(n) with respect
to Haag’s measure yields, in the same way as in the proof of Lemma 8.1, the identity

F(v) = F(?)
forevery v € Z (R",C") where

i(x)= [ qTv(gx)dh(q)
O(n)

for every x € R”. Clearly, @ is rotationally invariant and hence it has the representa-
tion (8.2) through a rotationally invariant scalar valued function /. Equations (8.15)
and (8.16) then give

F(i) =G(f) =c(-0) ¥ V27 (0).
The proof is completed by showing that (—A) ((fx_l)/ 2 7(0) = div* v(0). This fol-
lows from the definitions of (— A )ff/ % and div¥ in (4.5) and (4.4) by a straightforward
computation. O
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8.4 Proposition

(1) If « > —n then any translationally and rotationally invariant, «-homogeneous,
and I -continuous scalar-valued operator on 7 (R") is a multiple of
(-h)*/2, Analogous statements hold for vector-valued operators on 7 (R™)
and for scalar-valued operators on J (R, C"), which are multiples of V* and
of div*, respectively.

(ii) If o € R then the operators on &% (R") and & (R",C") with similar properties
are multiples of (— A )ff/z, V& and div?.

Proof The assertions about scalar-valued operators on the spaces & (R”) and
2 (R, C") follow from Lemmas 8.2 and 8.3 by translation invariance. The assertion
about a vector-valued operator on the spaces & (R") is reduced to the preceding case
by duality: if G is a translationally and rotationally invariant, «-homogeneous, and
9 -continuous vector-valued operator on % (R”) then its dual (adjoint) S is a transla-
tionally and rotationally invariant, a-homogeneous, and & -continuous scalar-valued
operatoron & (R",C"). The application of the result on S gives eventually the result
onG.

The results for « > —n on the spaces of the type .7 are derived from those on
the spaces the type & by density: the restrictions of the operators on 7 to & are

multiples of (—A )ff/ 2 and VZ on Z. Since the latter space is dense in .7 the result
extends to 7 . O

Finally, we note that a combination of the results of Section 7 and of those of the
present section yields the proof of all results of Sections 2 and 4.
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