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Abstract

Recently, an interest in constructing pseudorandom or hitting set generators
for restricted branching programs has increased, which is motivated by the fun-
damental issue of derandomizing space-bounded computations. Such construc-
tions have been known only in the case of width 2 and in very restricted cases
of bounded width. In this paper, we characterize the hitting sets for read-once
branching programs of width 3 by a so-called richness condition. In particular,
we show that such sets hit the class of read-once conjunctions of DNF and CNF
(i.e. the weak richness). Moreover, we prove that any rich set extended with all
strings within Hamming distance of 3 is a hitting set for read-once branching
programs of width 3. Then, we show that any almost O(log n)-wise independent
set satisfies the richness condition. By using such a set due to Alon et al. (1992)
our result provides an explicit polynomial time construction of a hitting set for
read-once branching programs of width 3 with acceptance probability € > 5/6.

Keywords: Derandomization, Hitting set, Read-once branching program,
Bounded width

1. Introduction

An e-hitting set for a class of Boolean functions of n variables is a set H C
{0, 1}" such that for every function f in the class, the following is satisfied: If
a random input is accepted by f with probability at least e, then there is also
an input in H that is accepted by f. An efficiently constructible sequence of
hitting sets for increasing n is a straightforward generalization of the hitting
set generator introduced in [9], which is a weaker (one-sided error) version of
pseudorandom generator [13]. Recall that an e-pseudorandom generator for
a class of Boolean functions of n variables is a function g : {0,1}* — {0,1}"
which stretches a short uniformly random seed of length s bits into n bits (s < n)
that cannot be distinguished from uniform ones. In particular, for every function
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f in the class, condition |Prx~u, [f(x) = 1] — Pry~u, [f(g(y)) = 1]] < ¢ holds
where x ~ U,, means that x is uniformly distributed in {0, 1}".

For the class of Boolean functions of polynomial complexity in any reasonable
model, it is easy to prove the existence of e-hitting set of polynomial size, if
e > 1/n° for a constant ¢ where n is the number of variables. The proof is
nonconstructive, since it uses a counting argument. An important problem
in complexity theory is to find polynomial time constructible hitting sets for
functions of polynomial complexity in different standard models like circuits,
formulas, branching programs etc. Such constructions would have consequences
for the relationship between deterministic and probabilistic computations in the
respective models.

Looking for polynomial time constructions of hitting sets for unrestricted
models belongs to the hardest problems in computer science. Hence, restricted
models are investigated. We consider read-once branching (1-branching) pro-
grams of polynomial size, which is a restricted model of space-bounded compu-
tations [17] for which pseudorandom generators with seed length O(log® n) have
been known for a long time through a result of Nisan [12]. Note that an ex-
plicit pseudorandom generator for this model which is computable in logarithmic
space and has seed length O(logn) would suffice to derandomize the complexity
class BPL (Bounded-error Probabilistic Logarithmic-space). Recently, consid-
erable attention has been paid to improving the seed length to O(logn) in the
constant-width case, which is a fundamental problem with many applications in
circuit lower bounds and derandomization [11]. The problem has been resolved
for width 2 but the known techniques provably fail for width 3 [3, 5, 6, 8, 11],
which applies even to hitting set generators [5].

In the case of width 3, we do not know of any significant improvement
over Nisan’s result except for some recent progress in the severely restricted
case of so-called regular oblivious read-once branching programs. Recall that
an oblivious branching program queries the input variables in a fixed order,
which represents a provably weaker computational model [2]. For constant-
width regular oblivious 1-branching programs which have the in-degree of all
nodes equal to 2 (or 0), three independent constructions of e-pseudorandom
generator with seed length O(log n(loglogn +log(1/¢))) were achieved [4, 5, 6].
This seed length has later been improved to O(log nlog(1/¢)) for constant-width
permutation oblivious 1-branching programs [10, 6] which are regular programs
with the two edges incoming to any node labeled 0 and 1, i.e. edges labeled with
0 respectively 1 create a permutation for each level-to-level transition [11].

In the constant-width regular 1-branching programs the fraction of inputs
that are queried at any node is always lower bounded by a positive constant.
This excludes the fundamental capability of general (non-regular) branching pro-
grams to recognize the inputs that contain a given substring on a non-constant
number of selected positions. In our approach, we manage the analysis also for
this essential case. In particular, we identify two types of convergence of the
number of inputs along a computational path towards zero which implement
read-once DNFs and CNFs, respectively. Thus, we achieve the construction of
a hitting set generator for general width-3 1-branching programs which need



not be regular nor oblivious. In our previous work [14], we constructed the hit-
ting set for so-called simple width-3 1-branching programs which exclude one
specific pattern of level-to-level transition in their normalized form and cover
the width-3 regular case.

In the present paper, we provide a polynomial time construction of a hitting
set for read-once branching programs of width 3 with acceptance probability
€ > 5/6, which need not be oblivious. This represents an important step in the
effort of constructing hitting set generators for the model of read-once branching
programs of bounded width. For this purpose, we formulate a so-called richness
condition which is independent of a rather technical definition of branching
programs. In fact, the (full) richness condition implies its weaker version which
is equivalent to the definition of hitting sets for read-once conjunctions of DNF
and CNF. Thus, a related line of study concerns pseudorandom generators for
read-once formulas, such as read-once DNFs [7].

We show that the richness property characterizes in a certain sense the
hitting sets for width-3 1-branching programs. In particular, its weaker version
proves to be necessary for such hitting sets, while the sufficiency of richness
represents the main result of this paper. More precisely, we show that any
rich set extended with all strings within Hamming distance of 3 is a hitting set
for 1-branching programs of width 3 with the acceptance probability greater
than 5/6. The proof is based on a detailed analysis of structural properties of
the width-3 1-branching programs that reject all the inputs from the candidate
hitting set. Then, we prove that for a suitable constant C, any almost (C'logn)-
wise independent set which can be constructed in polynomial time by the result
due to Alon et al. [1] satisfies the richness condition, which implies our result. In
addition, it follows from the latter result that almost O(logn)-wise independent
sets are weakly rich and hence, they hit the class of read-once conjunctions
of DNF and CNF which is a generalization of the earlier result from [7]. A
preliminary version of this article appeared as extended abstracts [16, 15] where
our result is formulated for acceptance probability ¢ > 11/12.

The paper is organized as follows. After a brief review of basic definitions
regarding branching programs in Section 2 (see [17] for more information), the
weak richness condition is formulated and proved to be necessary in Section 3.
The richness condition and its sufficiency is presented in Section 4 including the
intuition behind the proof. The subsequent four Sections 5-8 are devoted to the
technical proof of this proposition. Furthermore, our theorem that any almost
O(log n)-wise independent set is rich is presented in Section 9 where also the
main steps of the technical proof occupying the subsequent four Sections 10-13
are introduced. Finally, our result is summarized in Section 14.

2. Normalized Width-w 1-Branching Programs

A branching program P on the set of input Boolean variables X,, = {z1, ...,
x,} is a directed acyclic multi-graph G = (V, E) that has one source s € V' of
zero in-degree and, except for sinks of zero out-degree, all the inner (non-sink)
nodes have out-degree 2. In addition, the inner nodes get labels from X, and



the sinks get labels from {0,1}. For each inner node, one of the outgoing edges
gets the label 0 and the other one gets the label 1. The branching program P
computes Boolean function P : {0,1}" — {0, 1} as follows. The computational
path of P for an input a = (aq,...,a,) € {0,1}" starts at source s. At any inner
node labeled by x; € X,,, input variable z; is tested and this path continues
with the outgoing edge labeled by a; to the next node, which is repeated until
the path reaches the sink whose label gives the output value P(a). Denote
by P7(a) = {a € {0,1}"| P(a) = a} the set of inputs for which P outputs
a € {0,1}. For inputs of arbitrary lengths, infinite families {P,} of branching
programs, each P, for one input length n > 1, are used.

A branching program P is called read-once (or shortly 1-branching program)
if every input variable from X, is queried at most once along each computational
path. Here we consider leveled branching programs in which each node belongs
to a level, and edges lead from level £ > 0 only to the next level &k + 1. We
assume that the source of P creates level 0, whereas the last level is composed
of all sinks. The number of levels decreased by 1 equals the depth of P which is
the length of its longest path, and the maximum number of nodes on one level
is called the width of P. In addition, P is called oblivious if all nodes at each
level are labeled with the same variable.

For a 1-branching program P of width w define a w X w transition matriz Ty,

on level k£ > 1 such that t ) e {0, 3,1} is the half of the number of edges leading

from node v(k 2 1<y § w) on level k — 1 of P to node vgk) (1<i<w)on

level k. For example, tz(f) = 1 implies there is a double edge from vj(.k_l) to vz(k).

Clearly, ZZ 1 tff) =1 since this sum equals the half of the out-degree of inner
(k=1)
node v;” 7/, and 2- Z 1 ”

=(p (k), . ,pq(f)) the distribution of inputs among w nodes on level

) is the in-degree of node vgk). Denote by a column
vector p( ) =
k of P, that is, pE ) is the probability that a random input is tested at node
o™ which equals the ratio of the number of inputs from M ( ) C {0 1}™ that

'L

are tested at v( ) to all 2 possible inputs. It follows UiZ M( ) = {0,1}"

and Y 1" 1p§k) = 1 for every level k& > 0. Given the distribution p*~1) on
level k — 1, the distribution on the subsequent level k can be computed using

transition matrix T as
p" =15, . pt=b. (1)

It is because the ratio of inputs coming to node vgk)

equals pgk) = Zj 1 tgc) (:=1) gince each of the two edges outgoing from node

%Y distributes exactly the half of the inputs tested at vj(»kfl).

We say that a 1-branching program P of width w is normalized if P has the
minimum depth among the programs computing the same function (e.g. P does
not contain the identity transition T}) and P satisfies

from previous-level nodes

1>p > p >0 >pk) >0 (2)

for every k > logw (hereafter, log denotes the binary logarithm). Obviously,



condition (2) can always be met by possible splitting (if pgC ) = 0) and permuting
the nodes at each level of P:

Lemma 1 ([14]). Any width-w I1-branching program can be normalized.

In the sequel, we confine ourselves to the 1-branching programs of width w = 3.

k) ) (k) <

Any such normalized program P satisfies p; ' + py~ + pék) =1land1>p;

pg ) > p;(gk) > 0, which implies

# o 1 w L | L
>3, P2 <3, Py <3 (3)
for every level 2 < k <d Where d < n is the depth of P. Note that the strict
mequahtles for p ) and p3 n (3) hold since k) # % according to (1) and

ij ) e {0,3,1}.

3. The Weak Richness Condition Is Necessary

Let P be a class of branching programs and £ > 0 be a real constant. A set
of input strings H C {0,1}* is called an e-hitting set for class P if for sufficiently
large n, for every branching program P € P with n input variables

‘P_;n(l)‘ >¢ implies (Ja€ HN{0,1}")P(a)=1. (4)

Furthermore, we say that a set A C {0,1}* is weakly e-rich if for sufficiently large
n, for any index set I C {1,...,n}, and for any partition {Q1,...,Qq, R1,..., R}
of I where ¢ > 0 and r > 0, and for any ¢ € {0,1}" the following implication

holds: If .
H ( 2|QJ|> U ( oIR; ) €5 (5)

then there exists a € AN {0,1}" such that
Fie{l..,ah) (VieQj)ai=c (6)
and (Vje{l,...,r})(3i€Rj)a; #c;. (7)

Particularly for ¢ = 0 inequality (5) reads

T

H(l—%}%)ze (8)

j=1
and conjunction (6) and (7) reduces to the second conjunct (7), while for r = 0

inequality (5) reads
q
1
1_H(1_2QJ‘|>>E (9)

Jj=1



and conjunction (6) and (7) reduces to the first conjunct (6).

Note that the product on the left-hand side of inequality (5) expresses the
probability that a random string a € {0,1}™ (not necessarily in A) satisfies
conjunction (6) and (7). Moreover, this formula can be interpreted as a read-
once conjunction of a DNF and a CNF (each variable occurs at most once)

VA ) n N\ i), where é(a:i):{ zio Morei=1-

A I\ -x; fore; =0
j=1ieQ; Jj=11i€eR;

which accepts a random input with probability at least £ according to (5).
Hence, the weak richness condition is, in fact, equivalent to the definition of a
hitting set for read-once conjunctions of DNF and CNF. The following theorem
shows that the weak richness condition is necessary for any set to be a hitting
set for width-3 1-branching programs. It is because the 1-branching programs
of width 3 can implement any read-once conjunction of DNF and CNF and a
hitting set for a class of functions hits any of its subclass.

Theorem 1. FEvery e-hitting set for the class of read-once branching programs
of width 3 is weakly e-rich.

PRrROOF. We proceed by transposition. Assume a set H C {0,1}* is not weakly
e-rich which means that for infinitely many n there is an index set I C {1,...,n},
a partition {Q1,...,Qq, R1,..., R} of I satistying (5), and a string ¢ € {0,1}"
such that every a € H N {0,1}"™ meets

(Vie{l,....q}) Bie@j)ai #c (11)
or (3je{l,....r}H)(VieRj)a;=c¢. (12)

We will use this partition and c for constructing a (non-normalized oblivious)
width-3 1-branching program P such that

[Pt
271

which negates that H is an e-hitting set for 1-branching programs of width 3

according to (4). In fact, P implements the corresponding conjunction of DNF
and CNF (10).

We assume ¢ > 1, r > 1, and |Q,| > 1, while the proof for ¢ = 0 or

r =0 or |Q =1 is similar. As depicted in Figure 1, branching program P

is composed of ¢ + r consecutive blocks corresponding to the partition classes

Q1,...,Qq, R1,..., R, which determine the indices of variables that are queried

within these blocks. The block associated with @; for j € {1,...,q} starts on

level k; = Z%: |Q¢| of P (e.g. k1 = 0) with a transition satisfying tﬁ”l) =

>e¢ and (Vae HN{0,1}")P(a)=0, (13)

téﬁj = 1, followed by a sequence of transitions that meet tﬁ) =1 and tg’;) =
tg;) = % for every k = kj + 2,...,k; +|Q;|, except for the boundary level
kq+1Qq| = k41, which is defined below. In addition, there is a parallel double-

edge path leading from the node v?()kZH) on level kg + 1 up to node vék"“_l),
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Figure 1: The Necessary Condition.
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and thus tgg) =1 for every k = ko +2,k2 +3,..., kg1 — 1. This path is wired

up by ¢ — 1 double edges coming from nodes ’Ué ) , that is, téQ D~ 1 for every
j =2,...,q. Finally, a special boundary transmon is defined on level k,11 as
té’;““) = tggq“) =1 and tgl;““) = té’;q“) = 1. Note that there are only two

2
nodes vt v:(,,kq“) on the boundary level ky41.

Furthermore, P continues analogously with blocks corresponding to R; for
j=1,...,r, each starting on level ko1 ; = kgy1 + Zz;i |Rs| (e.g. kgiry1 =d
tgliq+1+1) — té’iq+j+1) _ 1

is the depth of P) with the transition satisfying 5
followed by ¢¥ = 1 and ¢\ = 55 = L for every k = kyrj +2, ..., kqrs + |R)],
including the parallel double-edge path, that is, té@') =1 for every k = kg1 +

.,d and tg;‘”ﬁl) =1 for every j = 2,...,7. The branching program P then

queries the value of each variable z; such that i € @), for some j € {1,...,q}
or i € R; for some j € {1,...,r} only on one level k € {k;,...,kjy1 — 1} or
k€ {kgijs-.- kgrjr1 — 1}, respectively (i.e. the nodes on level k are labeled

with x;), while the single edge leading to vékﬂ) (or to vik"“) for k = kgpq1 — 1)
on the subsequent level k+ 1 (indicated by a bold line in Figure 1) gets label ¢;.

Finally, the sink v( ) gets label 1, whereas the sinks v( ), vgd) are labeled with

the output 0, Wthh completes the construction of P.
Clearly, P is an (oblivious) read-once branching program of width 3. The

probability that an input reaches the node v?(}k"“)

can simply be computed as

plf) H [(1-5a1) (14

on the boundary level k4

while the probability of the complementary event that an input reaches v(k"“)

equals pg w1 _ —pé a+1) Therefore, the probability that P outputs 1 can be
expressed and lower bounded by (5):

!P;(l)}_pgd)_ 1_12[(1_2@%) H( 2R)>g. (15)

j=1 =

Furthermore, we split H N {0,1}" = A; U A, into two parts so that every
a € A; satisfies the first term (11) of the underlying disjunction, whereas every
a € Ay = H\ A; meets the second term (12). Thus, for any input a € A,
and for every j € {1,...,q} the block of P corresponding to ); contains a
level k € {kj,...,kj11 — 1} where variable z; is tested such that a; # ¢;. This

ensures that the computational path for a € A; reaches vék"“) and further

continues through v(k"“H) véd), which gives P(a) = 0 for every a € A;.

Similarly, for any input a € Ag there exists a block of P corresponding to

R; for some j € {1,...,r} such that the computational path for a traverses

(kq+1) (kq+j+1) (kq+j+2) (k q+3j
; Ug N )

nodes v, D For j < r this path continues



through vék"” ity véd), whereas for j = r it terminates at véd), which gives

P(a) =0 in both cases. Hence, P satisfies (13), which completes the proof. O

4. The Richness Condition Is Sufficient

We say that a set A C {0,1}* is e-rich if for sufficiently large n, for any index
set I C{1,...,n}, and for any partition {Ry,..., R} of I (r > 0) satisfying

T

H(lQéj)ze, (16)

j=1

and for any @ C {1,...,n} \ I such that |Q| < logn, for any ¢ € {0,1}" there
exists a € AN {0,1}" that meets

VieQ)a;=c;and (Vje{l,...,r}) (i€ Rj)a; #¢;. (17)

One can observe that an e-rich set is weakly e-rich (see Section 3) since inequality
(5) implies (16) and ensures that there is index j € {1,...,q} of @; = @ such
that |Q| < logn. In particular, if |Q;| > logn for every j = 1,...,q, then
inequality (5) would give

1e>f[1i>1iﬁ>1l no_qo L g
et 21Qil ) = 2logn n logn logn

which is a contradiction for n > 21/¢. Thus, we have (17) which validates the
conjunction of (6) and (7) completing the argument.

It follows that any rich set is a hitting set for read-once conjunctions of DNF
and CNF. Also note that formula (17) can be interpreted as a read-once CNF
(cf. 10)

/\ L(xz;) A /\ \/ —l(x;), where £(z;)= { i fore; =1 (19)

! I\ -x; fore; =0
1€EQ j=1 i€R;

which contains at most logarithmic number of single literals together with
clauses whose sizes satisfy (16). Moreover, Theorem 3 in Section 9 proves that
any almost O(logn)-wise independent set satisfies the richness condition.

The following theorem shows that the richness condition is, in a certain
sense, sufficient for a set to be a hitting set for 3-width 1-branching programs.
For an input a € {0,1}" and an integer constant ¢ > 0, denote by Q.(a) =
{a’ € {0,1}" | h(a,a’) < c} the set of so-called h-neighbors of a, where h(a,a’)
is the Hamming distance between a and a’ (i.e. the number bits in which a and

a’ differ). We also define Q.(A4) = U, 4 Qc(a) for a given set A C {0, 1}*.

Theorem 2. Let e > 2. If A is e -rich for some ¢’ < e, then H = Q3(A) is
an e-hitting set for the class of read-once branching programs of width 3.



PROOF. Suppose a read-once branching program P of width 3 with sufficiently
many input variables n meets

|P=1(1)]

5
on Z€>6- (20)

We will prove that there exists a € H such that P(a) = 1. On the contrary, we
assume that
P(a)=0 forevery acH, (21)

which will lead to a contradiction. Without loss of generality®, we assume that
P is normalized according to Lemma 1.

4.1. The Plan of the Proof

In this paragraph we will informally explain the main ideas of the proof with
the pointers to the subsequent paragraphs and sections where the precise and
detailed argument is given. The assumption that branching program P accepts
large fraction of inputs and rejects all the inputs from candidate hitting set H
constrains the structure of P severely. In particular, we inspect the structure
of P with respect to (20) and (21) from its last level d (containing the sinks)
and we proceed in the analysis step by step backwards to lower levels?. For
this purpose, various parameters denoting certain levels in P are defined which
are used to describe the structure of P. These definitions of levels, indicated in
boldface, are scattered in the following proof since the definition of a level often
builds on the previous analysis of P.

The underlying inspection reveals that the structure at the end of branching
program P can be split into blocks whose typical shape is schematically depicted
in Figure 2 while the subsequent Figures 3-8 focus on particular parts of the
block. Figure 2 also summarizes the definitions of levels in the block having the
form of “a < b 1 < ¢: C(b)” which means b is the greatest level such that
a < b < ¢ and condition C(b) is satisfied (similarly, | denotes the least such
level). In addition, there are main equations listed in Figure 2 concerning the
distribution pgk),pék), pgk) of inputs among three nodes at important levels of
the block.

The last level of the block is denoted by m and this level m satisfies the
following four so-called m-conditions:

L More precisely, the logical argument goes as follows. Branching program P is trans-
formed to an equivalent branching program P; which computes the same function as P (i.e.
P; preserves (20) and (21)) and has some additional property (e.g. Pi is normalized). In
the following proof, several equivalent transformations are employed one after the other in
order to achieve various extra properties, which generates a sequence of branching programs
P, P, Pa,...,P.. After showing that the existence of the last program P, eventually leads to
a contradiction one can conclude that the original program P cannot exist.

2 Recall that we number the levels of P from the zero level containing the source up to
the last level d which is composed of sinks. This means that, in figures, the lower levels are
situated on the top of branching program whereas the upper levels are located at the bottom.

10



2<m’ 1 <p: tf"l)>0
pg’” ) — p:(}u) < é
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Figure 2: The structure of a typical block
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) =3
i) > 0,

p§™ < 1,

there is a™ € A such that if we put a™ at node vgm) or vém), then its
onward computational path arrives to the sink labeled with 1.

= W e

Without loss of generality!, these m-conditions can also be met for m = d
(Paragraph 4.2) which is the last level of P. In particular, the sinks v%d) and

vgd) are labeled with 1 according to m-condition 4. Thus, the inspection of the
structure of P starts with the analysis of the first® block which constitutes the
tail of P.

The first level of the block is denoted by m’ (its formal definition can be
found in Paragraph 6.2) which, in a typical case, proves also to satisfy the four
m/-conditions 1-4. Thus the block is delimited by levels m’ and m. The shape
of the block is being revealed step by step by the case analysis (Sections 5 and 6)
which starts from m and proceeds towards lower levels down to m’. We will now
shortly outline the structure of a typical block as depicted in Figure 2 which
results from this analysis. From the first level m’ through u, there is no edge
between the first two columns on the one hand, and the third column on the
other hand, which means there is a double-edge path in the third column from
m’ through p (Paragraph 6.2). Moreover, there is a double-edge path in the
first column starting at level p which leads up to level m — 1 where it is split
into vertices vgm) and vém) at the next level m (cf. m-condition 1).

On the top of Figure 2, a single-edge path from p to v is indicated in boldface
which is used to define the partition class R associated with this block (Para-
graph 5.1). In particular, class R contains all the indices of the variables that
are queried on this computational path up to level v — 1. Moreover, the edge
labels on this path define relevant bits of ¢ € {0,1}" so that any input passing
through this path that differs from c in at least one bit location from R turns to

the double-edge path in the first column and consequently comes in node vgm)
or vém). This implements one CNF clause V;eg —£(z;) from (19). Similarly,

sets Q; for j = 1,...,¢q associated with this block are defined (Paragraph 5.2)
using the single-edge paths from A; to x; which are also highlighted in Figure 2
so that any input that passes through vé)‘j ) and agrees with ¢ on all the bit
locations from @); reaches the double-edge path in the first column coming in
v§m) or vém). This implements DNF monomials Ajeq; £(;) in (10) which are
candidates for the monomial A;eq ¢(z;) in (19).

Under certain assumptions ((34) and (35)), one can show that level m’ sat-
isfies m’-condition 1-3 (Paragraph 6.2). This opens the possibility that the first
level m’ = m,. of the current rth block at the same time represents the last level

of the next lower-level (r + 1)st block to which the structural analysis could

3The blocks are numbered from the bottom to the top of branching program P in the order
reverse to that of levels.
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recursively be applied (Section 7). It suffices to show that level m/ also meets
m’-condition 4. For this purpose, the richness condition (17) is employed for
Q@ = 0 and for the partition classes Ry, ..., R, associated with the first r blocks
(that have been analyzed so far), provided that this partition satisfies (16). This
gives an input a(™) € A such that for every block j = 1,...,r thereis i € R;

such that a 75 ¢; according to (17), that is, a(™) satisfies /\] 1 Vier; ~b(x;)
from (19). Hence, if we put this a(™") at node vg ™) or vém) (m' = m,), then

the block structure in Figure 2 ensures that a(m) also traverses v(“ ) ()

and reaches the double-edge path in the first column coming in v% ™) or vgm)

(m = m,_1), by the definition of R and ¢; for ¢ € R. This argument is applied
recursively to each block j = r,7 — 1,...,1 which implies that alm”) eventually
arrives to the sink v%d) or véd) (mg = d) labeled with 1. This proves the m/'-
condition 4 also for level m’. Thus the analysis including the definition of an
associated partition class R = R,11 and sets QQ; = 41, is applied recursively
to the next (r 4+ 1)st block for m replaced with m’ etc.

If, on the other hand, the underlying partition does not satisfy (16), then
one can prove that there is a set () = Qp; associated with the bth block among
the first r blocks (that have been analyzed so far) such that |Q| < logn, and
the recursive analysis ends (Section 8). In this case, the richness condition (17)
for this set Q and for partition Ry,..., Ry_1 provides a € A such that a; = ¢;
for each i € @ and for every block j = 1,...,b — 1 there is ¢ € R; such that
a; # ¢;, that is, a € A satisfies Ajeg €(z;) A /\5’;% Vier; 7€(x;) according to (19).
Moreover, one can show (Lemma 8) that there is an h-neighbor a’ € Qq(a) C H
that differs from this a in at most two bits so that these bits guarantee that the

computational path for a’ in the bth block either reaches the double-edge path
(Aj) (

or v,y

in the first column, or comes in node vy see Figure 2). In the latter case,
a’ further traverses the path correspondmg to @ which reaches the double-edge
path in the first column anyway by the definition of ); and ¢; for i € @;. In both

cases, input a’ traverses node U( M=) o) vémb’l), and by the above-mentioned

recursive argument it eventually arrives to the sink vid) or véd) labeled with 1.
This provides the desired contradiction P(a’) =1 for a’ € H.

4.2. The Initial Case of m =d

We will first observe that the four m—conditions can be met for m = d.
Clearly, both edges outgoing from v%dil) lead to the sink(s) labeled with 1
since pgd_l) > 1 due to (3) and [P71(0)]/2" < & according to (20). Hence,

we will assume without loss of generality that t(d) = té‘i) = 1 (m-condition 1)

while the remaining edges that originally led to the sinks labeled with 1 or 0
are possibly redirected to v(d) or v:(,, ), respectively, so that the normalization

condition pg ) > p(d) gd) (m-condition 3) is preserved by (20). Thus,
(d) (d)

@) and vy are labeled with 1 (m-condition 4) whereas sink vy~ gets
label 0. Finally, we show that t(d) > 0 (m-condition 2). On the contrary,

suppose D = 0, which implies t'9 >~ 0 and H cPlocMm 57 due to
32 33 3

sinks v,
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tél) = 0. In the case of t(d) + té’? > 0, the computational path for an h-neighbor
aeMa)ofac ACHC M(v:gd_l)) that differs from a in the ith bit that is

tested at node védil) (i.e. védil) is labeled with x;), would reach the sink labeled
with 1, and hence P(a’) = 1 which contradicts the assumption H C P~1(0).
For tgg =1, on the other hand, we could shorten P by removing the last level d
while preserving its function and condition (20), which is in contradiction with
the normalization of P. This completes the proof that m-conditions 1-4 can be
assumed for m = d without loss of generality?.

4.8. A Technical Lemma

Let level p’ be the least level of P such that 2 < ' < m and t11 =1 for
every { =’ +1,...,m — 1. We define level p as

, 2 (22)

PEDETES if 1) =1 and ¢{*) = ¢ =
I otherwise.

For the analysis of a single block structure (Sections 4-6, 8), we swap vg" )

and vé”) if p = u’ — 1 for the notation simplicity so that tﬁ) = 1 for every

(=pu+1,.. — 1 at the cost of violating condition p%“) > pg”) given by (2).
Thus, for pu = 4/ — 1, assume p{*) < p{?, ¥+ = 1 and T = ¢{1+D) = i

For the recursion (Sectlon 7) when the last level m in the next (lower-level)
block may coincide with level p of the current block we will nevertheless assume
the original node order and p(“) > py (),

The following lemma represents a technical tool which will be used for the
analysis of the block from level p through m. For this purpose, define a so-called

(k) (k)} at level k, where u < k < m, to be
()

switching path starting from v € {vy
a computational path of length at most 3 edges leading from v to v, ’ at level £

such that k < ¢ < min(k 4+ 3, m) or possibly to vé ™ for m < k + 3.

Lemma 2.

(i) p>3.
(ii) There are no two simultaneous switching paths starting from vék) and Uék)
respectively, at any level k such that p < k < m.
(iil) If ti5 (k1) 5 0 for some level k such that n < k < m, then tﬁ) té? =1,
tgé) t(zez) =1 forevery t=p+1,...k, and tigﬂ) 1 (see Figure 3).

(iv) If t§]§+1) > 0 for some level k such that p < k < m, then one of the
ollowing four cases occurs:
Jollowing f

)

Lot =48 —1 and ¢ = 4§ = L,
2. tﬁ’i) = t(k) 1 and ) =) =1,
3. ¢ tg’;> =1 and t§) =) = 1,
468 =188 =1 and ¢8) =) = L.

14



In addition, iftg;,) =1 (case 1 or 2), then tﬁ) =t =1 and ¥

33 12 = 2
foreveryl =p+1,....k—1 (see Figure 3).

-2

PRrROOF.

(i) Suppose p < 3 and let a(™ € A be the input from m-condition 4. Then
there exists an h-neighbor a’ € Q3(a(™)) of a™ whose computational

path starting from source vio) reaches v%“). Hence, P(a’) =1 for a’ € H

follows from M(v?”) - M(vgm)) U M(vém)) and m-condition 4, which is
a contradiction, and thus p > 3.

(ii) Suppose there are two simultaneous switching paths starting from vék)
and ng), respectively, at some level k such that 4 < k < m, and let
al™ € A be the input satisfying m-condition 4. Clearly, a(™) ¢ M(vgk)) -
M(v§m)) u M(vém)) since otherwise P(a™) = 1 for a™ ¢ H. Thus,
assume a(™) € M(v) for v € {vgk), vék)}. Then there is an h-neighbor a’ €
Q3(a™) N M(v) of a™) whose computational path follows the switching
path starting from v. Hence, a’ € M(vgm)) U M(vém)) implying P(a’) =1
for a’ € H due to P is read-once. This completes the proof of (ii).

(iii) : (iv) 1

o

k v eV k v k v
k+1 ® @ k+1 e o k+1 e o
3.
-1 '
k . u u
k )

Figure 3: Lemma 2.iii and iv.

As depicted in Figure 3, at level k£ such that u < k < m, denote by v €
vék),vgk)} a node with the edge outgoing to v§k+1), and let v be a node on
level k — 1 from which an edge leads to v, while v/ € {vék),vék)} \ {v} and
o€ {vék_l),vék_l)} \ {u} denote the other nodes. It follows from (ii) there
is no edge from v’ to v nor to vgk , which would establish two simultaneous

switching paths starting from vék_l) and vék_l), respectively. Hence, there
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must be a double edge from ' to v'. Since P is normalized, v’ = vékil) and

v = vék) cannot happen simultaneously. Moreover, the second edge from u

may lead either to vyﬂ or to v’ if v/ # vék). Now, the possible cases can be
summarized:

(iii) For ¢{&+1)
k)

1 and tgz = t;g) = 1. The proposition follows when this argument is
applied recursively for k replaced with £ —1 etc. In addition, we will prove

that tﬁ’é“’ < 1 for p < k < m. Clearly, tggl) < 1 from m-condition 2, and

hence suppose k < m—1. Also for k = p = p/ — 1 we know tggﬂ) =1 and

thus we further assume k > p/. On the contrary, suppose tggﬂ) = 1 which
implies tg]gH) = tggﬂ) = % For k > p, one could shorten P by identifying
level k with p without changing its function, which is a contradiction with
the normalization of P.

For k = p, on the other hand, we know that p = ¢/ > 3 from the def-
inition of p and we will first observe that there are at least two edges
leading to vé“ ). Suppose that only one edge leads to vé”) from u €
{v§“71),v£”71),v§”71)}. If a™ ¢ M(u), then a(™ ¢ M(vgﬂ))UM(vgm) =
M(vguﬂ)) C M(vgm)) U M(vém)) implying P(a(™) = 1 according to m-
condition 4. If a™) € M (u), then an h-neighbor a’ € Q;(a™) N M(u) C
H of al™) exists which differs from a(”) in the variable that is tested at u
and thus a’ € M(vgu)) u M(vé”)) implying P(a’) = 1. Now, with the two

edges leading to fu:(g”), we could split vgu) into two nodes and merge vgﬂ)

(n+1)

(k)

> 0 we know v = vy’ and v’ =wv ) =0

(") which implies t%) = ¢{%) =

and vé” ) while preserving the function of P. Thus, for ¢;5" =1 we can
construct an equivalent branching program with tgg“) =0L.

(iv) For t%ﬂ) > 0 we know v = vék) and v = vék) and the four cases listed
in the proposition are obtained when the choice of u € {vék_l),v(k_l)}
(k)

is combined with whether the second edge from u leads to vy’ or v'.

In addition, the remaining part for case 1 and 2 follows from (iii) when
k+1 is replaced with k. In particular, we know tgg)

case 2 there is a switching path from vgk_l) to vikﬂ)

> 0 in case 1, while in

via vék) (substituting

for tgg) > 0) and a similar analysis applies to v = vékil) excluding two
switching paths starting from vék_m and vék_Q), respectively. O

5. Definition of Partition Class R and Sets Q1,...,Qq

5.1. The Block Structure from p to v (Definition of R)

In the following corollary, we summarize the block structure from level p
through level v by using Lemma 2, where v is the greatest level such that
p < v < m and tgé) —|—t§? > 0 for every £ = pp+1,...,v. Note that v = p
for t(FH’l) — t(H+1) —

12 Tlhuz =

pw<~v<vand tg) > 0 if such v exists, otherwise set v = p.

0. In addition, let level 4 be the greatest level such that
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Corollary 1.
L. t(1€1) = té? =1 and t(leg) = té? = % fort=p+1,...,v—1 (Lemma 2.iii),
2. tg'{) = tg;)) =1 and tgg) = té’%) = % if u <~y <wv (case 1 of Lemma 2.iv),
3. tﬁ? = tég) =1 and té? =1 forl =~y+1,...,v—1 (case 3 of Lemma 2.iv),
4. if v > pu, then t(lg) <1 (Lemma 2.i11) and t(1§) <1 for v <m (similarly),
5. tﬁ? =0 fort=v+1,...,m (Lemma 2.iii).

y=u y=v

Figure 4: The block structure from level p through v < m according to Corollary 1.

Figure 4 shows a typical structure of the block from level p through v for
the case of v < m, which comes out of Corollary 1. In particular, there are two
disjoint double-edge paths starting from level p. One follows the first column

gy). For v < v < v, the other double-edge path starts

, follows the third column and turns to vév) on level v, and further

continues through the second column up to véyil). For v = pu, this double-

) through v{" ™Y
(v—1) I
s .

from v{*) through v

from vé” )

edge path follows only the second column leading from wv

whereas for v = v, it follows the third column from Ué“ ) through v n
addition, there is a node left on each level from p through v — 1 that does not
lay on the underlying two disjoint double-edge paths. These remaining nodes
are connected in a single-edge path from level p through v —1 extended with an
edge to vé”) or Uéy). For each node on this single-edge path the other outgoing
edge leads to the double-edge path in the first column.

Furthermore, we shortly analyze level m for the special case of v = m as

depicted in Figure 5. Recall that th) = tgl") =1 and tggb) > 0 by m-condition 1

3
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and 2, respectively. Moreover, either t( ™ = i(le.v=79)or tggl) >0 (le.v>

7)
by the definition of v. It follows from Lemma 2.ii that either tgg ") = 1 for v = v

or tégn) =1 for v > . In the latter case of v > +, the other edge from vg —
may lead either to vgm) (ie. £ =41 = 1) or to o{™ (e 87 = 1) or v{™
(i.e. tg?) = t(m) = 1). This completes the analysis of level v = m. We say that
the underlying block is an empty block if v = m and tgg ™ = (i.e. t(m) (73n) =1

and 50 = 1).

vV=y v>y
XN D
V=y=m vV=m
empty block (v=m >y & t7=0)
m— 1 m—1
Figure 5: Level m for v =m

Corollary 1 will be used for the definition of partition class R associated with
the current block, if this block is not empty, which is illustrated in Figure 4.
Moreover, class R is neither defined for v = p when only sets @Q1,...,Q, are
associated with the block (see Paragraph 5.2 and Lemma 3 in particular). Thus,
for a non-empty block and v > u, we define the partition class R to be a set
of indices of the variables that are tested on the single-edge computational

path o, o0, . oD, 00 oD, oD (or o, oD, o
if v = or vy () (“+1)7 . ,véy Y if v = 1) where level v/ is defined as

v =min(y,m —1). (23)

For the future use of condition (17) we also define relevant bits of string ¢ €
{0,1}™. Thus, let cZ be the corresponding labels of the edges creating this com-
putational path (indicated by a bold line in Figure 4) including the edge outgoing

from the last node véyl*l) (or vgy/fl) if ¥ = v) that leads to vgul) or v:(;/).

5.2. The Block Structure from w to m (Definition of Q1,...,Qq)

Furthermore, we define level w to be the greatest level such that p < w <
m and there is a double-edge path from p through w containing only nodes
v € {’Uy), vi(f)} for every £ = p,...,w. Note that this path possibly extends the

double-edge path from Corollary 1 (see Figure 4) leading from v(” ) to vél’ 2
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(for v = p < v) or from v to o™ (for p < v < v) or from v{" to v

(for v = v > u). Hence,
w > max(v —1,u). (24)

For the special case of w = m (including the empty block) when this double-
edge path reaches level m, no sets Q1,...,Q, are associated with the current
block and we set ¢ = 0. In this case, we will observe in the following lemma
that v > u, which ensures that at least class R is defined for a non-empty block
(Paragraph 5.1) when w = m.

Lemma 3. If w =m, then v > pu.

PROOF. On the contrary, suppose w = m and v = u. It follows from Corol-
lary 1.5 that tg;n) = 0. Moreover, tg;) = 0 since tgzn) > 0 would require tggn) >0
by the normalization of P, which contradicts Lemma 2.ii, and hence, tggl) =1
If tgln_l) + tg’{“” > 0, then pém) > pgm_l) > pgm_z)/Q > & due to (3) which is

in contradiction to m-condition 3. Hence, tgrln_l) =1 which means p/ < m — 1.

(pt1) _ 4(pt1)
=113

Furthermore, t{5 = 0 by the definition of v implying p = p’. Since

P is normalized, we know tggH) > 0 and either tggﬂ) =1lor t%H) =1 due
to w = m, which implies t(Qg) =1forld =pu+2,....,m—1. It follows that
pg‘H_l) < pgm) < % according to m-condition 3.

On the other hand, we know % + t%) > 0 by the definition of 1/, which

implies pé”) > & due to (3). Hence, t(QgH) = tggﬂ) =3 and t(Qngl) = 1 because

of pé”H) < &. This ensures tg’f) = té’f) = & since pg’kl) > % Thus, § >
PP > pT /4 which rewrites as pi Y < 2 implying Py 4 ph > 3,
and hence pé“_l) > 1 due to pg”_l) > pé”_l). Clearly, tg‘g) = 0 since otherwise
we get a contradiction § > péﬂﬂ) > %pgﬂ_l) + %péﬂ_l) >3 3+3 8 =43
Similarly, tég) = 1 produces a contradiction % > p§”+1) > ip§”71)+%pé“71) > %.
It follows that t%) > (0 whereas tgg) = 1 contradicts ¢ = p’ according to
(22), and hence t(lg) = tég) = 1 and tg’g) > 0. This gives a contradiction

Lo pd Y > LY 4 pd )+ p Y > LY 4 pd Y 4 p ) = L D

Thus, we will further assume w < m throughout this Section 5. This implies

tggl) = 0 since otherwise tggn) = tg;) = 1 (m-condition 2) forces tg?) =1 by

2
Lemma 2.ii which would prolong the double-edge path from vé“ ) up to v3m)

according to Lemma 2.iii.

We will show that one can assume tggl) > 0 without loss of generality!.

Suppose that t§§” = 0, which implies tggn) = tg;f) = 0 due to P is normalized,

and hence {30 = {7 = 1. Moreover, we know 7V = {7 = 1 by m-
condition 1 and m-condition 3 ensures tﬁn_l) =1 1If tggn_l) = tgg"‘_l) = 0,

then vémfl) and vémfl) can be merged and replaced by vém), while UY”*”

replaces v§m_2), which shortens P without changing its function. Hence, either
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770 > 0 or 8771 > 0 by Lemma 2.ii. In fact, £7" > 0 contradicts w < m

according to Lemma 2.iii since tgg Yy tggn - tg’;) = tggn) = 1 can, without
(1) (m—2)

loss of generality, prolong the double-edge path from v5™’ through v up

to v(m) For t(m RIS 0, on the other hand, v(m_l) (m—1)

whlle vg m=1) g split into two its copies, which produces t(

Lol = 1 and ¢ = o5 = 450 = 4550 = L) tgg”) = 1. After this
modification, level m — 1 satisfies the four m-conditions 1-4 (see Paragraph 4.1)
and thus, it can serve as a new level m while the original level m > d (for m = d
program P could be shortened by removing its last level) is included in the
previous upper-level neighboring block, which is consistent with its structure

(see Paragraph 6.2 and Figure 7 in particular).

Thus, we assume t§3) > 0 without loss of generality, which implies t( " ]

(m—1)

and vy can be merged

-1 _ téTil) _

by Lemma 2.ii and th Y= according to m-condition 3. Then Lemma 2.iv
can be employed for k = m — 1 where only case 3 and 4 may occur due to
w < m is assumed, which even implies w < m — 1. In case 3, tggl_l) > 0 and
Lemma 2.iv can again be applied recursively to k = m — 2 etc.

In general, we start with level o7 = m that meets tggf) 0 for j = 1.
We proceed to lower levels and inspect recursively the structure of subblocks
indexed as j from level \; through o; where ); is the least level such that
w < Aj < 0 —1 and the transitions from case 3 or 4 of Lemma 2.iv occur for all

levels = A; +1,...,0; — 1 as depicted in Figure 6. This means tﬁ) = té? =1

and tgg) = % for every £ = A\; +1,...,0; — 1. Note that A\; > u because \; = p

ensures té’éﬂ) = 1 implying w > p = A; by the definition of w, which contradicts
w < Aj. In addition, we Will observe that case 4 from Lemma 2.iv occurs at level

Aj + 1, that is t% H) = 5. On the contrary, suppose that t()‘ D _ 5 (case 3).

For Aj > w, this means cabe 1 or 2 occurs at level A\; < p by the definition

of )\j, which would be in contradiction to w <A according to Lemma 2.iv.

For \; = on the other hand, t(wﬂ) = = contradicts the definition of w by

;
Lemma 2.iv. Thlb completes the argument for té’\ s =1

Furthermore, let level k; be the least level such that A+1 <k Loj

and t(r”) > 0, which exists since at least t( %) > 0. Now we can define Q;
assomated with the current block (a candldate for Q in the richness condition
(17)) to be a set of indices of the variables that are tested on the computational

path v(/\ ) ()‘j+1) . (Hj_1)7 and let cQj be the corresponding labels of the

edges creatlng thls path including the edge from v( 7Y to v(ﬁj (indicated by
a bold line in Figure 6). This extends the deﬁnltlon of c € {O 1}™ associated
with R and @y for 1 < k < j, which are usually pairwise disjoint due to P
is read-once. Nevertheless, the definition of ¢ may not be unique for indices
from their nonempty intersections in some very special cases (including those
corresponding to neighboring blocks) but the richness condition will only be
used for provably disjoint sets (see Section 7).
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Kq: O'q

w Qq
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e 8 :
&)
)
=0y
9
9
m=o

Figure 6: The definition of Q1,...,Qq.

Finally, define next level oj11 to be the greatest level such that w +1 <

oj+1 < A; and tgg"“) > 0, if such 0,41 exists, and continue in the recursive

definition of Ajy1, k41, Q41 with j replaced by j + 1 etc. If such 041 does
not exist, then set ¢ = j and the definition of sets @1, ...,Q, associated with
the current block is complete.

5.8. An Upper Bound on pgm) —l—pém) in Terms ofpgw“)

In this paragraph, we will upper bound pgm) —+—pém) in terms of pgwﬂ) which
will later be used for verifying the condition (16). For any 1 < j < ¢, we know

that tge) = téé) =1 and té? = té? = S forevery £ = X\; +1,...,k; — 1 (see
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Figure 6), which gives

péﬁj_l) _'_pg”ij_l) — ()‘ ) +p(>‘ i) (25)
X X X
p(ﬁj_l) _ pé i) _ ( )+p( i) (26)
3 2lQ;l-1 = 21Q;1

because pé)‘j) < 2( (M) +p ()‘ )) We know tgé) =0forevery f=w+2,...,m

according to Corollary 1.5 Where v+ 1< w+2 by (24). Moreover, it follows
from the definition of ;41 > w + 1 that tg? =0forevery L =041 +1,...,);

for any 1 < j < ¢, and tg? =0 for every { =w +2,..., ;. Hence,

pégjﬂ)_i_pgdjﬂ) :p;%‘) _‘_pi()))\) pé’” 1)+ (r5—1) (27)

for 1 < j < g and

w A Kg—1 Kq—1
p&et gl = pQo) 4 pre) = plraml) e (28)

according to (25). Note that equation (28) holds trivially for Ay = w+1 and it is

also valid for Ay = w (recall A\; > w from the definition of \;) because t( ot

tg‘ «*) = 1 and t(A = té’;qﬂ) =1 (case 4 of Lemma 2.iv). Furthermore, we

know téQ) =1 for every £ = Ky, .. § —1 and t( 99) = = 0, which implies
P+ o5 > pé“fl) +p§ Y =Y
= () (1= ) (20)
for 1 < j < q according to (26) and (27), while formula (29) reads
W () (1 ) oo

for j =1 < ¢ due to t(m) =1, whereas (29) is rewritten as

o Tq w w 1
Py +pi7 > (pé 4 +1)) (1 - 2qu> (31)

for j = g > 1 according to (28). Thus starting with (30), inequality (29)
is applied recursively for 7 = 2,...,¢ — 1, and, in the end, formula (31) is
employed, leading to

q
pgm) > ( (w+1) +p(w+1)) H ( 5T ) (32)

Jj=1
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which is also obviously valid for the special case of ¢ = 1. This can be rewritten

as
q
1
m m +1
Pt )+p§)<1—<1—pgw ))ll(l—ZQj|> (33)

) (w+1).

which represents the desired upper bound on p{™ + p{™ in terms of p!

6. The Conditional Block Structure below u

6.1. Assumptions and Level p+ 1

Throughout this Section 6, we will assume

) <

i o)

where the product in (35) equals 1 for ¢ = 0. Based on these assumption, we
will further analyze the block structure below? level p in order to satisfy the m/-
conditions 1-4 (see Paragraph 4.1) also for the first block level m’ (the formal
definition of m’ appears at the beginning of Paragraph 6.2) so that the analysis
can be applied recursively when inequalities (34) and (35) hold (Section 7). For
this purpose, we still analyze level 1 + 1 in the following lemma which implies
v > p and thus guarantees that partition class R is defined for the underlying
block if not empty.

(34)

(35)

Wiy o

Lemma 4. t§g+1) = %

ProoF. For u = p/—1, the proposition follows from the definition of x, and thus

assume p = u'. Consider first the special case of p+ 1 = m for which t(lgl) =0

implies tg;) = 1 by using m-condition 2, Lemma 2.ii, and the normalization

of P. Hence, we get a contradiction (13 > pgm) > pém_l) > %pi’"‘” > % by

m-condition 3 and the definition of x/. Thus further assume p < m—1. Clearly,

téngl) < 1 by the normalization of P whereas té’§+1) = 1 implies t§g+1) = %,

and thus, further consider the case when no double edge leads to vé” MR (i

tggﬂ) > 0, then tggﬂ) = % by Lemma 2.iii for £ = p. On the contrary, suppose

t%“) = 0, which gives té’;rl) > 0 due to tggﬂ) < 1. Assumption (34) ensures

t:(flb) = 0 which implies tg’f) > 0 by the definition of p/'.
We will first show that
(n+1)

1

For w < m, assumption (35) together with m-condition 3 ensures

(w (w+1)

Dy +1) + 3 < (37)

==
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according to (32), which gives (36) for w = p. For w > u, we know by the

(k)
2

definition of w that there is a double-edge path starting from vy’ or vé“ ) and

. 1 1
traversing vé” 1 as we assume no double edge to v:g“ ) For w < m, we have

tég) =1lforl=p+2,...,w, and tgﬂ) = 0 according to Lemma 2.iii, and
hence, pé“Jrl) < p(2w+1) +péw+1) < 1 due to (37). Similarly, ng_l) < pgm) <3

for w = m by m-condition 3, which completes the argument for (36).

Suppose first that t;‘{) = 1, which together with pg“_l) > % implies t;gH) =
it = 1 according to (36). Obviously, + < t{%) 4% < 2 by the normalization

of P. For t#) + ¢ = 1, either ¢{% = t{# =1 or t{*) = %) =1 when P could

be shortened without changing its function, or t(lg) = tgg) = tgg) = tgg) = %
implying p&“) = p;“) = pé”) = % which contradicts (3). Hence, tgg) + tgg) = %
Denote i € {2,3} so that tg?) = 1 whereas j € {2,3} satisfies tg?) = tg?) =1

If t§’§+1) =1, then we could shorten P while preserving its function, and hence

D 5 0 due to t9T < 1. Tt follows that pi* Y > %p&“_l) + ipg“_l) =

%(nglhl) +p§”71)) =11 —p ) iy > 1 which contradicts (36). Hence,
tg*{) = tg’f) = 3 due to tg’f) < 1and tg,f{) = 0, which implies tgg) < 1 since p = p'.
In addition, there are no ‘switching paths’ (cf. Lemma 2.ii) starting si-

multaneously from all three vertices v%"_l),vé’t _1),v§” D and leading to v%“ )

or vguﬂ) since otherwise an h-neighbor a’ € Qq(a(™) N M(vgﬂfl)) C H of
alm ¢ M(vgu_l)) from m-condition 4 would exist for some i € {1,2,3} such
that a’ € M (vgﬂ +1)) implying P(a’) = 1. Recall we still need to contradict
t§§“> = 0, provided that tg’f) = tg’f) = I, tgg) <1, t(l’fﬂ) =1, té‘fl) > 0, and
) <1

We will first consider the case of t%) = 1 which implies tgg) = 0 since three

parallel switching paths starting from level p — 1 are excluded. Suppose that
(pt+1) _

té’é) > 0 which also gives t}5 = 0 because of ruling out the three switching
paths, and hence té‘éH) > 0 due to tg;§+1) < 1. In addition, we know tég) —|—t§‘£) =
1 since we assume ¢t = 1. It follows that Py > ipg’kl) + ipg’kl) +
%pé’t_l) = 1 which contradicts (36). Hence, té’g) = 0 implying t;g) = 1 due
to t(llg) = 0, which gives tgg) = % For té‘gﬂ) > 0, we would again get a
contradiction pg‘H) > ip%“_l) + %péﬂ_l) + %pgﬂ_l) > 1 and hence we have

té‘gﬂ) =0 and tggﬂ) > 0 because of té’;H) < 1. We can assume without loss

of generality! that t{4*!) = 1 since otherwise ) = ¢ = 1 and it =

(implying t%H) = tégﬂ) = 1) could be replaced with t%) =1 while tég) =1is
replaced with t(zg) = tgg) = tgg) = tgg) =+ and té‘gﬂ) = té‘gﬂ) = 1 where vé“)
is a copy of vé" ) which redefines level . Thus, it follows from tggﬂ) = 1 and
téngl) = 0 that té’g+1) = % and t(Qngl) =1 by the normalization of P.

Recall once more we have tg’f) = té’f) = tgg) = tg’é) = %, té’g) =1, tg’fﬂ) =
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Figure 7: The block structure from m’ to p.

t(,U«Jrl) _ 1 and t(lJ«Jrl) _ t(thl) — l ‘We know p(uil) < 2p(u+l) < due to (36)

(= 1) (M) <z by (34), Wthh implies p(’H— ) = 2p§“ Uy Zpg“ b < 2.

1 41 +1 “+1
(pt1) o ((l )er(ﬂ )) (1- (1H ))>%

according to (36), which completes the argument for t(“ ) =

Further consider the case of t§3) > 0 which ensures t(“ ) =0 or equivalently

59 4489 = 1. We know %) < 1 by the normalization of P, and hence ¢ > 0,
which also ensures t§’§+ ) = 0 since the three parallel switching paths startlng

from level u — 1 are excluded. It follows that t(“ﬂ) > 0 due to t(”ﬂ) < 1.

Thus, we get a contradiction pg“H) > % (1“ 2 + lp(" D > p(“ b —|— (“ Rt

4p:(>)“ D= = 1 according to (36).

and ps

This gives a contradlctlon Dy

N\H =

Similarly, for the remaining case of tg’s) = t%) = 0 we obtain tgfé) = t(“) =1
by the normalization of P, which again ensures t(l’g'H) = 0 implying t(“ + ) > 0.
Hence, péﬂﬂ) > ipgﬂil) + %péﬂ R %pgﬂ V> 1, which contradicts (36). This
completes the proof of the lemma. a

6.2. The Block Structure from m’ to p (m’-Conditions 1-3)

We define the first level m/’ of the underlying block to be the greatest level
such that 2 < m’ < p and tggl/) > 0 (m/-condition 2), which exists since at least
t(2) > 0. In the following lemma, we will analyze the initial block structure
from level m’ through p, which is illustrated in Figure 7 (where the dashed line

shows that there is no edge from vyﬁl) or vékil) to vék) for any m’' < k < p).

Lemma 5. tgk) g’;) =0 and t33 =1 foreveryk=m'+1,..., 4.

PROOF. On the contrary, let k be the greatest level such that m’ < k < p and
té’;;) < 1, that is tg? =1for{=k+1,...,u. Obviously, té’? > (0 because tég) =0
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for every £ =m’ +1,...,k,...,u by the definition of m/, and t:(fl) = 0 for every

{ =k,...,u since otherwise pé”) > pi(f) > 1 which contradicts (34). Hence,

6’
té? = 1 and the edge from vékil) to vék) is the only edge that leads to vék) due

to tgi) = tég) = 0, while the other edge from vékil) goes either to v%k) or to
vék). Thus, either a™ € M(vgk)) U M(vék)) for a(™) satisfying m-condition 4
(Paragraph 4.1), or an h-neighbor a’ € Q;(a™) N M(vékfl)) of al™ exists
that differs from a(™ in the variable that is tested at vék_l) so that also a’ €

M@y uM ). Since MY UM WP = M) UM@Y) and 15T = 1

by Lemma 4, there is an h-neighbor a” € Qy(a(™) N M(vgﬂﬂ)) C H of a™
such that P(a”) = 1 by m-condition 4 since M (v\*™) € M (™) U M(©{™),

which is a contradiction. Thus té? =lfork=m'+1,...,pu. O

Lemma 5 together with assumption (34) gives

P ps = P 4l (38)
m 1
"= p < (39)
which verifies m’-condition 3 for the first block level m’. Note that inequality
(39) ensures m’ > 3 due to p:(f) > i. Finally, the following lemma shows

m/-condition 1.
Lemma 6. tﬁ"’,) = tgl"',) = 1 (m/-condition 1).

ProOOF. Obviously, tgl”/) = 0 since otherwise p:(gm/) > é which contradicts (39).
For th/) =1lor tgl"/) = 1 we obtain tﬁ’;') +t(272n/) > (0 and tggl/) +tégl/) > 0 by the
normalization of P. Thus either a™) ¢ M(vgm/_l)) C M(’ugml)) U M(vém/)) or
an h-neighbor a’ € (a(m))ﬂ(M(vém/_l))UM(vém,_l))) of al™ exists such that
a e M(vgm,)) UM(Uém,)). Since M(U%m,))uM(vém/)) = M(vgﬂ))UM(véﬂ)) and
tg’éﬂ) = 1 by Lemma 4, there is an h-neighbor a” € Q5(a(™)) ﬂM(vg“H)) CH
of al™ such that P(a”) = 1 which is a contradiction. The last possibility

tgqn/) = tgin/) = 1 follows. a
6.3. An Upper Bound on p§“’“) i Terms ofpgml) —I-p(gm/)

In Paragraph 5.3, we have upper bounded pgm) + pém) at the last block level
m in terms of pg"ﬂrl) provided that w < m. In this paragraph, we will extend
this estimate by upper bounding p&wﬂ) (or pgm) + pgm) for w = m) in terms of

pgm/) + pgm/) from the first block level m’. Putting these two bounds together,

we will obtain a recursive formula for an upper bound on pgm) + pgm) in terms

of pY"") + p(zm/) which will be used in Section 7 for verifying condition (16).
We first resolve the case of the empty block when v = m = w, tg?) =0, t§’§” +

tg;) =1, and tg;) =1 (see Figure 5). It follows from Corollary 1 and Lemma 5
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(see Figures 4 and 7, respectively) that M(vgml)) U M(vém/)) = M(v%m)) u

M (vém)) which ensures m/-condition 4 (m'-conditions 1-3 have already been

checked in Paragraph 6.2) and pgm/) +pém/) = p(lm) +p§m). Hence, the empty

block can be skipped in our analysis by replacing m’ with m, and we will further
consider only the non-empty blocks.

It follows from the definition of partition class R (see Figure 4) and Lemma 4
that

5 1
pg ) _ pgu) +péﬂ) <1 _ 2|R|> forv<m. (40)

For v = m when v/ = v — 1, we know tggn) > 0 because we assume a non-empty

block, and hence, either tggl) = tgzn) =1 and té";) =1, or tggn) = tggn) =1 and
tg;) =1 (see Figure 5) by the definition of v, Lemma 2.ii, and m-conditions 1

and 2, which also ensures w = m in both cases. Thus,

1

pgm) +pém) = pgu) +p§“) (1 — 2|R|+1) forv=m=w (41)

according to (23). For v = m — 1 we know tg;n) = tgg") = 0 leading to té?) =

tégl) = 1, for which w = m can be assumed without loss of generality?.
Further assume v < m — 1, while the resulting formula for v < m will also be

verified for the case of v = m — 1 (when w = m) below in (43). We know by the
definition of v that tggﬂ) = tggﬂ) = 0, which excludes tézﬂ) =1and tg?l) =1
since P is normalized. First consider the case of w > v excludingw =v—12>p

and w = v for now, cf. (24). Then the double-edge path from the definition of w

v+1)

passes through a double edge from v € {véy), véu)} to vé , while the two edges

from the other node v’ € {v{"), v 1\ {v} lead to v{" ™ and v ™| respectively,

as depicted in Figure 8. For £ = v + 2,... w, we have either té? = 1 implying

té? =3 if 0 <m,or tgg) = 1if £ = m. Moreover, tgﬂ) = 0 for w < m by
Corollary 1.5. Hence, pg”'H) = ;)(2”)/2“3“rl (cf. Figure 4 and Lemma 4) upper

bounds the fraction of all the inputs whose computational path traverses nodes

v',véyﬂ)méyﬁ), e véz), U§Z+1) for some v 4+ 1 < ¢ < min(w,m — 1). It follows
that
i) o @), DY
Dy <p; '+ SIRIFT forw <m (42)
which is even valid for any max(v — 1, ) < w < m since obviously pgwﬂ) = pg”)

for w=v—12> p as well as for w = v < m, while

(w)

m m v D
pﬁ@pé@zﬁ%ﬁ forw=m (43)
which also holds for v = m — 1 because pgm) —|—pém) = p&”) in this case.

In addition, we will prove the following lemma:
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w+1

Figure 8: The block structure from v < w to w+ 1 (or to m if w = m).

Lemma 7.
o 4 < 1 m

PROOF. First consider the case of p > m/. Clearly, té‘f) > 0 follows from the

definition of y' for p = u’, while for u = p’ — 1, the case of téﬁb) = 0 translates

to original tg'f) = 0 (before v%“ ) and vé“ ) were swapped) which contradicts the

normalization of P by Lemma 5. Hence, we have pg 2 (”) p(” b —i—pé‘kD <
2p§“ < 4pé” ) according to Lemma 5. For = m’, on the other hand, we will
distinguish three cases. For té’é) = t:()f;) = 1, we know p( = é” ) by Lemma 6,
which implies (44). For tg’é) + t(“) , We have t(“) =1 by Lemma 2.ii, which
gives p&“) < fp(“ b +3 i (“ Dl +* £ gince pé“ D« % by m/-conditions 2
and (39). In addition, p(“ D < p(”) £ 1mply1ng p(“ b +p(“_1) < 1 which
means p(“) > 1p(“ D1 1 by Lemma 6 It follows that p(“) 2<3c 3pé”)
Wthh gives (44). Slmllarly for t(“) (“) > 0, we have t(“) = 1 implying
= > p(“) > p(“ D > p(“ Y due to (39), and hence p(“ D2 Which ensures
(“) > 1 by Lemma 6, while p(“) < 1p(” D +p(” D < Fjts=2<1< 3p(“)
Wthh completes the proof of the lemma. o

For v < m, equation (40) is plugged into (42) if w < m or into (43) if w = m
while equation (41) is considered for v = m (implying w = m). Then Lemma 7
and equation (38) are employed, which results in

(1)
P pl (1 - 1 D3 w w1
tp <1 2|R|>+2|R|+1p1 +p (1 2|R|+1>

m/ m/ 1
(pg )+pg )) (1_2R+3) for w < m, (45)
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m m m ’rn 1
o 58 < () + 56 )<1Q|R|+3> forw=m.  (6)

Formula (45) can further be plugged into (33) giving

q
(m) (m) (m”) (m”)
pl +p2 §1_<1_( +p )(1 2|R|+3>>H( 2‘QJ ) (47)

which is even valid for w = m (i.e. ¢ = 0) since equation (47) coincides with
(46) in this case.

7. The Recursion

In the previous Sections 4-6, we have analyzed the structure of the block of
P from level m’ through m (see Figure 2). We will now employ this block anal-
ysis recursively so that m = m,. is replaced by m’ = m,., 1. For this purpose, we
introduce additional index b = 1,...,r to the underlying objects in order to dif-
ferentiate among respective blocks. For example, the sets R, Q1, ..., Qq, defined
in Section 5, corresponding to the bth block are denoted as Ry, Qp1,- - -, Qbg, >
respectively.

It follows from the definition of partition class in Paragraph 5.1 that, for
any b > 1, the nodes labeled with the variables whose indices are in R}, are
connected with the nodes corresponding to R;_; through a computational path
which traverses nodes viyg), v%yﬁl), i since 1) < my, — 1 according to
(23). Hence, sets Rq,..., R, are pair-wise disjoint because P is read-once, and
thus they create a partition.

7.1. Inductive Assumptions

In particular, we will proceed by induction on r, starting with » = 0 and
mgo = d. In the induction step for r + 1, we assume that the four m,-conditions
from Paragraph 4.1 are met for the last level m = m,. of the (r 4+ 1)st block
(see Paragraph 4.2 for » = 0), and let the assumption (34) be satisfied for the
previous blocks, that is,

. 1
" <g (48)
for every b =1,...,7. In addition, assume
6e — 5 1
1—H7.<5:min<e—s 57 ><7 (49)

where £ > % and &' < € are the parameters of Theorem 2 and denote

k ab
1
e =[] . Wb:H<1_2|ij|)7 (50)
b=1 '

j=1
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k
1
Ok = H %, M= <1 - 2|Rb|+3> (51)
b=1

fork=1,...,7, 00 =y =1, and 7, = 1 for g, = 0. It follows from (50) and
(49) that
2
m,ZHT>1—5>§ (52)
which verifies assumption (35) for every b = 1,...,r. Hence, we can employ

recursive inequality (47) from Section 6 which is rewritten as

po—1 <1 — (1 —pyap)m, = 1 — mp + ppoyy, (53)
for b=1,...,r where notation p, = pgm”) + pémb) is introduced. Starting with

po=p +pi > e (54)

which follows from (20), recurrence (53) can be solved as

r k—1 T r
€ S Z(l _ﬂ-k) Habﬂ'b‘i‘erOébﬂ'b < Z(l_ﬂ-k)nk—l +pTQrHT
k=1 b=1 b=1 k=1
= 1-1II; +pro.IL,.. (55)

In addition,
Or > prQrHT >&e— 6 Z €I (56)

follows from (55) and (49).

7.2. Recursive Step
Throughout this paragraph, we will consider the case when

1-— Hr+1 <é (57)

(cf. assumption (49)), while the case complementary to (57), which concludes
the recursion, will be resolved below in Section 8. Assuming condition (57),
we will prove that inductive assumptions (48) and (49) are met for r replaced
with r + 1 together with the four m,i-conditions for the first level m,.; 1 of the
(r 4+ 1)st block so that we can further proceed in the recursion.

By analogy to (52), inequality (57) implies

7rr+1>1—5>§. (58)
For w,4+1 < m,, we know
pr<1— (péw’"“ﬂ) +p§””1+1)) T4 (59)
according to (33), and
pgwr+1+1) Jrpi(;uwrﬂrl) > pg;wfl) (60)
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by the definition of w,4+1 and Lemma 2.iii-iv (for k¥ = w,41), which altogether
gives
e<1—1IL + (1 _pg“*—l)ﬂ'r-‘rl) o- 1L, (61)

according to (55). Hence,
€—6< (1 - pgﬂr+1)7fr+1) orll. <1 *péﬂrﬂ)ﬁrﬂ (62)

follows from (49), which gives

p(ﬂr+1)< 176+5§

1
3 T3 G for wyy1 < my (63)
by (58) and (49). Inequality (63) is even valid for w,; = m, since

pire) < plme) < for w11 =m, (64)

S| =

according to m,-condition 3. Therefore, assumptions (34) and (35) of the anal-
ysis in Section 6 are also met for the (r + 1)st block according to (63)—(64) and
(58), respectively, which justifies recurrence inequality (53) for b = r 41 leading
to the solution

e <1—-ILy1+prror+1llp (65)
by analogy to (55) where r is replaced with r 4+ 1. Similarly to (56), we obtain

Or4+1 > 4 (66)

by combining (65) with (57). Thus, inductive assumptions (48) and (49) are
valid for r replaced by r + 1 according to (63)—(64) and (57), respectively.

In order to proceed in the next induction step, we still need to verify the
four m,41-conditions from Paragraph 4.1 for level m, ;. In Paragraph 6.2,
m,1-conditions 1-3 have been proven, and thus, it suffices to validate m,.41-
condition 4. For this purpose, we exploit the fact that A is &'!-rich after we
show corresponding condition (16) for partition {Ry,...,Ry41} of I = Ugii Ry.

In particular,
r+1 1
ni 11
S <Qr+1<blTl<12Rb> (67)

follows from (66) since for any 1 < b <r+1,

1\ 1
(1 a 2|Rb|+3> <1=om (68)

for |Ry| > 1 because f(z) =In(1 —1)/In(1 — &) is a decreasing function for
x =27l > 2 and f(2) < 11. This provides required a(™ +1) € A such that for

every b=1,...,7 + 1 there exists i € R;, that meets a§mr+1) # ¢; according to
(17) for Q = 0. Obviously, the computational path for this a™+1) ends up in

31



sink v%d) or ’Uéd) labeled with 1 when we put a(™r+1) at node v§mr“) or vém"'“)

by the definition of Ry, ¢; and by the structure of branching program P (see
Figure 4), which proves m,.,1-condition 4. Thus, the inductive assumptions are
met for r + 1 and we can proceed recursively for r replaced with r + 1 etc. until
condition (57) is broken.

8. The End of Recursion
In this section, we will consider the case of
1-1l41 >0 (69)

complementary to (57), which concludes the recursion from Section 7 as follows.
Suppose |Qp;| > logn foreveryb=1,...,r+1and j =1,..., ¢, then we would
have

r+1 qp 1 @
s = T (0= 507) = (1- 37 ()
b=1j=1
1 n 1
1—=. =1 71
o n logn logn’ (71)

which breaks (69) for sufficiently large n. Hence, there must be 1 <b* <r+1
and 1 < j* < gy~ such that |Qp+;-| < logn, and we denote Q = Qyp+;-. Clearly,
QNR,=0forb=1,...,b* —2 due to P is read-once while it may happen that
QNRy_1 #0for j* =1, Kpr1 = Ope1 = My+_1, and t(m“ - Thus, let r*
be the maximum of b* —2 and b*—1 such that QN R« = (Z) We will again employ
the fact that A is e’'1-rich. First condition (16) for partition {Ri,..., Ry} of

I =;_, Ry is verified as

r* 1
H (]. — 2Rb) > Qil > 6,11 (72)

b=1

according to (68) and (56). This provides a* € A such that af = c? for every
1 € @ and at the same time, for every b = 1,...,r* there exists ¢ € R} that
meets af # ¢ according to (17).

Lemma 8. Denote A = A\y+j«. There are two generalized ‘switching’ paths (cf.
Lemma 2.ii) starting from vék) and U(k), respectively, at level k satisfying 3 <

max(A — 2, up+) < k < X, which may lead to v( ) in addition to vg)‘_l) or vy‘).

PROOF. For the notation simplicity, we will omit the block index b* in this proof.
We know w < m due to ¢ > 0, and A > p from Paragraph 5.2. Consider first
the case when t%) = ()‘) = 0. Obviously, téz) < 1 follows from the definition of

A for A > w and from the definition of w for A = w, Wthh gives to‘) :(32) =3
and t%) > 0 by the normalization of P. For t()‘) = 2, we obtain two switching
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paths vé’\fl), vé’\) and vé’\fl), vé’\). Thus assume t%) = 0 which ensures tgg) =

and A > p+ 1 since A = p + 1 would give w > A. Consider first the case when

t% D= t(A Y = 0, which implies té;fl) > 0 and t()‘ Vs by t(Afl) =1
and the normalization of P, providing two switching paths Ué)\ 2) vé R (/\)
and vé)‘_z) vék_l) (A). Two switching paths vé)‘_Q),v?_l) and v()‘ 2 ()‘ 1)

are also guaranteed when t()‘ D'~ 0and tl’;fl) > 0 appear &multaneously. For
> 0 by the normalization of P, which

(’\ Y =0 and t% 1 > 0, we have t(A 2

together with té)\) = 1 produces two switching paths vé)‘fz),vé)‘fl),vé)‘) and
é)‘ 2),115 Y For t§2 ) > 0 and t A=1) _ =0, the case of t%fl) > 0 ensures two

switching paths o™, v and o2, oV, oY, while for £ = 0 we

obtain t()‘ V= t()‘ D= 3 and t% 1) = 1, which implies A = v +1 and w > A

by Lemma 2.1ii contrad1ct1ng the definition of A > w > v — 1. This completes

the argument for t(lé) = t()‘) 0.
The case of t§3) > 0 and t%) > 0 produces two switching paths vé - U%A)

and v(/\ 2 ’UY\). Further consider the case when t%) > 0 and t%) = 0. Obvi-

) < 1 follows from the definition of A for A > w and from the definition

ously, t55
of w for A = w. Hence, té’;) > 0 which provides two switching paths vé’\_l), v:({\)

and vé)‘_l) (M) Finally, consider the case when t( ) > 0and t(g) = 0, for which
W (= ) (/\) >‘ 1) (A) , while for t(S) =0

tgg >0 generates two switching v, and v
we obtain t( ) = and t(A) = 1, which 1mphes A=v and w > A by Lemma 2.iii

contradlctmg the deﬁnltlon of )\ >w>v—1. O

By a similar argument to Lemma 2.ii, Lemma 8 gives an h-neighbor a’ €
Qy(a*) C H of a* € A such that a’ € M(v ()‘)) u M(vé)‘)). Thus, either &’ €
M(U%A)) C M(v(m”*_l)) U M(v (m”*‘l)) ora’ € M(v (/\)) which implies a’ €
M(vgﬁb*j*)) C M(v; (mpe 1)) U M (vy (ma ’1)) since a} = a¥ = ¢? for every i € Q
according to (17) (see Figure 2 and 6). Note that M(vim’”*)) = M(vgmb*’l)) for

r* = b* —2. Hence, P(a’) = 1 because for every b =1,...,r* there exists i € R},
that meets a} = a} # ¢ due to (17) (see Figure 2 and 4). This completes the
proof of Theorem 2. O

9. The Richness of Almost k-wise Independent Sets

In order to achieve an explicit polynomial time construction of a hitting set
for read-once branching programs of width 3 we will combine Theorem 2 with the
result due to Alon et al. [1] who provided simple efficient constructions of almost
k-wise independent sets. In particular, for 8 > 0 and k = O(logn) it is possible
to construct a (k, 8)-wise independent set A C {0,1}* in time polynomial in
% such that for sufficiently large n and any index set S C {1,...,n} of size
|S| < k, the probability distribution on S is almost uniform, i.e. the probability

that a given ¢ € {0,1}" coincides with the strings from A4, = AN {0,1}" on
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the bit locations from S can be approximated as

| A4S (c)| 1

where A5 (c) = {a € A, | (Vi € S)a; = ¢;}. We will prove that, for suitable ,
any almost k-wise independent set is e-rich. It follows that almost O(logn)-wise

independent sets are hitting sets for the class of read-once conjunctions of DNF
and CNF (cf. [7]).

Theorem 3. Let € > 0, C be the least odd integer greater than (% ln%)Q, and
0 < B < —a . Then any ([(C + 2)logn], B)-wise independent set is e-rich.

ProoF. Let A C {0,1}* be a ([(C + 2)logn], §)-wise independent set. We
will show that A is e-rich. Assume {Rj,...,R,} is a partition of index set
I C {1,...,n} satisfying condition (16), and @ C {1,...,n} \ I such that
|Q| <logn. In order to show for a given c € {0,1}" that there is a € A,, that
meets (17) for @ and partition {Ry,..., R}, we will prove that the probability

AQ(e)\ UL, An’ (c)
A,

p :p(-An> = (74)

of the event that a € A,, chosen uniformly at random satisfies a € A% (c) and
ag AR (c) for every j =1,...,r, is strictly positive.

The main idea of the proof lies in lower bounding the probability (74). By
using the assumption that 4 is almost O(logn)-wise independent this probabil-
ity can be approximated by the probability that any a € {0,1}™ (not necessarily
in A,,) satisfies (17) which can be expressed and lower bounded as

p({0,1}") = ﬁ H (1 - 211“) > % >0 (75)

according to (16) and |Q| < logn. In particular, we briefly comment on the
main steps of the proof which are schematically depicted in Figure 9 includ-
ing references to corresponding sections, lemmas, and equations. In Section 10,
we will first modify the partition classes R; so that their cardinalities are at
most logarithmic whereas the classes of small constant cardinalities are merged
with @ and also c is adjusted correspondingly. Lemma 9 then ensures that
the probability p from (74) is lower bounded when using these modified classes.
Furthermore, Bonferroni inequality (the inclusion-exclusion principle) and the
assumption concerning the almost k-wise independence are employed in Sec-
tion 11 where also the classes of the same cardinality are grouped. In Section 12,
we will further reduce the underlying lower bound on p only to a sum over fre-
quent cardinalities of partition classes to which Taylor’s theorem is applied in
Section 13, whereas a corresponding Lagrange remainder is bounded using the
assumption on constant C.

34



P> x>0

Modifications of Partition Classes (Section 10)
e superlogarithmic cardinalities
/

R} C Rj so that |R}| < logn

< (76)

e small constant cardinalities:

R< =Ur <0 R’ where o is a constant  (82) & (85)

/1<
— Q =QUR< (89), ci=1—c; fori € R< (92)
‘AS’(cW\U;;l AT (e

Lemma 9: p > E (93)

J Bonferroni inequality

c/

‘AU§:1 5,09
P>y (-1)"

()
k=0 j Z
J

96
D %6)
SJ1<je<-<jp<r
almost k-wise independence (Sectlon 11)
1 (&
k

2 SO

R/
1<41 <ja<-<jp<r! i=1 2
Grouping the Same Cardinalities (Lemma 10)
o < S1,..

Smr <logn .
= [ =]

cardinalities of R’

the number of classes of cardinality s;
k
n2 Z(_l)

m’ k; ki—1 . ,
DR | (0 VA (R
L k! Ty
k=0 k1+---+k‘m/:k =1 j=1
0<k1<r1,....,0<k, /<7 s

r
where t; = —  (78)
28i

8

Frequent Cardinalities (Section 12 & Lemma 11)
re>re > -

> rp > o where p is a constant
C/

p> s | 0

k=0

(81) & (83)

Bytetk, =k i
k120, ks >0
imultinomial theorem

(zk ,CEEn) —z) (119
iTaylor s theorem

p> b (e T le( Sit) - %) (120
(16) — >t < ln (80)

Lagrange remainder RC’+1 (
’

) < 5
(127)

< 5 (Lemma 12.ii)

% (117) & Lemma 12.i

Figure 9: The main steps of the proof of Theorem 3
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10. Modifications of Partition Classes

We properly modify the underlying partition classes in order to further upper
bound their cardinalities by the logarithmic function so that the assumption
concerning almost [(C + 2)logn]-wise independence of A can be applied in the
following Section 11. Thus, we confine ourselves to at most logarithmic-size
arbitrary subsets R; of partition classes R;, that is

. [ =R, if |R;| <logn
E; { C R; so that |R)| = |logn] otherwise, (76)
which ensures R C R; and |R| < logn for every j = 1,...,r. For these new

classes, assumption (16) can be rewritten as

4 1 1\ e 1
L) > (o) I (-5m)

j=1 |Ry[<logn

1 1
> (1-2 2 )e=(1- e=¢, (7
n logn logn

where &’ > 0 is arbitrarily close to ¢ for sufficiently large n.
Denote by {s1,82,...,8m} = {|Ri|,-..,|R.|} the set of all cardinalities
1 < s; < logn of classes Ry,...,R., and for every ¢ = 1,...,m, let r; =

{7 |IR;| = si}| be the number of classes R} having cardinality s;, that is,
r =", r;. Furthermore, we define

m:%>OMﬁLMm. (78)

Tt follows from (77) and (78) that

r 1 m 1\
0<e < H<1—2|R,_|>:‘H(1—28i>

j=1 i=1
m 1 2si\ ti
= 11 <<1 - 25-) > < e imh (79)
i=1 '
implying
> ti<n— (80)
i=1

Moreover, we define constants

0 = < >C>1, (81)

1
2 c
1- (1 - M)
40 (1 12
o = log (9("_6)> (82)

6/2
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which are used for sorting the cardinalities s1, ..., S, so that

r;>poands; >0 for i=1,...,m" (83)
ri<oand s; >0 for i=m"+1,...,m (84)
5i<o for i=m'+1,....m. (85)

We will further confine ourselves to the first m’ > 0 cardinalities satisfying
s; > o for i = 1,...,m'. Without loss of generality, we can also sort the
corresponding partition classes so that
|R;»|>O’ for j=1,...,7 (86)
R} <o  for j=v"+1,...,r, (87)

which implies
m,

i _ Zt 25 > 1 + 5/2) itz (88)
(8

i=1
according to (78), ( 3)- ) and (82). We include the remaining constant-size
classes R;- forj=7"+1,...,r 1nt0 @, that is,

whose size can be upper bounded as

m 4o (1 2
|Q'] <logn + Z r; log <Q(;2r€)> < 2logn (90)

i=m’+1

for sufficiently large n, since

- 1+¢? 1
Z Ty = Z ;2% < 7( te )1ng (91)

i=m’+1 i=m’+1

according to (78), (80), (85), and (82). This completes the definition of new

classes Q', R}, ..., R.,. In addition, we define ¢’ € {0,1}" that differs from c
exactly on the constant number of bit locations from R}, ,..., Ry, e.g
l—¢ ifieU_.,. R
! — g j=r'+1"Y
K { C otherwise. (92)
The modified @', R},...,R., and ¢’ are used in the following lemma for lower

bounding the probablhty (74).
Lemma 9.

T‘/ ; Q/ /
ENUL AT @) A2 @] UL AT @)
Al T A Al

D>

(93)
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PRrROOF. For verifying the lower bound in (93) it suffices to show that
A2 () | An’ (¢) € A%(c U ABi(c (94)

according to (74). Assume a € A9 (c ) \ UJ 1An '(¢’), which means a €
A%Q'(¢') € AQ(c/) = A%9(c) and a ¢ A ( ) = An (¢) D AN (c) for every
j = 1,...,7" by definitions (76), (89), (92), and the fact that S; C Sy im-
plies A52(c) C AS1(c). In addition, a € A%Q (¢/) implies a ¢ Al (c) for every
j=r"+1,...,r according to (92), and hence, a € A%(c) \ Uj—1 AR (c). This
completes the proof of the lower bound, while the equality in (93) follows from

AT () € A9 () for every j=1,...,7". O

11. Almost k-Wise Independence

Furthermore, we will upper bound the probability of the finite union of events
appearing in formula (93) by using Bonferroni inequality for constant number
C’ = min(C,7’") of terms, which gives

RLUQ
el & 5 A7)
p > - (=1 (95)
[Anl k=1 1<j1 <Ja< < gp<r’ Al
o AV B9 oy
= > (-1F > . (96)
k=0 1<j1<jo< - <jr<r’ n

according to Lemma 9. For notational simplicity, the inner sum in (96) over
1<j1 <jo<- < jr <7 for k=0 reads formally as it includes one summand
| A% (c")|/|An]. Note that C’ is odd for C' < 7/, while equality holds in (95)
for C' = 7', which is the probabilistic inclusion-exclusion principle. For any
0<k<C' <C, we know ’Ule R U Q” < [(C +2)logn] according to (76)
and (90), and hence,

‘An = JlUQ

(') k
1 1 I 1
> — = —_
[An| T QI R, #= g goen

(where the product in (97) equals formally 1 for k£ = 0) and similarly,

A ()

k
1 1
>
-l

‘ k R, UQ’
Ji

(98)
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according to (73) since A is ([(C'+2)logn], 3)-wise independent. We plug these
inequalities into (96), which leads to

c’ 1 k 1 c’ "
_1)k _
p oz ) (1) > gar 1l ﬂZ(k)
k=0 1<j1 <o < <Jp <r’ i=1 21" k=0
1 c’ k
—1)* _ 3ol (v c’
> g7 (22D > I, 78296+ |, (99)
k=0 1<j1<jo< - <jrp<r!i=1 217 i
where
3219 +1)¢ < L 2o 1 ¢ (100)
nc+3 T n 8

for sufficiently large n > 8/&’ by using the assumption on §, inequality (90),
" < n (e.g., v = n would break (86) and (82)), and C’ < C. The following
lemma rewrites the inner sum in formula (99).

Lemma 10. For 0 < k <,

kl m/tklki_l ]
> Igwm- Y HEI(-2)

1<j1<jo < <jrp<r’ i=1 T

Kyt otk =k i=1""" j=1
0<k1<71,..,0<k <7y

(101)

PROOF. By grouping the classes of the same cardinality together, the left-hand
side of inequality (101) can be rewritten as

k m’ k;
1 T 1 ‘
> Il w7 = > I, ) (&) - 2
1<j1<ja<ju<r i=1 2 kythatothy =k =1 N
OSklg’Fl ..... ngm/STm/

where ki,...,ky, denote the numbers of classes of corresponding cardinalities
$1,...,Sm considered in a current summand, and
(h‘) ( 1 )ki (i = 1) (ri — ki +1) (ti)ki _ e (1 J)
Jj=1
(103)
according to (78). O

Thus, we plug equations (100) and (101) into (99) and obtain

1 c’ m’ e ki—1 j o
p>— > -1k > II 5 (1 = T) -5 |- (09
k=0 ky+otk,, =k i=1 " j=1 v

0<k1<ry,...,0<k,, <7y

Note that for m’ = 0 (implying ' = C” = 0), the inner sum in (104) equals 1.
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12. Frequent Cardinalities

We sort out the terms with frequent cardinalities (83) from the sum in for-
mula (104), that is,

~+

c’ m’’ k; ki—1 .

1 i &J
P> [ DY I1; e R
TL2 z' r; 8
k=0 ki+-+k,,n=k i=1 Jj=1

OSkl Srl,...,ofkm// ST‘m//

>

(105)
where the inner sum in (105) equals zero for k > r” = ZZ; r;, and

c’ m’ tki k;—1 ]
T =) (~1kH > 11 5 <1 - ) (106)
| r
k=0 kittk,, =k i=1"" j=1 ¢
0§k1§r1 "'*ngnﬂ S’I“W.L/
(Im” +1<8<m’) k>0

sums up the terms including rare cardinalities (84). In addition, we know
’m” kifl J
1> 1—-= > 107
N H < r 1) N (107)

according to (83), (81), and k; < k = Z:Z; k; < C" < C < p. The upper
bound (107) and lower bound (108) on the underlying product are used to
lower bound the negative terms of (105) for odd k and the positive ones for
even k, respectively, that is,

p>— [ S P
"\ k=0 kitoothg =k = kil 4(1+e?) 8
0<k1<r1,5000,05 k00 <7y
(109)
where
o’ m"’ ki
L= > > 115 (110)
k=0,2,4,... kite-dk,,n=k =1

nglg’rl,...,ogkm’// STmI/
The following lemma upper bounds the above-introduced terms 77 and T5.
Lemma 11.
(1) T < % .

.o 2
(i) Tr < 1;5 .
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PROOF.

(i) We can only take the terms of (106) for odd k& = 1,3,5,... into account
since those for even k are nonpositive (e.g. the term for & = 0 equals zero
because there is no m” + 1 < £ < m’ such that k; > 0 in this case). Thus,

C/ _ // .
re 1 thet ek
T < > > -t i
= 250 Ky (ke — 1)1 Ll
k=1,35,... R i=1
0<k1 <710, 05K,y <1y 7t

(Im/ " +1<8<m’) k>0

’

e} m’ i
¥ 2 > aemlln aw

k=1,3,5,... ki+-+k,, 1=k
0<k1<r1,...,0<k,,, <7,/

(IAm/ +1<4<m’) k>0

IN

according to (78) and (84). Formula (111) is rewritten by replacing indices
k¢—1 and k—1 with k, and k, respectively, which is further upper bounded

by removing the upper bounds that are set on indices k1,...,k, and
by omitting the condition concerning the existence of special index /¢, as
follows:

c'—1 "k c’' -1 LLC
Y tf" (Zi:1

m : 0 tl)k
n<y 2 2 = o (12

k=0,2,4,... ki+--4k,, =k i=1 """ k=0,2,4,...
k1>0,...,k,,, >0

o lvm

N

where the multinomial theorem is employed. Notice that the sum on the
right-hand side of equation (112) represents the first few terms of Taylor

series of the hyperbolic cosine at point Y ;- t; > 0, which implies

0 - e L4+ ¢
7« 2 cosh " . E 2 113
1 < 55 COS ; i ] < 017 5 5 (113)

according to (80) and (82) since the hyperbolic cosine is an increasing
function for nonnegative arguments.

(ii) Similarly as in the proof of (i), we apply the multinomial theorem (cf.
(112)) and the Taylor series of the hyperbolic cosine (cf. (113)) to (110),
which gives

k
o’ m!’ ks lok Zm t)
L ( =1
nso Yy 5=y
k=0,2,4,... ki+-+k, n=Fk i=1"" k=0,2,4,...
k1>0,...,k,, >0
m//
1+€l2
< cosh Zti EEE (115)
i=1
O
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We plug the bounds from Lemma 11 into (109) and obtain

1 [& LI Vo
7
D> - E (-1 E I I il (116)
k=0 kyt-tk,,n=k i=1

0<k1<r1,0,0< b, 1 <7 10

13. Taylor’s Theorem

In order to apply the multinomial theorem again, we remove the upper
bounds that are set on indices in the inner sum of formula (116), that is,

c’

1 m i /
S DYEID S | NGBt
k=0 ki+-- +}€ n=k i=1
k1 >0,... ks >0
which is corrected by introducing additional term
c’ m!’ tk,
_ k i
T=>Y (-1) > 1T e (118)
k=0 kitetk,n=k i=1
k120,....k,, 1 >0
(Ellgégm”) ke>ry
Thus, inequality (117) can be further rewritten as
C/ Zm” k
1 (_ i=1 ti) 3e!
k=0
1 _m” . 3¢
= e it - R Zt -T-= 1 (120)

where Taylor’s theorem is employed for the exponential function at point
— > t; producing the Lagrange remainder

"

C'+1 /
" " C'+1
< (7 2t ti) D T iz ti
Resr (=Y ti| = eVt o | =izt (121)
=1

€ +1)! N

with parameter 0 < ¢ < 1. Note that the upper bound in (121) assumes C’ > 0,
whereas for ¢/ = 1/ = 0 implying m” = m’ = 0, we know R;(0) = 0. This
remainder and term 7T are upper bounded in the following lemma.

Lemma 12.

i) T<%.
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(11) Rcl+1 (— Z?il ti) < %/
PROOF.

(i) We take only the summands of (118) for even k& > 2 into account since
the summands for odd k are not positive, while for £ = 0 there is no
1 </ < m” such that 0 =k > ky > r;, > 1, which gives

c’ 1 m’
DY > ol
- 25’ kz kg - 1
k=2,4,6,... ki+--+k, ,n=k =1
k1>0,...,k,,n >0 1L

(31<<m”) ky>ry

1 C m £h
<% D > b D) H ol (122)

k=2,4,6,... ki+-- +km// k
k1>0,...,k,,» >0

Vm

(31<L<m ) ko>

Sl
~e

using (78) and (83). Formula (122) is rewritten by replacing indices ky — 1
and k — 1 with k, and k, respectively, which is further upper bounded
by omitting the condition concerning the existence of special index ¢, as

follows:
" k
c’'—1 m’ k. c’'—1 Zm t.)
1 t: 1 ( i=1"
Ts5 >, Il4H=% 0 (123
k=1,35,... ki+-+k, n=k i=1 k=1,3,5,... ’

m

k1>0,...,k,,1n >0

I Vm

where the multinomial theorem is employed. Notice that the sum on the
right-hand side of equation (123) represents the first few terms of Taylor

series of the hyperbolic sine at point ZZ; t;, which implies

1 . g’ L ¢
T < — sinh t; | < - £ < =
=50 S ; fo(1+e?) 2 8

(124)

according to (80) and (82) since the hyperbolic sine is an increasing func-
tion.
(ii) For C" = C > 1, Lagrange remainder (121) can further be upper bounded

as
In 1 5/ C+1 5/
£ J— J—
Rersa E t; << ) <(2> <4 (125)

for sufficiently large n by using (80) and the definition of C, while for
C" =1’ < C, the underlying upper bound

C+1

" ’ r/ 41
- ST md
i=1 e”2 =2
can be obtained from (88) and (80). O
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Finally, inequality (79) together with the upper bounds from Lemma 12 are
plugged into (120), which leads to

c _ < (u 0 127
P> 2 ( logn> ” (127)
according to (77). Thus, we have proven that for any ¢ € {0,1}" the proba-
bility that there is a € A,, satisfying the conjunction (17) for @ and partition
{R1,..., R} is strictly positive, which means such a does exist. This completes
the proof that A is e-rich. ]

14. Conclusion

In the present paper, we have made an important step in the effort of con-
structing hitting set generators for the model of read-once branching programs
of bounded width. Such constructions have so far been known only in the case
of width 2 and in very restricted cases of bounded width (e.g. regular oblivious
read-once branching programs). We have now provided an explicit polynomial-
time construction of a hitting set for read-once branching programs of width
3 with acceptance probability & > % Although this model seems to be rela-
tively weak, the presented proof is far from being trivial. In particular, we have
formulated a so-called richness condition which is independent of the notion of
branching programs. This condition characterizes the hitting sets for read-once
branching programs of width 3. We have shown that such a hitting set hits
read-once conjunctions of DNF and CNF, which corresponds to the weak rich-
ness condition. On the other hand, the richness condition proves to be sufficient
for a set extended with all strings within Hamming distance of 3 to be a hit-
ting set for width-3 1-branching programs. In addition, we have proven for a
suitable constant C' that any almost (C'logn)-wise independent set which can
be constructed in polynomial time due to Alon et al. [1], satisfies this richness
condition, which implies our result. It also follows that almost O(logn)-wise
independent sets are hitting sets for read-once conjunctions of DNF and CNF.

From the point of view of derandomization of unrestricted models, our result
still appears to be unsatisfactory but it is the best we know so far. The issue
of whether our technique based on the richness condition can be extended to
the case of width 4 or to bounded width represents an open problem for further
research. Another challenge for improving our result is to optimize parameter
€, e.g. to achieve the result for e < %, which would be important for practical
derandomizations.
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