Flux reconstructions in Lehmann—Goerisch
method for lower bounds on eigenvalues
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Lower bounds on eigenvalues
Laplace eigenvalue problem

—Au,- = )\,’U,‘ in Q
u=20 on 02

Weak formulation
Ai>0,ueV: (Vu,Vv)=X\(u,v) VYvevVv

Finite element method

Awi>0,upi € Ve (Vuni,Vvh) = Npi(uni,vh) Yvh € Vp

Can we do lower bound?
U< N <Api = |Api—=XN| <Apji—

Notation:

v = Hi(@)

Vy, = {Vh eV: Vh|K € Pl(K) VK € 77,}



Lower bounds on eigenvalues of differential operators @

Standard (conforming) approach:
Temple (1928), Weinstein (1937), Kato (1949),
Lehmann (1949), Goerisch (1985), ...

Nonconforming FEM:
Carstensen (2013), Gedicke (2013), Gallistl (2013),
Xuefeng LIU (2015), ...



Lehmann—Goerisch method

Input: v >0 and {1 < Amaa



Lehmann—Goerisch method

Input: v >0 and {1 < Amaa
Algorithm:

» FEM eigenpairs: Ay € R, up; € Vp, i=1,2,...,m

[Behnke, Mertins, Plum, Wieners 2000]



Lehmann—Goerisch method

Input: v >0 and {1 < Amaa
Algorithm:
» FEM eigenpairs: Ay € R, up; € Vp, i=1,2,...,m

» Flux reconstructions: op; € Wy, i =1,2,....m

[Behnke, Mertins, Plum, Wieners 2000]



Lehmann—Goerisch method @

Input: v >0 and {1 < Amaa

Algorithm:
» FEM eigenpairs: Ay € R, up; € Vp, i=1,2,...,m
» Flux reconstructions: op; € Wy, i =1,2,....m
» Forn=mm—-1,...,2,1do
p="Lht1+7

Mjj = (Vun,i, Vunj) + (v = p)(Uni; un)
Ny = (Vuni, Vung) + (v = 2p)(uni, tnj) + p*(ohi, oh)
+(0%/7)(uni + divop i, upj +dive;)
pr < <pp: My;=puNy;, i=12....n
If Niss.p.d. and if p1py1-; <O then
gj’:n:p_fy_p/(l_unJrl*j)S)‘ﬁ J=L12,...,n
bp=max{l;,, i=nn+1....m} <A,
end for 7
[Behnke, Mertins, Plum, Wieners 2000]



Global problem for o @

(a) Mixed FEM:
Find Ohi € W, gn,i € Qp, I = 1,2,....m

. Vup,
O hisWh) + (qn,i, divwy —( : ,Wh> vwp € W
( )+ ) Ani+y
(di ) Ap,itp,i
IVOh| = | —
h,i> Ph i s on | Von € Qn

[Behnke, Mertins, Plum, Wieners 2000]

Spaces:
W, = {O'h S H(diV,Q) : U'h’K S RTl(K) VK € 77,}
Qn=1{qn € L2(Q) : qunlk € P1(K) VK € Tp}



Global problem for o w

(a) Mixed FEM:
Find Ohi € W, gn,i € Qp, I = 1,2,....m

. Vup;
(oh,iswWh) + (gni,divwy) = ( b ,Wh> Ywy, € Wy,
Anji+~
(d ) < Aniup i Vo, € Q
Vo, = (- ,
h,iy Ph /\h,i+7 Ph Ph h
(b) Positive definite problem:
Findop;i € Wy, i =1,2,....,m
1, .. ) Vup, 1/ Anjupi .
O h,isWp)+—(divop i, divwy :< : ,wh>—< ——— divw
( ) 7( ) Ani+y ¥ \Ani +7 ’
Ywy, € W,

Spaces:
W, = {O'h S H(diV,Q) : U'h’K S RTl(K) VK € 77,}
Qn=1{qn € L2(Q) : qunlk € P1(K) VK € Tp}



Local problems on patches @

Partition of unity: Z Y, =1in Q
ZGNh
[Braess, Schoberl 2000], [Ern, Vohralik 2013]

Ohi= § Oz,

ZGNh

Construct:

where o, ; € W, solve local problems on patches of elements.

z

N

Spaces:
W, = {0, € H(div,w,) : .|k € RT1(K) VK € T, and o, - n, =0 on FZE}
Q= {qz € LZ(wz) . qz‘K S Pl(K) VK € 7;}



Local problems on patches

(c) Local mixed FEM:
Flnd 0'27,‘ S Wz, qz7i S sz i = 152a""m

Vuhv,-

Y

Zi7 Zivd. = z b v WZ
(02,0, Wh)aw, + (Gz,i, divwp),, (1/1 nrta Wh)wz wy, €
: An, itz up i Vb, - Vup i
dive, i, op)e, = [ -2, + (- 1
(diverz,s oh)e ( Nnity ¥" w, Anitry 7 wy
V(ph c Qz

(d) Local positive definite problem:
Findo,, eW,, i=1,2,...,m

1, . .
(02, Wh)w, + ; (diveo,, i, div Wh)wz

(o) -

Vuh,,-
Ani+7’

1
v

Anp,itbzup,;
Api+7y

(

,divwh) Yw), € W,

z



Example: Dumbbell shaped domain

—AU,‘ = )\,-u,- in Q
u=20 on 0N

Uniformly refined meshes:

)\1 )\1
—>— global mixed —>¢— global mixed
© -1 [|—}—global pos. def. ] 1 —+— global pos. def.
N 10 : N 10" g :
@ )+ local mixed 7] -+ local mixed
g 102! -~ @ |ocal pos. def. g 102 ©"@ -+~ |ocal pos. def.
@ ] .
o o ®
2 103 210 ‘®
[} [0} &
o ° ®.
= 1041 @ £ 10° ®.
°© @ ° =
S 10 T 107
1073 102 101 100 102 103 10* 10° 10 107 108
mesh size degrees of freedom

> (Ani— i)/t
» v=10"°% /13 =8.9383 < A1 ~ 10.0017



Conclusions @

There are known flux reconstructions for source problems.
» They can be used for eigenvalue problems
» Savings in memory requirements

» Parallelization

Generalizations:
» General symmetric elliptic operators
» Higher-order approximations

> Adaptivity
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Example: Dumbbell shaped domain

—AU,‘ = )\,-u,- in Q
u=20 on 0N

Dependence on 7:

)\1 )\5
—>— global mixed —>— global mixed
Q —}— global pos. def. o —+}— global pos. def.
‘@ 1072 H-©- local mixed ‘@ 102 {|--O- local mixed
o ---- @ local pos. def. [ ---- @ |ocal pos. def.
S S
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> 6th mesh, /{137 =8.9383 < A\q; =~ 10.0017



Minimization

It is natural to minimize:

2
Apitp i

Npi+y

+ divo;

i

H Vup i

2 1
Api+ ‘

_l’_i
o 7

0

over a suitable subspace W), C H(div, Q).



