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Lower bounds on eigenvalues

Laplace eigenvalue problem

−∆ui = λiui in Ω

ui = 0 on ∂Ω

Weak formulation
λi > 0, ui ∈ V : (∇ui ,∇v) = λi (ui , v) ∀v ∈ V

Finite element method
Λh,i > 0, uh,i ∈ Vh : (∇uh,i ,∇vh) = Λh,i (uh,i , vh) ∀vh ∈ Vh

Can we do lower bound?
`i ≤ λi ≤ Λh,i ⇒ |Λh,i − λi | ≤ Λh,i − `i

Notation:
V = H1

0 (Ω)
Vh = {vh ∈ V : vh|K ∈ P1(K ) ∀K ∈ Th}



Lower bounds on eigenvalues of differential operators

Standard (conforming) approach:
Temple (1928), Weinstein (1937), Kato (1949),
Lehmann (1949), Goerisch (1985), . . .

Nonconforming FEM:
Carstensen (2013), Gedicke (2013), Gallistl (2013),
Xuefeng LIU (2015), . . .
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Input: γ > 0 and `m+1 ≤ λm+1

Algorithm:

I FEM eigenpairs: Λh,i ∈ R, uh,i ∈ Vh, i = 1, 2, . . . ,m

I Flux reconstructions: σh,i ∈Wh, i = 1, 2, . . . ,m

I For n = m,m − 1, . . . , 2, 1 do
ρ = `n+1 + γ
Mij = (∇uh,i ,∇uh,j) + (γ − ρ)(uh,i , uh,j)
Nij = (∇uh,i ,∇uh,j) + (γ − 2ρ)(uh,i , uh,j) + ρ2(σh,i ,σh,j)

+(ρ2/γ)(uh,i + divσh,i , uh,j + divσh,j)
µ1 ≤ · · · ≤ µn : Myi = µiNyi , i = 1, 2, . . . , n
If N is s.p.d. and if µn+1−j < 0 then
`∗j ,n = ρ− γ − ρ/ (1− µn+1−j) ≤ λj , j = 1, 2, . . . , n.

`n = max{`∗n,i , i = n, n + 1, . . . ,m} ≤ λn.
end for

[Behnke, Mertins, Plum, Wieners 2000]
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Global problem for σh,i

(a) Mixed FEM:
Find σh,i ∈Wh, qh,i ∈ Qh, i = 1, 2, . . . ,m

(σh,i ,wh) + (qh,i , divwh) =

(
∇uh,i

Λh,i + γ
,wh

)
∀wh ∈Wh

(divσh,i , ϕh) =

(
−

Λh,iuh,i
Λh,i + γ

, ϕh

)
∀ϕh ∈ Qh

[Behnke, Mertins, Plum, Wieners 2000]

Spaces:
Wh = {σh ∈ H(div,Ω) : σh|K ∈ RT1(K ) ∀K ∈ Th}
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(b) Positive definite problem:
Find σh,i ∈Wh, i = 1, 2, . . . ,m

(σh,i ,wh)+
1

γ
(divσh,i , divwh) =

(
∇uh,i

Λh,i + γ
,wh

)
−1

γ

(
Λh,iuh,i
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Local problems on patches

Partition of unity:
∑
z∈Nh

ψz ≡ 1 in Ω

[Braess, Schöberl 2000], [Ern, Vohraĺık 2013]

Construct:
σh,i =

∑
z∈Nh

σz,i ,

where σz,i ∈Wz solve local problems on patches of elements.

z

ΓE
z

ωz

Spaces:
Wz = {σz ∈ H(div, ωz) : σz|K ∈ RT1(K ) ∀K ∈ Tz and σz · nz = 0 on ΓE

z }
Qz = {qz ∈ L2(ωz) : qz|K ∈ P1(K ) ∀K ∈ Tz}



Local problems on patches

(c) Local mixed FEM:
Find σz,i ∈Wz, qz,i ∈ Qz, i = 1, 2, . . . ,m

(σz,i ,wh)ωz + (qz,i , divwh)ωz =

(
ψz
∇uh,i

Λh,i + γ
,wh

)
ωz

∀wh ∈Wz

(divσz,i , ϕh)ωz =

(
−Λh,iψzuh,i

Λh,i + γ
, ϕh

)
ωz

+

(
∇ψz · ∇uh,i

Λh,i + γ
, ϕh

)
ωz

∀ϕh ∈ Qz

(d) Local positive definite problem:
Find σz,i ∈Wz, i = 1, 2, . . . ,m

(σz,i ,wh)ωz +
1

γ
(divσz,i , divwh)ωz

=

(
ψz
∇uh,i

Λh,i + γ
,wh

)
ωz

− 1

γ

(
Λh,iψzuh,i
Λh,i + γ

, divwh

)
ωz

∀wh ∈Wz



Example: Dumbbell shaped domain

−∆ui = λiui in Ω

ui = 0 on ∂Ω

Uniformly refined meshes:

10 -3 10 -2 10 -1 10 0

mesh size

10 -5

10 -4

10 -3

10 -2

10 -1

re
la

ti
v
e
 e

n
c
lo

s
u
re

 s
iz

e

global mixed

global pos. def.

local mixed

local pos. def.

10 2 10 3 10 4 10 5 10 6 10 7 10 8

degrees of freedom

10 -5

10 -4

10 -3

10 -2

10 -1

re
la

ti
v
e
 e

n
c
lo

s
u
re

 s
iz

e

global mixed

global pos. def.

local mixed

local pos. def.

I (Λh,i − `i )/`i
I γ = 10−6, `11 = 8.9383 ≤ λ11 ≈ 10.0017



Conclusions

There are known flux reconstructions for source problems.

I They can be used for eigenvalue problems

I Savings in memory requirements

I Parallelization

Generalizations:

I General symmetric elliptic operators

I Higher-order approximations

I Adaptivity



Thank you for your attention
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Example: Dumbbell shaped domain

−∆ui = λiui in Ω

ui = 0 on ∂Ω

Dependence on γ:
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I 6th mesh, `11 = 8.9383 ≤ λ11 ≈ 10.0017



Minimization

It is natural to minimize:∥∥∥∥ ∇uh,iΛh,i + γ
− σi

∥∥∥∥2
0

+
1

γ

∥∥∥∥ Λh,iuh,i
Λh,i + γ

+ divσi

∥∥∥∥2
0

over a suitable subspace Wh ⊂ H(div,Ω).


